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PREFACE 


It is a quest to unify four, seemingly different, funda- 
mental interactions: strong, electromagnetic, weak, and gravitation- 
al, that characterize modern field theory. Yet until recently the 
prospects for such a unification seemed all too vague. The last few 
years have however witnessed some solid progress towards the unified 
description of the weak and electromagnetic interactions based on the 
gauge approach and these studies were given a new powerful push. 

It is a discussion of some of the tasks that need solving before this 
goal can be approached that is now offered to our readers. 

Having characterized the current status of field theory, it is 
essential to note above all that the theoretical field concepts used to 
describe gravitational interaction are radically different from those 
used to describe weak, strong, and electromagnetic interactions. 

It is well known that the most popular comprehensive theory of 
gravitation, i.e. Einstein’s general theory of relativity (GTR), 
actually moves away from the conventional understanding of “field” 
by identifying the field variable with the metric tensor of Riemannian 
space-time, thus making the theory completely geometric. As a re- 
sult, the GTR has proved to be devoid, in principle, of conservation 
laws for matter and gravitational field when taken in conjunction. 
Many attempts, even going back to the work of Einstein himself, to 
introduce into the GTR a substitute for the energy-momentum con- 
servation law of matter and gravitational field taken in conjunction 
have all, when closely scrutinized, proved unsuccessful. The GTR 
is in fact constructed at the expense of the conservation laws and so 
the gravitational field in Einstein’s theory is not in the spirit of 
Faraday-Maxwell. Such a radical difference between the gravitational 
field and other fields would be justified had there been telling reasons 
and primarily had there been experimental data indicating non-con- 
servation of energy-momentum in any physical process. However, 
there are no such data and this signifies that, in the case of gravita- 
tional interaction too, we have no reason to reject a fundamental 
physical law, i.e. that of energy-momentum conservation. Hence 
the task of constructing a theory that would, on one hand, allow a 
gravitational field to be treated as an energy-momentum carrier 
analogous to any other physical field, and that would, on the other 
hand, also conserve Einstein’s grand idea of a space-time geometry 
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closely associated with matter. Solving this problem would permit 
the abyss that has, until now, separated the theory of gravitation 
from those of the other interactions to be bridged, and thus un- 
doubtedly help the unification of these theories. 

This is one of the possibilities offered by the field approach to the 
construction of a new theory of gravitation and which is analyzed 
in the first paper “The theory of space-time and gravitation” by 
V.I. Denisov and A.A. Logunov. This approach is based on two 
fundamental propositions. Firstly, it is required that the conser- 
vation laws hold for matter and gravitational field taken in con- 
junction, this being achieved by choosing a pseudo-Euclidean geo- 
metry as the inherent one for the gravitational field. Using this 
approach, a gravitational field is characterized by its own energy- 
momentum tensor which contributes to the system’s complete energy- 
momentum tensor. 

Secondly, there is a geometrization principle (an identity prin- 
ciple) which states that the equations of motion of matter under the 
action of a gravitational field in the pseudo-Euclidean space-time 
have a metric tensor Yn; that can be equated with identical equations 
of motion of matter in an effective Riemannian space-time having 
a metric tensor g,; which depends on the gravitational field and 
the metric tensor ,;. This identity principle reflects the universal 
nature of the interaction of gravitational field with other physical 
fields and it follows from the results of gravitational experiments 
although a definite choice of the Lagrangian density of interactions 
between all the fields must be made to describe it. According to 
this principle, the covariant energy-momentum conservation law 
of matter and gravitational field in the pseudo-Euclidean space-time 
can be represented as a covariant energy-momentum conservation 
equation for the matter alone in the effective Riemannian space- 
time. This proves that an effective Riemannian geometry emerges 
within the scope of the field approach because, figuratively speaking, 
the gravitational field possesses energy-momentum. 

One of the most natural implementations of the field approach is 
a theory of gravitation using a symmetric tensor of second rank to 
describe the gravitational field. Since this field involves four irre- 
ducible representations having the spins 2, 1, 0, and 0’, the for- 
malism of projection operators is used to eliminate the surplus spin 
states, thus ensuring, in turn, the gauge invariance of the theory. 

This field theory of gravitation allows all the available gravitation- 
al experiments in the solar system to be described and makes it 
possible to construct a non-stationary model of the homogeneous 
Universe that can explain the observed consequences of the cosmo- 
logical expansion of the Universe. In addition, it satisfies the prin- 
ciple of correspondence to the Newtonian gravitation theory, and 
finally, it predicts a set of fundamental corollaries. It should be 
noted, however, that the theory suggested is only one of the many 
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theoretical schemes conceivable. The experimental evidences of the 
various interactions are rather distinctly specified in terms of their 
own characteristic regularities. Hence, one of the most peculiar 
features of strong interactions is the multiple production of particles 
at high energies, which means that multiple production processes 
play a principal role in the study of the nature of strong interactions. 

These processes have been discovered in cosmic rays and for a 
long time semiphenomenological concepts based on applications of 
the laws of thermo- and hydrodynamics had to be employed to ex- 
plain their mechanism. The pioneering theoretical studies of the 
characteristics of multiple processes such as the number density of 
particles, the energy, etc., are associated with the names of W. Hei- 
senberg, E. Fermi, L.D. Landau, I.Ya. Pomeranchuk et al. and 
date back to the late forties and early fifties. At that time the study 
of multiple production processes of particles within the framework 
of quantum field theory looked very promising since the amplitudes 
of the corresponding transitions were extremely complicated and 
the experimental research encountered fundamental difficulties. 
The problem is that kinematics of events with a large number of 
particles is extremely complex and there were no particular hopes 
of studying it in any detail using standard characteristics (chosen 
reaction channels and their differential cross sections), nor were there 
any particular ways to study them. At the then comparatively 
low energies of the colliding particles, the number of reaction pro- 
ducts was small; however, new and powerful particle accelerators 
were commissioned in the sixties. The fraction of multiple processes 
has unremittingly risen as the energy was increased and there was an 
urgent need to find a simpler and more convenient method to describe 
multiple production processes. 

Such a method was found in 1967 in the work by A.A. Logunov. 
M.A. Mestverishvili, and Nguyen Van Hiew. A production cross 
section of a single secondary particle is introduced as the main object 
of the theory instead of their transition amplitudes, whilst integrating 
over the variables related to the remaining secondaries. As a result, 
we obtain a quantity (now known as the inclusive cross section) 
which can be investigated both theoretically and experimentally 
in a much simpler way than the ordinary cross sections and which, 
at the same time, contains sufficient information about the dynamics 
of interacting particles and their structure. In a similar fashion pro- 
duction cross sections of two, three, and more chosen particles can 
be introduced and, following Feynman's proposal in 1969, every 
process contributing to the production of the given number of the 
chosen (detectable) particles is called inclusive. 

The inclusive approach in high energy physics has proved to be 
most suitable for the description of the multiple production processes 
that have no dependence on the type of interacting particles and it 
has in many ways promoted the development of this branch of 
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physics. In fact, the introduction of inclusive cross sections has 
immediately allowed the powerful apparatus of axiomatic quantum 
field theory, which was developed earlier but had only been applied 
before to the processes of elastic scattering and charge exchange, to 
be applied to multiple production processes as well. A number of 
substantial restrictions that are imposed on the high energy behavior 
of inclusive cross sections have been obtained using these general 
principles of quantum field theory. Even in the first experiments on 
measuring inclusive cross sections a previously unknown regularity 
that is characteristic of inclusive processes as such was discovered, 
i.e. the scale invariance of inclusive cross sections. In the course of 
successive experiments an appreciable number of these scaling laws 
was discovered for the multiple production processes of various 
origins. The advance of the inclusive approach has also stimulated 
the development of many phenomenological models which enable 
experimental results to be both described and predicted. 

The need for a theoretical substantiation of the scaling in deep 
inelastic processes by the field theory has provided a new and power- 
ful impetus for a thorough investigation of the non-Abelian gauge 
theories that has resulted in the significant advance in this area of 
research. Some extremely important problems have now also appeared 
on the agenda, such as the relation between the inclusive cross 
sections and three-particle scattering amplitudes and hence the 
limitations on the behavior of these cross sections need to be estab- 
lished. A survey of the results obtained in the last few years by 
studying inclusive processes, both starting from general principles 
and also within the scope of various models, is presented in the 
second paper, “Inclusive processes and the dynamics of strong inter- 
actions”, by A.A. Logunov, M.A. Mestverishvili, and V.A. Petrov. 

The third paper, by N.N. Bogolyubov, M.A. Matveev, and 
A.N. Tavkhelidze, “Colored quarks”, contains a review of a number 
of the most important advances in elementary particle physics, 
nuclear physics, and high-energy physics that have been inferred 
from the concept that colored quarks are fundamental constituents 
of matter. The notion of color, i.e. a new quantum number, was 
introduced in 1965 by N.N. Bogolyubov, B.V. Struminskii, and 
A.N. Tavkhelidze in the USSR and independently, by Y. Nambu 
and M.Y. Han in the USA, in connection with the problem of quark 
statistics. It isļJnow basic to hadron spectroscopy and quantum chro- 
modynamics as well as the various versions of the unified gauge 
theories of strong, weak, and electromagnetic interactions. 

At the outset the problem of the dynamic description of hadrons 
as|composite quark systems is discussed as is a construction of the 
form factors and amplitudes of various processes involving hadrons. 
The main aim of building dynamic quark models is to explain why 
quarks have not, despite many attempts, been discovered in a free 
state. 


Preface 441 


Explaining the absence of free quarks is called quark confinement 
or non-emission and remains to date one of the most important tasks 
of elementary particle physics and quantum field theory. The dynam- 
ic model initiated at JINR (Dubna) in £964 was based on the idea 
that heavy quarks were bound within hadrons by immense forces, 
that, on one hand, dictates a large mass defect of quarks in hadrons 
and, on the other, prevents their emission. These ideas have boosted 
the development of the modern quark models of elementary particles, 
the quark bag model and the parton model being the most popular. 

As will be shown in the paper, the dynamic composite model enable 
both the observed static features of elementary particles (magnetic 
moments, axial-vector constants of weak transitions, etc.) and the 
hadron form factors to be described systematically. Notice in par- 
ticular that the enhancement of the magnetic moments of a heavy 
quark bound in a hadron has for the first time been satisfactorily 
explained within the framework of this model, and has enabled 
the absolute values of the proton and neutron magnetic moments 
(in nuclear magnetons) to be evaluated: 


Up 3, Un —2. 


In addition, the model can describe the mass splittings that occur 
within meson and baryon multiplets and permits the renormalized 
axial constant of the nucleon weak interaction, and its relativistic 
corrections, to be determined allowing for the internal quark motion 
in hadrons. A quark model of the electromagnetic and weak meson 
decays, which was developed from the dynamic approach, was vital 
for the elaboration of elementary particle theory. Thus the weak 
lepton decays of the pseudoscalar xz- and K-mesons and the electro- 
magnetic decays of the vector p°-, m°-, and @°-meson resonances into 
electron-positron pairs can be described as the annihilation of quarks 
and antiquarks bound in these mesons. Notice that the relevant 
decay widths are governed by the magnitudes of the functions of 
bound quark-antiquark pairs for matching coordinates: 


~, _ Geos? 
T (n> pv) = So mi A (1- ZB)’ | Pa (0) |?, 
D (V0 ete) = SF OF Itv (0) I? 
where 
0, = 1 
ETE Qa = a Qyp= —F. 


These formulas and the idea of the quark annihilation mechanism 
itself are at the base of the current theoretical analysis of the various 
decay modes of the members of a new family of heavy particles, 
namely, p/J- and y-mesons. Y. Nambu made an important con- 
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tribution to dynamic hadron theory when, for the first time in 1965, 
he introduced vector fields, i.e. the carriers of the color interaction 
which were prototypes of quantum-chromodynamical gluon fields. 
It should be stressed that quantum chromodynamics (QCD), whose 
rapid progress over the last decade has been observed by us, emerged 
as a result of generalizing the color SU* (3)(®) symmetry as a local 
gauge transformation. l 

It is scarcely possible to enumerate all the advances of QCD whose 
development was significant for the progress of strong interaction 
theory. As will be shown in detail in this paper, QCD has meant 
that a wide range of phenomena having approximate scaling in- 
variance (the automodel behavior) can be treated consistently and 
a quark counting method for processes with high transferred momenta 
can be well-grounded. It is hoped that quark confinement can be 
theoretically explained by the non-Abelian nature of the QCD gauge 
symmetry. In the last few years colored quarks and fundamental 
QCD forces have begun to find their way into the theory of nuclear 
phenomena. Let us emphasize that the asymptotic behavior pattern 
of the deuteron electromagnetic form factor is a direct indication of 
a quark structure in the nucleus, as it matches quark counting pre- 
dictions quite well. It is well known that a quark counting formula, 
that was established in 1973, governs the energy dependence of the 
differential cross sections for large angle scattering and the hadron 


form factors at high energies, E = YS, and high momentum trans- 


fers, Q = V—t: 
do 4 \ngtnytnytng-2 
= (ab cd) (=) c f (8), 
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where ni—=a,b,c,a are the numbers of elementary constituents (quarks 
and antiquarks) in the reacting hadrons and 0 is the scattering angle 
in the center-of-inertia frame. The quark counting formula describes 
the numerous experimental data on elementary particle scattering 
surprisingly well and makes it possible for explicit information 
about the number of hadrons’ elementary constituents to be deduced 
from the experiments. This information, when applied to an analysis 
of recent experimental data on electron-deuteron scattering, indicates 
the presence of a hard six-quark deuteron structure. 

This paper discusses the function of quark degrees of freedom when 
describing nuclear phenomena, especially those occurring at high 
energies and momentum transfers and indicates, in particular, the 
possible excitation of “hidden color” in nuclear matter and a number 
of other corollaries. It seems certain, the notion that colored quarks 
and gluons are fundamental constituents of matter will radically 
change our ideas about the world of atomic nuclei and a new light 
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will be shed both on the properties of nuclear matter and the nature 
of nuclear matter and nuclear forces. 

The analysis of Greenberg’s hypothesis about a quark’s para-fermi 
statistics performed by the authors of this paper is interesting. Whilst 
the hypothesis does enable a problem, in which there is a virtual 
violation of the Pauli principle for a baryon consisting of three 
quarks, to be solved, para-fermi statistics is too narrow and does not 
permit the gauge SU° (3) symmetry that forms the QCD basis to be 
introduced. 

A maximum gauge symmetry compatible with a parastatistics of 
rank 3 is the SO (3) group. It has three gluons and a particle spectrum 
containing diquarks and other exotic hadrons. 

The paper is concluded by a discussion about whether color sym- 
metry is an exact or approximate law of nature. This principal pro- 
blem of elementary particle theory, as yet unsolved, is closely related 
to the question about quark charges. 

Even the first works on the three-triplet model indicated that in 
the case of colored quarks integral values could be chosen for the 
electric and baryonic charges. Introducing integral quark charges 
which are dependent on the quark’s color state results in an obvious 
breakdown of color symmetry, at least for electromagnetic inter- 
actions of particles. 

This paper considers the unified gauge models of the strong and 
electromagnetic interactions which spontaneously break color sym- 
metries and integral charge quarks, and discusses the corollaries of 
these models that are being observed experimentally. 

These profound and principal problems, dealt with in this paper, 
obviously cannot be solved theoretically, and experiment must have 
the last word. 

It should be stressed that the hypothesis about the integrity of 
quark charges resulted, in particular, in the concept of unstable 
quarks and was the starting point for a number of unified gauge 
models of elementary particles tolerating nucleon decay and other 
processes in which the baryon number is not conserved. An experi- 
mental verification of the predictions of similar theories should 
take place soon. 

This paper, by N.N. Bogolyubov, V.A. Matveev, and A.N. Tavkhe- 
lidze, should help scientists to be aware of the profound influence the 
idea that colored quarks are fundamental constituents of matter has 
exerted on the development of the physics of elementary particles 
and nuclear and high energy physics, and assists the evaluation of the 
qualitative changes that have been observed in those areas of re- 
search in the last two decades. 


3 March 1982 
A.A. Logunov 


1 The Theory of Space-Time 
and Gravitation 


V. I. Denisov and A. A. Logunov 


1.1 INTRODUCTION 


Einstein’s general theory of relativity (GTR) is one of 
the fundamental physical theories at the present time and has a deep 
rooted concept of a relation between matter and space embedded in it. 
The theory explained and predicted a number of gravitational effects, 
a genuine triumph. 

However, there are a number of difficult problems with the GTR 
that have remained unsolved, one of which is the basic one of energy- 
momentum of a gravitational field. A general study of this problem 
[41-9] has led us to conclude that it is impossible, in principle, to 
solve it within the framework of the GTR since the gravitational 
field in Einstein’s theory is not really a field in the spirit of Faraday- 
Maxwell, i.e. it is not characterized by an energy-momentum tensor 
density. This can be verified easily by comparing the physical 
properties of gravitational and other fields. 

All the physical theoriesthat describe the different forms of matter 
include energy-momentum tensor density as one of the most import- 
ant features of a field. This tensor density is commonly obtained by 
varying theJdensity of the field Lagrangian, L, with respect to the 
components of a metric space-time tensor g,;1 thus: 


TM = 2402 Vet" (1.1) 


where T™ is the field energy-momentum tensor. This feature shows 
a field exists since a nonzero value of the density of the energy- 
momentum tensor is a necessary and sufficient condition for a physical 
field in this region. The energy-momentum of any physical field 
contributes to the complete energy-momentum tensor of a system 
and does not become zero outside the field source. This makes it 
possible to consider energy transfer by waves in the Faraday-Maxwell 
spirit, i.e. to study the field intensity pattern in space, to determine 
the energy fluxes through a surface, to compute the changes in the 
energy-momentum value during radiation and absorption, and to 
perform other energy based computations. 


Henceforth the Latin indices run over the values 0, 1, 2, 3, and 
the Greek ones, 1, 2, 3. The metric signature is chosen in the form (+, —, 
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The gravitational field in the GTR does not have the features 
typical of other physical fields, for it does not have the feature dis- 
cussed above. 

Indeed, the density of Lagrangian in Einstein’s theory is com- 
posed of two parts, the density of the gravitational field Lagrangian, 
Le = Leg (Eni), which depends only on the metric tensor g,;, and 
the density of the matter Lagrangian, Ly = Ly (8nis @a), Which 
depends on the metric tensor g,; and the remaining fields of the 
matter pa. Thus, the quantities g,; in Einstein’s GTR have two 
meanings, being both the variables of the field and the metric space- 
time tensor. 

As a result of this physical and geometrical duality, an expres- 
sion for the density of a complete, symmetric energy-momentum 
tensor (a variation of the Lagrangian density with respect to metric- 
tensor components) coincides with field equations (a variation of the 
Lagrangian density with respect to gravitational field components). 
This implies that the density of the complete, symmetric energy- 
momentum tensor of a system is strictly equal to zero: 


T” + —0, (A) 


ola 


where 7% = —2 ; is the density of the symmetric energy- 


momentum tensor of “matter (here by matter we assume all other 
fields, too, except gravitational), 


ni _.9 Sle _ ct Vg [ pni__ 1 mip 
m= — 258 = A [R zg^R]. (1.2) 


It also follows from expression (A) that all the components of the 
density of the symmetric energy-momentum tensor t of the 
gravitational field vanish everywhere outside matter. 

These results clearly demonstrate that the gravitational field in 
Einstein’s GTR does not exhibit the properties typical of other 
physical fields, since it does not have that basic physical feature, 
an energy-momentum tensor outside the source. 

A curvature tensor R¿ ım is a physical characteristic of a gravitation- 
al field in Einsten’s theory. A clear explanation is given by Synge 
(10, p. VIII]: “... If we accept the idea that space-time is a Rieman- 
nian four-space ‘(and if we are relativists we must), then surely our 
first task is to get the feel of it just as early navigators had to get 
the feel of a spherical ocean. And the first thing we have to get the 
feel of is the Riemann tensor, for it is the gravitational field—if it 
vanishes, and only then, there is no field. Yet, strangely enough, this 
most important element has been pushed into the background.” 
And further he wrote: “... In Einstein’s theory, either there is a 
gravitational field or there is none, according as the Riemann tensor 
does not or does vanish. It is an abs solute property; it has nothing to 
do with any observer’s world-line.. 


16 V. I. Denisov and A. A. Logunov 


Unfortunately, some of the theorists who specialize in the GTR 
have still not understood this fundamental point. This lack of 
understanding might explain, for example, statements by a number 
of authors [11, 16, 17, 74, 127] who claim that, given a transfor- 
mation into an appropriate coordinate system, a gravitational field 
within a small space-time region could be considered as absent in 
Einstein’s theory. Yet a physical feature of gravitational fields is 
in fact that they can change the energy-momentum of matter, i.e. 
it demonstrates the force action of a gravitational field on matter 
described by equation [11] thus: 


STE Ry, u™u'n® —0, (1.3) 


7 i . 
where ut = s is the velocity four-vector, and nê is the infinitesimal 


displacement vector of geodesics. Yet a description using curvature 
waves yields no information concerning a wave transferred energy 
flux. 

Thus, Einstein’s GTR combines matter and a gravitational field, 
the first being characterized, as in all other physical theories, by 
the energy-momentum tensor (a tensor of rank two), and the second, 
by the curvature tensor (a tensor of rank four). From the difference 
in the dimensions of physical parameters of the gravitational field 
and matter in Einstein’s theory it follows immediately that there 
are, in principle, no GTR conservation laws relating matter and 
gravitational field. This fundamental fact established first by us 
[6] suggests that Einstein’s theory has been constructed at the expense 
of the laws of conservation, rejecting them when matter and 
gravitational field are taken together. 

H.A. Lorentz and T. Levi-Civita have proposed the quantities 
in (1.2) to be considered as the density components of the energy- 
momentum tensor of gravitational field, and expression (A) as a 
specific conservation law for the density of complete energy-momen- 
tum tensor. The conservation law (A) is peculiar because it is a local 
conservation law enabling the change in the energy-momentum tensor 
of gravitational field at some point to be found from the change in 
the energy-momentum tensor of matter at that point: 


Z= i, (1.4) 


However, in Einstein’s theory, the tensor t"? is only characteristic 
of geometry inside matter, hence a change in the GTR energy- 
momentum of the matter is only directly related to a change in the 
scalar curvature R and the tensor R”? of rank two within the region 
occupied by the matter. The curvature waves described by the tensor 

im of rank four are not directly related to the change in the energy- 
momentum of matter, but are related implicitly via the metric 
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tensor g,;. Because of this, there are no conservation laws for the 
GTR curvature waves, relating the change in the energy-momentum 
tensor of matter (a tensor of rank two) to the change in the curvature 
tensor (a tensor of rank four). So, the Riemannian space-time in the 
GTR is, on one hand, a source of energy-momentum, since the cur- 
vature tensor affects the particle motion according to equation (1.3) 
while the energy of the Riemannian space-time, on the other hand, 
is produced without complying with the conservation laws for the 
energy-momentum of matter and gravitational field when taken in 


conjunction. 
Einstein was not satisfied with the introduction of the conser- 
vation law based on expression (A). He wrote [12a]: “... Indeed, it is 


impossible to advance any logical objections against such a denom- 
ination. However, I think that it is impossible to draw the same 
conclusions from equation (A) that we are accustomed to do from the 
conservation laws. This is due to the fact that, according to (A), 
the components of a ¢otal-energy tensor vanish everywhere” (the 
authors’ italics). Further, Einstein emphasized that according to 
(A), a material system could be completely dissolved without leav- 
ing any traces behind, since its energy (A) was zero. 

Einstein correctly points out that it is impossible to draw the sort 
of conclusions from equation (A) as can be done from the conser- 
vation laws, yet it is not just a case here of a name but rather of the 
essence of the GTR. 

However, Einstein thought that, in the GTR, the gravitational 
field with matter should have a certain conservation law [12b]: 
“...surely, one has to require both matter and gravitational field to 
satisfy together the energy-momentum conservation laws”. 

He tried to discover conservation laws for matter and gravitational 
field that would be analogous to the conservation laws in classical 
mechanics or electromagnetic field theory. As is generally known, 
this forced him to introduce a noncovariant quantity (the energy- 
momentum pseudotensor) into the covariant theory and the formal 
analogue of the conservation laws of classical mechanics and electro- 
dynamics could only be obtained at this price. In order to obtain 
this type of “conservation laws” [11], one usually acts in the follow- 
ing manner. 

Given pe equations in the form 


78 [R*—f g*R |= — gTi*, (1.5) 


the left-hand side might be represented as the sum of two noncova- 
riant ee 


-ir g [R43 id eR] =4 aap + gti, (1.6) 
where qt? is the energy-momentum re of gravitational 
field, and hi?! = —hi!* is the spin pseudotensor. 


2—0630 
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Using identity (1.6), Einstein’s equations (1.5) may be written 
in the equivalent form: 


—g [T ih] ir i, (4.7) 
Due to the obvious equality 


a ihl — 
ork axl hi =0, 
a differential conservation law can be deduced from Einstein’s 
equations in the following form: 


sox [g (T* + 1")]=0. (1.8) 


Integrating this relation over some volume and assuming the absence 
of material fluxes through the surface enclosing this volume, one 
generally obtains from expression (1.8) the integral “energy-momen- 
tum conservation laws”, too [12]: 


$ (8 (2% +1] av = — $ (—2) aSa: (1.9) 


Einstein [12c] suggested that the right-hand side of this relation, 
when i = 0, “... is surely the energy lost by the material system”. 
In the absence of “energy-momentum fluxes” of a gravitational field 
through the surface enclosing the volume of integration, one obtains 
the conservation law for the “energy-momentum” of a system from 
expression (1.9): 


Pi= i f (—g) [7% + 1%] dV =const. (1.10) 


Using Einstein’s equations (1.7), relation (4.10) can be rewritten 
as 


Pi=4 § hiv dS, = const. (1.11) 


According to Einstein [12d], the four quantities Pt are the energy 
(i = 0) and the momenta (i = 1, 2, 3) of a physical system. It is 
generally stated thereby [11] that “... the quantities Pt, a four- 
momentum of field and matter, have a definite meaning, i.e. they 
appear to be independent of the particular choice of coordinate 
system to the extent necessary from a physical standpoint”. How- 
ever, as we shall demonstrate below, this statement is wrong. 

Analogous results are also obtained when Einstein’s equations are 
written in terms of mixed components: 


V —e [Th + th] = 9,07. (1.42) 
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The choice of the energy-momentum pseudotensors for gravitational 
field depends to a great extent on the personal inclination of the 
authors and was, as a rule, made on the basis of the secondary pro- 
perties. Thus, for example, h‘*' is chosen in the form 


n 4 PR š 
hit = CHE sgn |— geg" — g" g™)], (1.13) 


a symmetrical Landau-Lifshitz pseudotensor is obtained which con- 
tains only the first derivatives of the metric tensor. 
Choosing 


i Skmc* ð im gnl nm gil 
o= er — ——[— — 1.14 
t= feng Ve oat [8 (ee — eg, (1.14) 
we arrive at Einstein’s pseudotensor which coincides with a canonical 
energy-momentum (pseudo)tensor obtained from the noncovariant 
density of the gravitational field Lagrangian: 


Lg =V —8 (Val u — Vin nel g". 
With 


i AVe ; 
oft = SVE ging"! CO Erm— mgn (1.15) 
we get the Lorentz pseudotensor which coincides with a canonical 
energy-momentum (pseudo)tensor obtained with a noncovariant 
method of infinitesimal displacements from the covariant density 


of the gravitational field Lag angian Lz = V —gR. It is important 
to note here that, however diversified the energy-momentum pseudo- 
tensors might be, in terms of their properties they all possess the 
same feature, i.e. any energy-momentum pseudotensor can be made 
to vanish at any point in space. 

This fact can be interpreted as a reflection of the equivalence 
principle, however, any statement concerning the equivalence of a 
gravitational field and a field of inertial forces is an error. These two 
fields are substantially different since, given an inertial force field, 
the curvature tensor always vanishes but it has a nonzero value for 
a gravitational field. As a consequence, an inertial force field and 
a gravitational field are not equivalent for all physical processes that 
are strongly dependent on the curvature tensor. Hence the equiva- 
lence principle does not bear any direct relation to the GTR even 
though it played an heuristic role during its construction by Ein- 
stein. 

The fact that a pseudotensor vanishes at any given point in space 
is a consequence of a nontensor law that transforms its components 
from one coordinate system to another. Thus, for example, all the 
energy-momentum pseudotensors containing derivatives of the 
metric tensor, in a Riemannian space-time, of an order not greater 


2* 
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than one, vanish on being transformed to a local geodetic coordinate 
System where all the components of the connections Tim are zero. 
‘Thus the “energy-momentum” of gravitational field determined from 
the energy-momentum pseudotensors can be made to vanish locally. 

Yet a gravitational field, described by a curvature tensor, cannot 
‘be made to vanish simply by a transformation to another arbitrary, 
admissible? coordinate system, and, consequently, due to the action 
of curvature waves on physical processes, it is impossible to state 
a gravitational field is absent in any coordinate system. Because of 
this, as has been indicated in [1-9], the energy-momentum pseudo- 
tensors are not energy-momentum characteristics of a gravitational 
field and are not indicative of its existence either locally or globally, 
this resulting in physically senseless definitions “energy-momentum” 
or “energy fluxes” of the system in the GTR. 

This general conclusion has been illustrated in [8] by citing, as 
an example, the GTR’s definition of “inertial mass” and the “energy” 
of a static, spherically symmetric system. Based on definition (1.10) 
of the “energy-momentum” of a system composed of matter and 
gravitational field, the notion of an inertial mass m of a system is 
introduced into the GTR as follows: 

—1 pot f (— g) [T0 L 200) dy = 1 & poa 1 
m=— P= \(—a)[ L- 00) V=qph dS. (1.16) 

To calculate a system’s inertial mass, the Schwarzschild solution 
is usually used and hence the metric of the Riemannian space-time 
can be written in terms of isotropic Cartesian coordinates in the form 


Sap = — bap [1 +z), 
ew=[1— FE] [148] 


wherer = Vx? + y? + 22, Tg = 2GM/c?, and M is the gravitational 
or, as it is sometimes called, heavy mass. These coordinates are 
asymptotically Galilean, since at r —> œ the following approxim- 
ations are true: 


go =1+0(+); gap= —Sap[1+0 (+) ]. (1.18) 


(4.47) 


2 By admissible transformations we understand coordinate trans- 
formations between reference systems, which can be performed with the help 
of real physical bodies and processes. Mathematically, this condition is equi- 
valent [13] to a requirement that a quadratic form (with the coefficients gap) 
exists in these reference systems which is negative by definition, and a com- 


ponent Zoo Of the metric tensor is positive: go) > 0, Eag dz% dz® < 0. 
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Using the covariant components of metric (1.17) we obtain from 
(4.11) 


pr SE = Me. i (1.19) 


It is this identity between the “inertial mass” and the heavy one 
that gave rise to statements about their equality in the GTR [11, 
p. 424]: “... P= 0, P? = Mc is a result which has naturally been 
expected. It illustrates the equality of the so-called “heavy” and 
“inertial” masses. (One calls a mass “heavy” when it determines a 
gravitational field produced by a body; it is the mass entering the 
metric tensor in the gravitational field or, in particular, Newton’s 
law. The “inertial” mass determines a relationship between momen- 
tum and energy of the body and, in particular, the body rest energy 
is equal to this mass times c*.)” 

Yet a similar statement made by Einstein [12e] and other authors 
is wrong. As is shown in our paper [8], the “energy” of system (1.10) 
and, as a consequence, its “inertial” mass (1.16) too, have no physical 
meaning since their value even depends on the choice of the three- 
dimensional coordinate system. 

It is quite evident that it is an elementary requirement of the 
definition of inertial mass, which any physical theory has to satisfy, 
that the value of material mass is independent of the choice of three- 
dimensional coordinate system. However, definition (1.16) of the 
inertial mass in the GTR does not satisfy this requirement. Suppose, 
for example, we transform the three-dimensional Cartesian coordi- 
nates zoa into the new coordinates Zpew, the two being connected 


via the expression 


Told = Trew [1+ f (Tnew)], (1.20) 


where Tnpew = V thew + Yew + Zew, and f (rnew) is an arbitrary 
non-singular function satisfying the conditions 


Í (Tnew) > 0, lim ew >o f (Tnew) = 0, 


(1.24) 


$ ô 
lim, „>o new Sew f (Tnew) =0. 


new 


It can easily be shown that transformation (1.20) corresponds to a 
change in the arithmetization of the points of the three-dimensionak 
space along the radius: 


Toia =Tnew [1 +f (Tnew)]- 
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In order that transformation (1.20) has an inverse transformation 
and is one-to-one, it is necessary and sufficient for it to fulfil the 
condition 


old 1 4 f -H rnewf' > 0, 


ôrnew 


' ô 
where f’ = anew f (Tnew)- 


The transformation Jacobian will then be nonzero: 


J = det || Hore Zoid | 2 |= (1+ pz Hold 0, 


{ôrnew 


In particular, all the PoR requirements are satisfied by the function 


f (aew) = 08 y -8E [1 — exp (—e*rnew)h (1.22) 


crn 


where a and £ are arbitrary numbers with nonzero values. Since 
here 


Orold = 1a” 


“8GM [+ 
ornew 


Crnew new 


( ernew— y) exp (—E?rnev) | ; 


Í (rnew) is a monotonic function of rew. It can easily be seen that 
Í (new) is non-negative and non-singular over the entire space. In 
this case the transformation Jacobian is strictly greater than unity: 


Ja(1+ p>. 
Tnew 


Therefore, transformation (1.20) with the function f (rTnew) deter- 
mined by expression (1.22) has an inverse transformation and is one- 
to-one. 

Now let us compute the value of the “inertial mass” (1.16) in terms 


of the new coordinates zpew- Taking advantage of the transformation 
law of the metric tensor 


ar! az™ 
gY (Znew) = oe gim (ora (Tnew))s (1.23) 


az, Tew Ot new 


we shall find the components of the Schwarzschild metric in terms 
of the new coordinates. As a result, we obtain 


s= li-a] tet) 
gap =| 4 + tag | {bas (4+ f)? 
—anewsnew[ (p-p (+A) Y. (1.24) 
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The determinant of the metric tensor (1.24) is equal to 


=—800[ 1+ — Fara | OHAN rhew) 
+2rpew f (1+). ? (1.25) 
It should be noted that metric (1.24) is asymptotically Galilean, since 


limy ew>o Zo = 1, lim, ew>o Zap = — Sap. 

In the particular case of the function f (raew) given by relation 
(1.22) and rpew —> œ, the metric of the Riemannian space-time will 
have the following asymptotics: 


1 4 

fo0o=1+0(——), gap= —Sap+2 ( 7 ). (1.26) 

Expressions (1.18) and (1.26) show that even the rate at which 
the three-dimensional part of the metric tensor of the Riemannian 
space-time tends to a Galilean value depends on the choice of the 
space coordinates, i.e. it depends on the arithmetization mode of the 
points in space rather than on some physical condition. Therefore, 
any requirement imposed on the asymptotic behavior of the three- 
dimensional part of a metric tensor is not physical but is dictated only 
by one or another method of the arithmetizing the points in space. 
Yet a theory should always guarantee the ability to choose any 
admissible coordinate system. Thus even a restriction, in the form 
of some chosen method of the arithmetization of the spatial points, 
is a senseless requirement. 


Substituting the contravariant components of the metric (1.24) 
into expression (1.16), we obtain 


2 
m= 5g lim gy ("e t rhew (f')?} (1.27) 


Thus, the value of the “inertial mass” is substantially dependent on 
the rate at which f’ tends to zero as rpew — oo. In particular, choos- 


ing the function f (rpew) in the form of (1.22) and solving expression 
(1.27) for the “inertial mass” we get: 


m = M (1 + aô). (1.28) 


Since the arbitrariness in the value of a is associated in the GTR 
with the arbitrariness in the choice of the spatial coordinates, we 
can obtain an arbitrarily prescribed value m > M for the “inertial 
mass” (1.16) of a system composed of matter and gravitational field 
even though the gravitational mass M of this system and, conse- 
quently, all three GTR effects too, remain unaltered thereby. Note 
also that under more complicated transformations of the spatial 
coordinates, which leave the metric asymptotically Galilean, the 
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“inertial mass” (1.16) of the system can take any permissible value, 
both positive and negative. 

Thus we see that the GTR value of the “inertial mass”, being pri- 
marily introduced by Einstein and subsequently adopted by many 
authors [11, 14-18], depends on the choice of the three-dimensional 
coordinate system and, as a consequence, it has no physical meaning. 
Therefore, statements concerning the identity of the inertial and 
heavy masses in Einstein’s theory also have no physical meaning. 
The identity only holds for a narrow class of the three-dimensiona} 
coordinate systems and, as the “inertial” (1.16) and gravitational 
masses are transformed in different ways, their identity does not 
hold when transformed to another three-dimensional coordinate 
system. Besides, the GTR definition of the inertial mass (1.16) does 
not satisfy the principle of correspondence to Newton’s theory. 
Indeed, since the inertial mass m in Einstein’s theory depends on the 
choice of the three-dimensional coordinate system, its expression, 
in the general case of an arbitrary three-dimensional coordinate 
system, cannot be transformed into a matching expression in New- 
ton’s theory where the inertial mass is independent of the choice 
of the spatial coordinates. Thus, the classical Newtonian limit is 
absent in the GTR and, as such, the GTR does not satisfy the corre- 
spondence principle. 

A similar situation is observed, too, when defining the “energy 
fluxes” of gravitational radiation. The “intensity of gravitational 
radiation” is defined in the GTR using the components 1% of the 
energy-momentum pseudotensor: 

OF — Vimy eo € (— 8) 2 Ung. (1.29) 
Due to a substantial nonlinearity of Einstein’s equations, an inves- 
tigation of the wave solutions is generally limited to a first ap- 
proximation in small-wave perturbations. In this case the fol- 
lowing expression, in terms of the asymptotically Cartesian coor- 


oe 


dinates, is obtained for the “intensity of gravitational radiation”: 


dI 4 eee i ees eee eee 
Tee {z (Dap nnb) +- Dag D ae Dap D H nbn, 9 
(1.30) 


where 
Dp f dV (3x%x8 — yabr ze) T, 


Integrating expression (1.30) over a sphere, we obtain the well known 
Einstein quadrupole formula which is usually used to prove the 
“reality” of the existence of an “energy flux” of gravitational waves 
emitted by a radiating island system: 


dE G eee eee 
I= —= a5 Das D”. (1.31) 
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So, expressions (1.30) and (1.31) seem to support a conclusion made 
by Einstein [12f]: “... It can be seen from the formula... that the 
radiation intensity cannot be negative in any direction, the more so 
for the total intensity of radiation...” . 

Yet this conclusion too, as has been shown in [9], is erroneous. The 
value of the “gravitational radiation intensity” (1.30) in the GTR 
as well as the “total intensity” according to Einstein are substantially 
dependent on the choice of coordinates. Therefore, by an appropriate 
and admissible transformation of coordinates (see Sec. 1.10), which 
leaves the Riemannian space-time metric asymptotically Galilean 
at infinity, these quantities can vanish or even become negative in 
a spatial region between two spheres with radii r, = ct — u, and 
Ta = ct — u. Hence it appears that the “gravitational radiation 
intensity” (1.30) and the “total intensity” (1.31) are not energy- 
momentum characteristics of a gravitational field in the GTR, since 
the radiation, being an objective physical reality, cannot be destroyed 
by any admissible transformation of coordinates. So, for example, in 
electrodynamics, as can be readily shown, the energy flux of electro- 
magnetic radiation cannot vanish due to a transformation of coor- 
dinates. If the energy flux of electromagnetic waves through a sur- 
face is nonzero in one reference frame, then after a transformation to 
another admissible reference frame it cannot vanish or, moreover, 
change sign. 

As a consequence, formula (1.31) for the energy lost by a source 
due to gravitational radiation is not, in principle, contained in the 
GTR, since there is no inherent way to make any energy calculations. 

The “energy flux” of gravitational radiation, defined using energy- 
momentum pseudotensors which can vanish in the lowest order of 
perturbation theory given an appropriate choice of coordinates, is 
a reflection of a general statement that a coordinate system can be 
chosen for any energy-momentum pseudotensor such that the “energy 
flux” of gravitational radiation is always strictly zero. The coordinate 
system that has this property can be obtained by reducing the com- 
ponents g°% of the metric tensor to the form that satisfies the con- 
dition 

0,007 =0 


for energy-momentum pseudotensors with the mixed components. 
As a result and due to expressions (1.12) and (1.9), the “energy flux” 
of gravitational waves in these coordinate systems will be absent: 


d 
$ [av (~g) (7+ vf] =0. 


In a similar manner appropriate coordinate systems can be establish- 
ed for other types of energy-momentum pseudotensors as well. 

Yet the given coordinate systems preserve all the solutions of 
Einstein’s equations with the nonzero curvature tensor and, as a 
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consequence, the curvature waves capable of imparting energy- 
momentum to physical bodies do exist in these coordinate systems. 
This statement may be illustrated quite simply with a Lorentz 
pseudotensor and as is evident from (1.15) and (1.12) we may nullify 
the “total energy-momentum density” of a gravitational field by a 
transformation to a synchronous reference syst? m (Zoo = 1, Zoa = 0): 


V —8 (Ti +73] 0. 


Hence the “energy-momentum” of gravit ational field should be absent 
outside matter, too. Yet the curvature waves are solutions of Ein- 
stein’s equations and exist in the synchronous reference system. They 
affect physical processes by changing their energy-momentum. 

Recently a set of papers [19-21] have appeared claiming to have 
obtained an expression for the mass of a system composed of matter 
and a gravitational field in the GTR using a Hamiltonian formalism 
and to have its positive definiteness. A hasty conclusion has even 
been drawn [126] on the basis of these statements, that the problem 
of the energy-momentum of gravitational field in Einstein’s theory 
was solved. However, these statements only testify to the misunder- 
standing of the essence of the problem the authors of [19-21, 126] 
have. In fact, it can easily be shown that all these studies [19-21] 
really rely on a requirement that the asymptotic behavior of the 
metric tensor in Riemannian space-time conforms to same law at 
space infinity [126], thus: 


Gin=Sin+0(—), Ongin=O(4). (1.32) 


It is this requirement which enables them to obtain an expression for 
the GTR “mass” of a system and to prove its positive definiteness. 
Yet this requirement is not a physical one. As can readily be seen 
with the Schwarzschild solution which exhibits an asymptotic behav- 
ior (1.18) in terms of isotropic Cartesian coordinates (1.17) that 
satisfies (1.32). 

If the points of three-dimensional space are arithmetized by some 
other method (and the arithmetization of the three-dimensional space 
is always arbitrary so all theories should allow for the arbitrariness 
of the choice of arithmetization), then we generally obtain another 
law governing the asymptotic behavior of the spatial part of the 
metric tensor of the Riemannian space-time. 

In particular case considered above, after transformation (1.20) 
is performed, the components of the metric tensor were shown to 
have the following asymptotics: 


Boo=1+0 (+) and gag = —ôas +0 (Tz). 
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Hence it follows that the asymptotic behavior of the three-dimension- 
al part of the metric tensor in the Riemannian space-time is deter- 
mined by the space points arithmetization method rather than by 
any physical requirement. The change în the asymptotics of the 
three-dimensional part of the metric tensor that occurs when the 
arithmetization of the space points changes totally invalidates the 
immense efforts expended by the authors of [19-21] to prove the 
mathematical statements. Mathematical proofs are undoubtedly the 
most important constituents of theoretical physics, but proof is only 
meaningful when the problem is formulated in a physically correct 
form. Otherwise proofs, however elegant, have no value at all in 
physics. As academician A.N. Krylov was wont to say [125], “... Math- 
ematics, like millstone, grinds everything poured under it and, 
just as you won’t get wheat flour by grinding Deadly Nightshade, you 
won't get the truth from the false premises even if you cover the 
page with formulae...” This applies with a vengeance to the above 
work. On one hand, [19-21, 126] are incorrect because of the physical 
formulation of the problem itself, while, on the other hand, the 
expression used for the “mass” of the system (see, e.g. [126]): 


m= Q dgi*dS, = OS g (8g — gtg™)] dS, 


is also explicitly dependent on the method of arithmetizing the three- 
dimensional spatial points, in other words, it is not scalar with 
respect to the choice of the three-dimensional coordinate system. 
Naturally, this is physically senseless, since the value of the system’s 
“mass” may be made equal to any number desired by an appropriate 
choice of the three-dimensional coordinate system. 

It should also be noted that an approach being the Hamiltonian 
is philosophically close to pseudotensor formalism which is obvious 
from the above formula for a system’s “mass”. We have indicated 
the reasons for the errors in [19-21, 126] and we might add that the 
authors of [19-21, 126] did not appreciate the fundamental finding 
that there is in principle no conservation law in the GTR when the 
energy-momentum of matter and gravitational field are taken to- 
gether. It is impossible, therefore, to introduce a notion of a system 
energy-momentum into the GTR either. 

At the end of Secs. 1.10 and 1.12 we shall return again to this 
problem and explain why the GTR gives, in some coordinate sys- 
tems, physically admissible formulas which, nevertheless, are not 
contained in the theory. 

The other approach to the GTR energy-momentum problem, and 
which has mainly been applied to approximate calculations, is based 
on the production of the so-called motion integrals from the equa- 
tions of motion of matter and based on the covariant conservation 
equation for the matter energy-momentum tensor. Using this ap- 
proach, a nonconservation of matter energy, if discovered at some 
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point in an approximation calculation, is generally explained [13, 
127-130] as the radiation of gravitational waves by matter, and thus 
their “energy” can be determined as the “force” of the gravitational 
radiation friction can. 

Results obtained in this way are contradictory. For example, in 
[22-24] it was concluded, that the gravitational wave energy has the 
negative sign, since the system energy had increased as the grav- 
itational waves were emitted from this system. At the same time, 
similar works [25-27] show a decrease in the system’s energy when 
gravitational waves are emitted and, as a consequence, these waves 
should transfer a positive energy. 

Yet from the covariant equation for the conservation of the mat- 
ter energy-momentum tensor one can only obtain a trivial conser- 
vation law of type (1.4) in a rigorous way. In fact, due to the con- 
servation equation for the energy-momentum tensor density of 
matter: 


Val™ = pT + Pim T™™ = 0, (4.33) 
we have 

Vn [(—8)* TP] = (— 8)% 8itVnT™ = 0. 
Hence it follows that 

ôn {(— 8)* TP} = (— 8) (Ti Th, + 2al nn? ]. 


Making use of Einstein’s equations 


Tì} = —t}, 

where 
—_*V—e 4 

M=- [R-E], 
we obtain 

ôn {(— 8) TP} = (— 8) [— Ttm — 2al ramti]. (1.34) 
It follows from 

i ô 

Vmin = 7 gm R 

that 


(— 8)" ritn + 2al imti i= On [(— 8)* E]. 


Substituting this expression into the right-hand side of equation 
(1.34), we get a conservation law 


ôn {(— 8T? +? ]} = 0. (1.35) 
Analogously, we can obtain a conservation law in the form 


ôn {(— 8g) [T +]}= 0. (1.36) 
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From expression (1.36) and according to equations (1.2) and (1.6), 
two differential equations also appear: 


nmh" = 0, 
ôn {((—g)*[T% +c} =0, 


which both reflect only a local fulfilment of Einstein’s equations 
rather than being some sort of conservation law. 

Thus, the covariant conservation equation (1.33) and Hinstein’s 
equations lead us to relations (1.35) and (1.36), the latter being 
trivial as they are satisfied by the field equations and (1.4) is just 
a special case of these relations. 

As has been shown in [6], the ambiguous results obtained from 
approximations of the “energy” and “force” of the gravitational 
radiation friction are simply a consequence of the arbitrary transfer 
of the tensor terms t% in expression (1.4) from the right-hand side to 
the left-hand side which is concluded by declaring that the right- 
hand side of the final expression is the energy flux of gravitational 
waves. It is quite evident that this procedure is absolutely meaning- 
less and produces different results depending on what is transferred 
to the left, viz. a positive or negative quantity. 

To sum up: 

(a) The GTR has not, and cannot have, energy-momentum con- 
servation laws when a gravitational field and matter are taken in 
conjunction. 

(b) The inertial mass defined in the GTR has no physical meaning. 

(c) Einstein’s quadrupole formula for gravitational radiation is 
not a corollary of the GTR. 

(d) It does not follow from the GTR, in principle, that a double 
star system loses its energy by gravitational radiation. 

(e) The GTR does not have the classical Newtonian limit and, 
hence, it does not satisfy a fundamental physical principle, that is 
the correspondence principle. 

Thus the gravitational field in the GTR differs entirely from other 
physical fields and is not a field in the Faraday-Maxwell spirit. All 
these taken together indicate that the GTR is not a satisfactory 
physical theory. It should be noted that the GTR is only one of the 
possible realizations of Einstein’s grand idea about the Riemannian 
space-time geometry. So, whilst discussing the inadequacy of Ein- 
steinian theory, bear in mind it is only the inadequacy of that par- 
ticular realization. Inasmuch as the theories of other physical fields, 
a unified conservation law of energy-momentum exists for the differ- 
ent forms of matter, and since there is at present no experimental 
evidence of its violation (moreover, the history of physics has always 
illustrated its tenacity and truth), there is no reason to reject this 
law. Therefore, we shall assume that a conservation law relating the 
energy-momentum of different forms of matter must be the basis of 
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any physical theory. Only experimental evidence could make us 
reject such an assumption and the law must be valid for all fields, 
including the gravitational one. For these reasons, constructing a 
theory of gravitation which satisfies all the requirements for the 
physical theory is vital at present. 

What ways are open? What can be retained from Einstein’s tre- 
mendous work and what has to be rejected to satisfy the fundamental 
physical laws of a new gravitation theory, viz. the energy-momen- 
tum conservation law when matter and a gravitational field are 
taken in conjunction, and the correspondence principle? 

To answer these questions, we shall consider the ideas that form 
the basis of Einstein’s GTR. 

The most profound of these is, in our opinion, the idea of a Rie- 
mannian geometry of space-time whose metric tensor gn; is deter- 
mined by matter. Another hypothesis supporting the whole con- 
struction of the GTR is that the gravity and space-time metric are 
united. This is accomplished by describing gravity using the metric 
tensor gni. 

As has clearly been shown by Hilbert, these two hypotheses lead, 
in the simplest case, to Einstein’s famous GTR equations. Since 
the GTR departed from the conventional concepts of a gravitational 
field in the spirit of Faraday-Maxwell, then, in order to construct a 
new theory of gravitation that is similar to the theories of other 
physical fields and has the conventional property that a gravitational 
field is an energy-momentum carrier, we have to retain and enrich 
Einstein’s first idea and reject his second. This is the way we chose. 

Our work [28-33] was dedicated to this problem and contained a 
formulation of field theory of gravitation. During last years, how- 
ever, our views have evolved somewhat and so our previous publica- 
tions [1-7, 28-31] have become, in a sense, steps to the concepts we 
now hold and which are offered in the present article. 


1.2 SPACE-TIME GEOMETRY 
AND CONSERVATION LAWS 


When a physical theory has a tensor quantity as a field 
variable, the form of the differential field equations should be in- 
dependent of the choice of coordinates used. This may be achieved in 
two ways, either by allowing only the covariant derivatives in the 
space-time metric inherent in the process to be present in the field 
equations, or by composing the tensor quantity from the field func- 
tions and their partial derivatives. In the latter case the field equa- 
tions will be substantially nonlinear. 

When Einstein constructed the GTR, he used the second way 
connecting the Riemannian space-time metric tensor g,; and matter 
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using the nonlinear equations (A). As a result, the idea that matter 
could influence space-time metric was produced. 

As we have seen, however, such an approach does not permit the 
GTR’s gravitational field to be considered as a physical one 
which possesses energy-momentum. Besides, the natural geometry 
for gravitational field in the GTR was a Riemannian space-time 
geometry. This was not the result of experimental evidence but 
rather a hypothesis about the character of a gravitational field’s 
self-action. Yet a gravitational field self-action need not reduce to 
a mere change in the geometry albeit nonlinear. As a consequence, 
a question arises as to which inherent geometry for gravitational 
field will enable the field to possess an energy-momentum density. 

Any physical field has an appropriate inherent geometry such 
that, in the absence of an interaction with other fields, a free wave- 
front of this physical field moves along the geodesic of the inherent 
space-time. 

The propagation equation for a wavefront of a massless field 
(the characteristic equation) [44], 


ni OP op 


gt Wo, (1.37) 


and the equation of motion of free material particles (the Hamilton- 
‘Jacobi equation), 

gi at, (4.38) 
are both defined by the metric tensor of the geometries inherent in 
these processes. 

The problem of choosing which inherent geometry to use boils 
down to finding out which effective metric tensor controls the con- 
volution of the higher-order derivatives in the Lagrangian density. 
There is a conceivable situation, already mentioned by Lobachevsky 
[34], in which all the different physical phenomena are described by 
different inherent geometries. 

Equations (1.37) and (1.38) suggest that the inherent geometry of 
a physical theory could allow for an experimental definition based 
on data about motion of test particles and fields. The study of motion 
of test particles with mass in massless fields permits the metric tensor 
to be obtained in the inherent space-time to within some constant 
factor [35]. Thus, the study of the motion of different forms of matter 
make it possible to verify the character of the world’s space-time 
geometry experimentally. For this reason, our understanding of 
space-time has advanced as our knowledge of nature has developed. 

So, Newtonian mechanics (mechanical phenomena) coupled with 
the Galilean principle of relativity (as we know it now) has once 
again established that space is Euclidean and time is absolute, i.e. 
the same in all coordinate systems. Yet the connection between the 
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Galilean relativity principle and the geometry of Newtonian mechan- 
ics was not established and it was therefore considered to be an 
independent principle only pertaining to inertial coordinate systems. 
Initially, this principle was only associated with mechanical pheno- 
mena and, subsequently, was extended by Poincaré [36] to all phys- 
ical phenomena when formulated in the following way: “... the 
laws of physical phenomena must be the same for a “fixed” observer 
as for an observer who has a uniform motion of translation relative 
to him: so that we have not, and cannot possibly have, any means 
of discerning whether we are, or are not, carried along in such a 
motion”. 

It should be noted that although this principle appears natural, 
its true nature was unclear. 

Later on, Faraday-Maxwell electrodynamics (electromagnetic phe- 
nomena) in combination with the principle of relativity brought 
about the discovery of a pseudo-Euclidean geometry of the world 
space-time. This is largely due to Minkowski, who wrote in his book 
“Space and Time” [37]: “... The views of space and time which I wish 
to lay before you have sprung from the soil of experimental physics, 
and therein lies their strength. They are radical. Henceforth space 
by itself, and time by itself, are doomed to fade away into mere 
shadows, and only a kind of union of the two will preserve an in- 
dependent reality,” and, later on, he noted that “... it is only in four 
dimensions that the relations here taken under considerations reveal 
their inner being in full simplicity, and that on a three-dimensional 
Space forced upon us a priori they cast only a very complicated pro- 
jection...”. 

Minkowski was the first to discover that the space-time, in which 
all physical processes occur, is unified and has a pseudo-Euclidean 
geometry. Subsequent study of strong, electromagnetic, and weak 
interactions has demonstrated that the pseudo-Euclidean geometry 
is inherent in the fields associated with these interactions. 

However, as a result of this discovery, the principle of relativity 
lost its fundamental role and was transformed into a partial implica- 
tion claiming that all physical processes occur in a space-time hav- 
ing a pseudo-Euclidean geometry. Thus, the geometry of space-time 
began to play the fundamental role. The principle of relativity is 
a statement about the existence of a class of inertial reference systems 
in which all physical processes occur in the same way. In mathematic- 
al language this means that the equations describing the physical 
processes are forminvariant with respect to Lorentz transformations. 
At the limit v/c + 0, the Lorentz transformations become the Gali- 
lean ones which provide the forminvariance of the equations of 
Newtonian mechanics. 

But, as has been shown in [38-39], the statement that all physical 
processes occur in a space-time which has a pseudo-Euclidean geom- 
etry is much richer than the principle of relativity, in that it 
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allows a generalized principle of relativity to be formulated which 
will be valid not only in an inertial but also in a non-inertial coor- 
dinate system. In this connection, it must be noted that the literature 
not infrequently contains statements claiming that the special 
theory of relativity only deals with the description of phenomena in 
the inertial reference frames, while the description of phenomena in 
non-inertial reference frames is the prerogative of the GTR. 

These statements are wrong. It follows, trivially, from Minkowski’s 
fundamental discovery of the pseudo-Euclidean nature of space-time 
geometry that we may use any class of the admissible reference 
frames, both inertial and non-inertial, to describe the physical 
phenomena. The curvature tensor of this space-time, which defines 
its whole inertial geometry, vanishes both for the inertial and 
non-inertial reference frames. Because of this, it is quite concei- 
vable to describe the physical phenomena either by the special 
theory of relativity or within non-inertial reference frames. This 
point was transparently clear to Fock [13]. 

Before formulating the generalized principle of relativity, let us 
briefly review the difference between general covariance and form- 
invariance. 

Since the definitions of these two notions are quite close, covariance 
is frequently used to mean forminvariance when it is not implied 
by the former. 

An equation is covariant under a certain transformation of coor- 
dinates, if the new unknown functions entering it, being expressed 
in terms of the new variables, satisfy the equations of the same form 
as the old functions in terms of the old variables. Thus, equation 
covariance does not reflect any physical principle but is a mathemat- 
ical requirement. 

As has been shown by Fock [13], for an equation to be covariant 
it is necessary that it is transformed according to a tensor law for 
any arbitrary, admissible coordinate transformation. We shall 
clarify this point with an example. The equations of relativistic 
mechanics, 

Dui (z) 


Ds = fi (x) (1.39) 


are covariant, since the new functions expressed in terms of the 
new variables u’* (x') satisfy an equation of the same form as the 
initial one (4.39) because of their tensor character: 


D'u'i(z') _ pripa 
ag P's 
given an arbitrary admissible coordinate transformation, 


z= x" (2), (1.40) 
3—0630 
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i.e. having passed from the coordinates z to coordinates x’, all the 
quantities in equation (1.39) are replaced with the appropriate 
primed quantities. i 

It should be specially emphasized here that the functional depen- 
dence of the metric space-time tensor gn; on the new coordinates under 
transformations (1.40) can in general be altered. This means that, 
while the metric tensor g,; was a certain function of the coordinates 
x in the initial reference frame, then it might be an entirely different 
function of the coordinates x’ in the primed coordinate frame. Since 
covariant equations always contain the space-time metric tensor or 
its deriv.tives, the functional dependence (a functional form) of the 
covariant equations on the new coordinates under transformation 
(1.40) will generally be altered. 

This can be easily shown if one takes into account that, under the 
coordinate transformation (1.40), the metric tensor of space-time 
was transformed thus: 

' Ox! r™ 
Eni (2°) = gar jit Elm (2 (z’)). 

It is quite natural that the functional dependence of the covariant 
equations on the new coordinates under transformation (1.40) is not 
conserved: therefore, the description of phenomena in different 
coordinate systems will be different, i.e. the same phenomena in the 
different coordinate systems will generally occur in the different 
ways. 

The requirement of forminvariance of the metric tensor under 
certain coordinate transformations (i.e. an invariability of the 
functional dependence of the metric tensor under this transformation) 
is more stringent than the requirement that equations are covariant. 
This requirement limits the class of coordinate systems to systems 
which transform into each other leaving the functional form of the 
metric space-time tensor unaltered, since the functional dependence 
of the tensor ga; on the coordinates x in one reference frame is the 
same as the dependence of the tensor gy; on the coordinates 2’ in 
any other reference frame in this class. 

Yet this requirement guarantees that, for the whole group of 
transformations leaving the metric forminvariant, the functional 
dependence of the field equations on the new coordinates is un- 
altered. As a result, all physical phenomena occur in the same way in 
all reference frames, which can be transformed with an unaltered 
metric, so that the system in which we are located cannot be iden- 
tified. 

Thus, covariance and forminvariance are quite different concepts. 
Transformations that ensure the covariance of field equations general- 
ly include transformations between different reference frames which 
are admissible but inadequate for the description of physical phenom- 
ena. By contrast, transformations which provide for the form- 
invariance of the metric space-time tensor (and hence the form- 
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invariance of the equations) involve only transformation between 
the reference systems which are equivalent from a physical stand- 
point, since all physical phenomena occur in the same way in these 
reference frames, given appropriate initiaPand boundary conditions. 

Since space-time geometry does not alter and remains pseudo- 
Euclidean during the transition between the different reference 
frames, then for any reference frame, both inertial and non-inertial, 
a ten-parameter group exists for coordinate transformation that 
leaves the metric forminvariant. Thus, we are able to indicate, for 
any reference frame in the pseudo-Eucledian space-time, an infinite 
set of other reference frames mutual transformations between which 
leave the metric forminvariant. 

This means that the generalized principle of relativity formulated 
in [38-39] is valid in the pseudo-Euclidean space-time: since whatever 
physical reference frame we choose (inertial or non-inertial), it is 
always possible to indicate an infinite set of other reference frames 
such that all physical phenomena occur in them in the same way 
they. do in the initial reference frame. Thus we do not have nor can 
have any means to identify experimentally a specific reference frame 
from the infinite set. 

Thus, Minkowskian geometry has a universal character as an 
inherent geometry for all known fields. Pseudo-Euclidean space- 
time is not a priori, i.e. given from the start, or having an indepen- 
dent existence.|It is an integral part of the existence of matter, since 
it is the geometry by which matter is transformed. 

The character of the space-time geometry greatly influences whether 
conservation laws for a closed system of interacting fields can be 
obtained. 

Mathematically, the energy-momentum and angular momentum 
conservation laws reflect specific properties of space-time, i.e. its 
homogeneity and isotropy. Three sorts of space [40] exist that are 
sufficiently homogeneous and isotropic to allow the ten integrals of 
motion for a close system to be introduced, viz. a space with constant 
negative curvature (the Lobachevski space), a space with zero cur- 
vature (the pseudo-Euclidean space), and a space with constant 
positive curvature (the Riemannian space). The first two spaces are 
infinite (having an infinite volume) and the third space is closed 
(having a finite volume but not boundaries). 


1.3 FUNDAMENTALS OF THE FIELD APPROACH 
TO THE DESCRIPTION OF GRAVITATIONAL 
INTERACTIONS 


In order to treat a gravitational field as a physical field 
in the Faraday-Maxwell spirit having the common properties of 
being an energy-momentum carrier, it is sufficient to choose one of 
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the above geometries as the inherent one for gravitational fields. 
The experimental evidence from studies of strong, weak, and electro- 
magnetic interactions indicates that the inherent space-time geometry 
for the fields associated with these interactions is pseudo-Euclidean. 
So at least for the time being we can assume this is the unified inher- 
ent geometry for all processes including gravitational. 

This statement is one of the fundamental issues of the field 
approach we have developed as applied to the theory of gravitational 
interaction. It is quite evident that it results in all conservation 
laws of energy-momentum and angular momentum being satisfied, 
i.e. all ten integrals of motion exist for a system composed of gravi- 
tational and other fields. A gravitational field is, according to the 
field approach, like all other physical fields and is characterized by 
its own energy-momentum tensor which contributes to the complete 
energy-momentum tensor of the system. This is the main feature 
of our approach as compared with Einstein’s GTR. It should be 
noted also that the integration of tensor quantities in a pseudo- 
Euclidean space-time has a definite meaning, as well as a general 
simplicity. 

Another key question for the gravitational field theory is how exact- 
ly a gravitational field interacts with matter. When matter is 
acted on by gravity, the field can effectively alter its geometry, if 
the field is contained in the higher derivatives of the equation for 
motion of matter. The motion of material bodies and other physical 
fields under the influence of gravity will then be indistinguishable 
in pseudo-Euclidean space-time from their motions in an effective 
Riemannian space-time. The experimental evidence indicates the 
universal nature of the effect of gravity on matter, hence an effective 
Riemannian space-time will be unified for whole matter. 

This leads us to what will be called the identity principle (geomet- 
rization principle). It is defined thus: The equations of motion for 
matter under the influence of gravitational field, in the pseudo- 
Euclidean space-time that has a metric tensor y,;, are identical to 
the equations of motion for matter in an effective Riemannian 
space-time with a metric tensor g,; that is dependent on a gravitation- 
al field and on the metric tensor Yri- 

This principle was introduced and formulated by us in [28], 
although essentially it had been suggested in [3]. It means that 
motion of matter in pseudo-Euclidean space-time under the influence 
of a gravitational field is described in the same way as the motions 
of matter in an appropriate, effective Riemannian space-time. With 
such an approach, gravitational field (treated as a physical one) is 
as if eliminated, when describing matter motion, and its energy> 
speaking figuratively, is spent to form the effective Riemannian 
space-time. Thus, the effective Riemannian space-time is a special 
energy-momentum carrier and by the identity principle, it con- 
sumes such an amount of energy which is contained in gravitational 
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field. Hence the propagation of the curvature waves in the Rieman- 
nian space-time takes into account the conventional transfer of 
energy by gravitational waves in the pseudo-Euclidean space-time. 
This means that using the field approach, the curvature waves in a 
Riemannian space-time are the result of the existence of gravitational 
waves (in a spirit of Faraday-Maxwell) possessing the energy-momen- 
tum density. 

It should be emphasized that the identity principle does not 
result from any physical principles. It is an adequate, independent 
principle which, on the one hand, ensures descriptions of motion of 
matter are equivalent and, on the other hand, governs the way a 
gravitational field interacts with matter, which corresponds to a 
definite choice of the Lagrangian density for the interaction. In 
particular, it also takes into account the physical fact that the iner- 
tial mass of the point body is equal to its gravitational mass. 

Note also that, when introducing the geometrization principle, 
Einstein’s great idea about Riemannian space-time geometry for 
matter is preserved. Yet this does not mean that we must return 
inevitably to the GTR. The GTR is just one implementation of this 
idea rather than vice versa. Therefore, when the idea that a grav- 
itational field is a physical one and carries energy is combined with 
the identity principle we obtain gravitational field equations which 
differ from the Einstein equations, and which alter our concept of 
space-time and gravity. Since it is another implementation of Ein- 
stein’s idea, this new theory of gravitation can describe all the 
gravitational experiments available, satisfies the correspondence 
principle and is accompanied by a number of fundamental corollaries. 

It should be emphasized that the field approach to the theory of 
gravitational interaction does not, a priori, specify the nature of 
a gravitational field as we do not know what a real gravitational 
field is. It is possible, for example, that spin tensors or, perhaps, 
a scalar field may be needed to describe one adequately. For now, the 
lack of experimental material pertaining to gravitation opens a vast 
area to theoretical speculation, whence only time and new experiment- 
al facts will dictate a final choice of theory variant to be made. 


1.4 A SYMMETRIC TENSOR GRAVITATIONAL FIELD 


One possible implementation of the field approach is to 
use a symmetric tensor of rank two to describe a gravitational field. 
It should be noted that many authors have attempted to formulate 
a theory of gravitation in flat space-time using different fields, scalar, 
vector, and symmetric tensor, to do this. These attempts were yet 
fortuitous and did not have any clearly formulated field-theoretical 
requirements for their gravitation theories. As a result, the simplest 
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variants proposed in [41-71] either contradicted the experimental 
data available, or failed to ensure logical continuity and required 
the additional conditions to provide a positive definiteness for the 
energy of gravitational waves [72]. 

This point gave grounds for Thirring [73], and later other authors 
[74, 75, 127], to state that any way of constructing a theory of grav- 
itation using flat space-time and assuming a Faraday-Maxwell 
gravitational field will inevitably lead to Einstein’s GTR. Yet our 
analysis of Einstein’s theory [1-8] as well as the search of other ways 
to construct a theory of gravitation [28-31] have shown that these 
statements are utterly without foundation. Einstein's theory, on the 
one hand, departed from the notion that gravitational fields possess 
energy-momentum and introduced a new type of field, i.e. one char- 
acterized by a curvature tensor, and on the other hand, Einstein’s 
theory appears to be devoid of a fundamental principle, i.e. that 
the energy-momentum of matter and a gravitational field is con- 
served when the two are taken in conjunction. It is a too high price 
to pay to explain a small number of gravitational experiments. 

For this reason, it is essential to compare the different classes of 
gravitation theories which conventionally use the symmetric tensor 
field of rank two, and to clear up which of them, introduces a gravi- 
tational field in the most suitable fashion from the physical stand- 
point. 

When constructing a theory of gravitation, the key issue is the 
choice of the geometry inherent for a gravitational field. A flat space- 
time geometry is inherent in linear theories, and gravitation theories 
with linear equations for the free gravitational field are formulated 
in terms of flat space-time having a metric tensor y,;. We shall call 
these gravitation theories which are formulated in terms of flat 
space-time class (A) theories. Class (A) theories may also be non- 
linear but it is essential that this nonlinearity does not appear in 
the higher-order derivatives of the field equations and thus does not 
alter the inherent geometry of space-time. Class (A) theories there- 
fore make up a unified flat space-time, and so ensure that all ten 
conservation laws for a closed system are satisfied. Riemannian 
space-time itself, in which the motion of matter is described, is an 
effective one resulting from the action of the gravitational field 
Pn; on matter. 

Among the class (A) theories a subclass of bimetric theories should 
be noted for which the gravitational field tensor @,; is combined 
with the metric tensor Yn; to form a new field variable in the density 
of the gravitational field Lagrangian Lg. For example, the metric 
tensor gn; of the effective Riemannian space-time, in terms of which 
the equations of matter motion are formulated, and thereby the 
inherent geometry in this field variable is pseudo-Euclidean: 


L = Lg (Ynis Eni (Ymr, Pmn)) + Lm (Enis Pa)- 
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Rosen’s theory may be taken as an example of the nonlinear theories 
of this subclass [65] and has the Lagrangian density 


Iy , 1 
Leg = rr pit gnmgrl | Di8 nDrEmp =F Di8nmDr8pi | , 


where y is the determinant of the metric tensor of the flat space-time, 
D; the covariant derivative in the flat space-time; henceforth we 
assume G =c = 1. 

In the bimetric theories the gravitational field g,; is in fact absent, 
since as a field variable we take its metric tensor g,;. Therefore, a 
sufficiently solid physical substantiation of the coupling between 
the effective Riemannian space-time and the unified flat space-time 
exists here. 

There are actually two physical space-times among the class (A) 
theories, viz. a flat space-time having the metric tensor Yni, in 
which the gravitational field equations are formulated, and a non- 
Euclidean space-time having the metric tensor g,;, in which the 
motion of matter is stated. Both of these space-times are observable 
in reality. A gravitational wavefront moves along the geodesics of the 
flat space-time and hence gravitational waves can be used to iden- 
tify the geometry of the pseudo-Euclidean space-time. An electro- 
magnetic wavefront moves along the geodesics of the effective 
Riemannian space-time and hence electromagnetic waves and mas- 
sive particles can be used to identify the geometry of this Riemannian 
space-time. 

Since a nonlinear theory of the tensor field ọn; will have nonlinear 
terms in the convolution of the derivatives in the expression for the 
Lagrangian density (in the higher-order derivatives of the field 
equations), a non-Euclidean space-time with an effective metric 
tensor gn; = Eni (Ymr>» Pmr) is inherent in such a theory. We shall 
refer to theories of gravitation, which are formulated in terms of 
the effective Riemannian space-time, as class (B). The Lagrangian 
density of these theories has the form 


L = Lg (Eni + Pri) + Lm (Enis Pa): 


These theories deserve a special analysis. 

Because) flat space-time is nonobservable in the theories of this 
class, evidently, an adequate substantiation of the relation g,; = 
= gni (Ymr Pmr) between the unified Riemannian space-time and 
the gravitational field @,; is missing in them. The unified Rieman- 
nian space-time in the theories of that class arises on the basis of the 
gravitational field @,; and of the nonobservable flat space-time. 
It should also be noted that the gravitational field equations in class 
(B) theories are, by necessity, nonlinear. 

The subclass of the class (B) geometrized theories comprises 
a multitude of theories that have a complete geometrization, which 
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means that the Lagrangian density of a gravitational field depends 
only on the metric tensor gni: 


L= Lg (Eni) + Lum (nis Pa). 


Einstein’s theory belongs to this subclass of theories and corresponds 
to a specific choice of the Lagrangian density in the form Lg = 


= V —gR. In theories with complete geometrization, flat space- 
time is entirely excluded from the description of motion both of 
matter and gravitational field. Neither the gravitational field @,;, 
nor the metric tensor y,; appear anywhere in the theory. The quan- 
tities g,;, thereby, have two meanings as variables of the physical 
field and of the metric space-time tensor. As a result, gravitational 
field is not a field in the Faraday-Maxwell sense in the theories of 
this subclass. 

It might be emphasized that class (A) and class (B) theories of 
gravitation differ substantially. No transformation of field variables 
or coordinates can convert one class of theory into the other. 

Analysing the available possibilities thus, we arrive at the conlu- 
sion that only class (A) theories introduce gravitational field in 
a most suitable manner from the physical standpoint. This class 
of theories assumes that gravitation has a field in the spirit of Fara- 
day-Maxwell and possesses all ten integrals of motion for a closed 
system of interacting fields. In the theories of this class effective 
Riemannian space-time used to describe the motion of matter takes 
into account the existence of a physical gravitational field and of 
a unified pseudo-Euclidean space-time. 

As a result, we must, once again, make an immediate study of 
how to construct a gravitation theory which implements the field 
approach and which can describe gravitational interaction. 


1.5 CONSERVATION LAWS FOR GRAVITATIONAL 
FIELD AND MATTER 


Suppose we study the conservation laws for all the local 
theories of class (A) without limiting ourselves to a specific choice 
of Lagrangian density. Starting from the fundamentals of the field 
approach, the Lagrangian density of a system composed of matter 
and a gravitational field can be written as 


L = Lg (Ynis Pri) + Lm (Eni; Pa) (1.41) 
for the theories of that class, where y,; is the metric tensor of the 
pseudo-Euclidean space-time having the signature Crs —), 


ni for the gravitational field, and 4 for the remaining fields of 
matter. 

Without the loss of generality, we can assume that the metric 
tensor gn; of the Riemannian space-time is a local function dependent 
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on the metric tensor of the flat space-time, the gravitational field 
@n; and their partial derivatives up to the second order inclusively: 


Emi = Emı (Ynis OpYnis OprVni: nis OnPnis Our@ni)s (1.42) 


where the following notation is introduced: 


GU) 
Onm? = gnor 


The Lagrangian density Lm will be assumed to depend only on 
the fields p,, their first-order partial derivatives, and the metric 
tensor g,;. It can be easily verified that here gravitational field’s 
partial derivatives, up to the second order, will enter the Lagrangian 
density of matter. 

The Lagrangian density of gravitational field will be assumed to 
depend on the metric tensor y,;, the gravitational field g,; and 
their partial derivatives, up to the third order inclusively. 

To obtain the conservation laws, we shall use the covariant method 
of infinitesimal displacements. 

Since the action J is a scalar, under an arbitrary, infinitesimal 
transformation of coordinates 


gt = git Ẹi (x) (1.43) 


the variation of the action of matter, ôJm, and that of a gravita- 
tional field, 5/,, will vanish. 

Since both covariant and contravariant components of the metric 
tensor of the Riemannian space-time will enter the Lagrangian 
density of matter, we shall vary the Lagrangian density with respect 
to them as in the independent quantities and then will take into 
account the relations between their variations: 


6g"™ a grig™ ôg 


In this way the density of the symmetric energy-momentum tensor 
of matter, 7", in the Riemannian space-time will have the form 


AL ‘ ÔL i , ÔL 
Ts er =—2{ ore a a Se Sgr 3 (1.44) 
where = is the Euler-Lagrange variation: 
LL E 
bp ~ ag ™\ (Ang) 
ôL ôL 
+m (anay) Ont aa) C2) 


Completely analogously, we can vary the components Yn; and i” 
of the metric tensor of flat space-time. 
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The variation of the action integral of matter under transforma- 
tion (1.43) is written as 
6Iu = | dtc {5% bg + $2" bp4tDiv}=0, (1.46) 
M= A ni 804 A ’ á 
where Div denotes the divergence terms which, when taken into 
account, result in relationships irrelevant to our analysis. 
Introducing the notations 


ALM ôLm ns,.mk ôLm 
nm — — as y Pioen 
im 2 2 ( ee it ) , (4.47) 


tii = Vim eat” 
for the energy-momentum tensor density of matter in flat space- 
time, the variation ôJm of the action integral under the coordinate 
transformation (1.43) may also be written in another way equivalent 
to expression (1.46): 


ôJm = jae {5 a 


6 nm tee M Sams Sat ôpa+Div} 
=0. (1.48) 


The variations 5y,m, 59nm, 594 and gnm under coordinate transe 
formations (1.43) will have the form 


Yanm = — YniD mE! — PmiD rb) 
8Qnm = oe PnP m! ame PmiD rk! oe E'DiPnm: 
l B; n l (1.49) 
ôpa TE — Dipa + FAL PBD , 
ÔEnm F — EnD mf —8EmiDrE' —E'DiEnm 


Allowing for these equalities, the variation of the action integral 
(1.48) may be written as follows: 


ôJm= | diz {¥! [ 2D, (Fa Senn Pmt) — Dati — 5 Diam 
for * Dipa |+Div} =0. (4.50) 


From the arbitrariness of the displacement vector & in expression 
(1.50) an identity aes 


Lm 
Ditn — 2D, (<= 301m E Omn | + sor =—— Dn Pim 
ôL 
+D, (Fe Fany) +E Dapa = 0. (1.51) 


Another important identity can be obtained after substituting 
relation (1.49) into expression (1.46): 


m 1 
D, (EnmT' aaa: T'™Di& mt 


= — D, ($ Fang )— -=2 


ôL 
-Da (5 EA rito) E 


Daa: (1.52) 
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Let us now express the covariant derivatives on the left-hand 
side of identity (1.52) in terms of partial derivatives and the con- 
nection yi, of the flat space-time. Taking into account that 7” 


is the density of the tensor of weight 1» we shall obtain 


a 
GA (EnmT™) TAE. PO AB iis 
ôL ôL 
= — D; (so Soy Fane 3) — Sga DaPa- 
However, the left-hand side of this expression is a covariant diver- 
gence in the Riemannian space-time with respect to the energy- 
momentum tensor density Ti, of matter: 
y 1 >; 
9: (EnmT™) — 5 TP OnBim 
= ô; Ti — DTi = ViTi = eamVil 
where, as usual, l'h; denotes the connection of the Riemannian space- 


time. 
Hence, relation (1.52) will take the form 
ôL 
1 Daga- 


EniVmT™ =- D; (4% So, Fa a os) — SPA 
Subtracting this equality from expression (1.51), we obtain 
D;tun —- 2D; ( T= mn) Fom DaPim = 8niVml 
(1.53) 
It should be emphasized that this identity is valid regardless of 


whether the equations of motion of matter and of gravitational 


field are satisfied. 
Likewise, it follows from the fact that the.action of the gravita- 


tional field is invariant under ee (1.43) that 
L 
n— 2D; ( ge u =E On) ahs oe E DnPim = 9% (1.54) 


For the a is of the symmetric energy-momentum tensor of the 
eres field we have, in the usual fashion 


= — oe — F (4.55) 


It follows from relations (1.53) and oe 54) that 
D; (fan + tin) — 2D; (so ~ mn) +g 8@im Di Pim = Vili. 
(1.56) 
Provided the gravitational field equations are satisfied, 
cy SiM _ 9 (1.57) 
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expression (1.56) can simplify to 
D; (thay + tin) = Eni Vm T". (4.58) 


This equality is a manifestation of the identity principle. It sug- 
gests that the covariant divergence of the sum of the densities of 
the energy-momentum tensors of matter and gravitational field in 
pseudo-Euclidean space-time was transformed into a covariant 
divergence of the density of the energy-momentum tensor of matter 
only in Riemannian space-time. These are just different ways of 
writing one and the same expression. 
Provided the motion equations of matter are satisfied, 


ôLm 
Sent! (1.59) 
expression (1.51) is simplified to 
: ôL ôL 
Ditin — 2D; (Fe Oma) + Fete DnPim=O (4.60) 


and from relation (4.52) the covariant conservation equation in 
Riemannian space-time follows automatically: 


VaT = ô Th p Tin 7! = 0, (1.64) 


This statement is common for theories with a geometrized density 
of the matter Lagrangian and is not associated with any particular 
variant of gravitation theory. 

Further we see that from relations (1.60) and (1.54), provided 
the gravitational field equations (1.57) are satisfied, a covariant 
conservation law follows for the density of the complete symmetric 
energy-momentum tensor in pseudo-Euclidean space-time: 


D; (ten + #2) = 0. (1.62) 


Thus, starting from the Lagrangian formalism, we have obtained 
an energy-momentum conservation law of matter and gravitational 
field in pseudo-Euclidean space-time. This fundamental law of 
nature reveals that in the field theory of gravitation no processes 
take place without energy-momentum being conserved. It also 
follows from expression (1.62) that a gravitational field within 
a pseudo-Euclidean space-time framework behaves like all other 
physical fields. It possesses energy-momentum and contributes to 
the density of the complete energy-momentum tensor of the system. 

Starting from equality (1.62) and identity (1.58), we obtain 


D; (thin -} ti) T EnmViT™ =0. 


Consequently, given that the gravitational field equations (1.57) 
and the equations of motion of matter (1.59) are satisfied, the conser- 
vation law for the density of the complete energy-momentum ten- 
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sor (1.62) and the conservation law in the form (1.61) are simply 
the different ways of writing the same conservation law. Conserva- 
tion law (1.62) manifests the fact that the density of the complete 
energy-momentum tensor of a system, eomposed of matter and 
a gravitational field, is conserved in pseudo-Euclidean space-time. 
This law has the common form of a conservation law. In Riemannian 
space-time the conservation law (1.61) is not a conservation law 
in the common sense, as the density T™ of the energy-momentum 
tensor of matter need not be conserved, 


a,T% 0. 


As has been indicated by Einstein [12g]: “...Physically, the occur- 
rence of the second term on the left-hand side shows that laws of 
conservation of momentum and energy do not apply in the strict 
sense for matter alone, or else that they apply only when the g,,; 
are constant, i.e. when the field intensities of gravitation vanish. 
This second term is an expression for momentum, and for energy, 
as transferred per unit of volume and time from gravitational field 
to matter.” 

In this case the second term in (1.61) expresses what effect a grav- 
itational field has on the matter and shows that matter gains energy 
as if it were stored in a Riemannian geometry. Yet the gravitational 
field energy in this case was as if spent to build the Riemannian geom- 
etry. But which quantity is conserved is not seen from expres- 
sion (4.61). 

The absence of authentical conservation laws is peculiar to the 
whole subclass of gravitational theories that have a complete geom- 
etrization rather than just Einstein’s theory. The Lagrangian 
density L, of the gravitational field in the theories of this subclass 
depends on the field g,; and on the metric tensor y,; only via the 
metric tensor g,; of Riemannian space-time. Hence in the theories 
of this subclass we have the following equation for the density of 
the symmetric energy-momentum tensor of matter and for a gravi- 
tational field in pseudo-Euclidean space-time: 

1 mi AL _ Alg | Alm AL ¢mi 

2 ~ Ayni AYni AYni Agmi ôYni 
AL _98im AL 981m 

Siy Agim Teorey | + pa Agim ô (Opq¥ni) 

L ayiSaynP AL gim _ AL 981m 

Y Y Uber oy 99 | Berm 9 (qv) 


AL gim 
On ( Agim 9 (qy? )I} : 
Since in a geometrized theory the gravitational field equations 
have the form 


AL _ ôL — gligmn ôL o 
Agim 581m bgni , 
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the density of the symmetric energy-momentum tensor of matter 
and gravitational field vanishes in a pseudo-Euclidean space-time 
according to the gravitational field equations: 


AL tt mi _ 
mers g=. (1.63) 


An analogous conclusion about the ways the density of the sym- 
metric energy-momentum tensor vanishes can also be obtained for 
the free gravitational field. Yet the equations of a free gravitational 
field have solutions with the nonzero curvature tensor Ri,,,,. Hence 
in theories with complete geometrization, the vanishing of the 
density of the energy-momentum tensor of the free gravitational 
field is not accompanied by the disappearance of the field ọn; and, 
consequently, a dummy field exists which does not possess the energy- 
momentum density but brings about a curving of space-time, i.e. 
the formation of a Riemannian geometry. Whence it follows that 
a theory of a physical gravitational field possessing energy-momentum 
cannot in principle be reduced to the GTR on the basis of flat space- 
time. It follows therefore that statements a number of authors 
[74-75, 127] have made about the inevitability of such reduction 
are wrong. The subclass of gravitation theories with complete 
geometrization does not allow for the notion that a gravitational 
field can possess energy-momentum to be introduced. 

To sum up, we have arrived at the following conclusions: 

1. In local theories of class (A) a gravitational field described 
in a pseudo-Euclidean space-time is a physical field having energy- 
momentum. The motion of matter is described on the basis of an 
identity principle in effective Riemannian space-time which is 
produced by the energy-momentum of a gravitational field. The 
geometrical description arises in this approach by using field theory 
ideas for gravitational fields. This approach starts from the conser- 
vation laws. 

2. In a subclass of theories with a complete geometrization, a grav- 
itational field and matter have a unified geometry, but the gravi- 
tational field loses the properties of the physical field and does not 
possess any energy-momentum density. Within the framework of 
this approach, there are no field theory ideas about gravitational 
field in the Faraday-Maxwell sense. 

The GTR implements one way of constructing the theory. It 
introduces a field of a new type, which is described by a curvature 
tensor and is not a Faraday-Maxwell field. Therefore, conservation 
laws are absent for matter and gravitational field taken in conjunc- 
tion and, consequently, this theory does not satisfy the principle 
of correspondence to the Newtonian theory of gravitation. 
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1.6 A GAUGE-INVARIANT TENSOR FIELD 


In this section every relation and equation will be 
formulated in terms of Cartesians, although they will certainly be 
covariant and written in an arbitrary coordinate system. 

Consider the class (A) theories which have a Lagrangian density 
of the form (4.41). The equations of a gravitational field and those 
of the motion of matter have the form 


ôLg Lm 

Gn" Stam age 
ôL 

Soy =O: (1.65) 


Among many theories that have the Lagrangian density (1.41), 
there are some in which the action integral is invariant with respect 
to the gauge transformation: 


ni > Pri + Gian + naj, (1.66) 


where a; is an arbitrary gauge four-vector. Because the action inte- 
gral of a free gravitational field is invariant under the gauge trans- 
formation (1.66), we have 


ôJ= f diz | — 20nd; (Fa! bla - ) +Div |= 0. 


By virtue of the arbitrariness of ii gauge vector an, we obtain 


bLg 
ði ( ôPni )= o: 
From this equation and the field equation (1.64) there foflows a con- 
servation equation for a gravitational field source: 
ôLm \ __ 
ô; (et )=0. 

As is known [76], the analogous conservation equations follow 
from the invariance of the Lagrangian density L = L, + Lm 
with respect to the gauge transformation of the vector potential 
A; — A; + 0;f in electrodynamics 


a; $to, a, SoM = 0. 


Since the source is eae in the field equations of gauge theory, 
it is usual to take the source in the equations of a gauge gravitational 
field theory to be a complete energy-momentum tensor of a system 
composed of “matter plus gravitational field”. This results in the 
field equations becoming nonlinear and an assumption is usually 
advanced that the consecutive incorporation of these nonlinearities 
ee in the Einstein nonlinear theory of gravitation [74-75, 
77, 127). 
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Yet in reality a similar hypothesis results, above all, in the 
gravitational field losing the property of being an energy-momentum 
carrier. Assuming the source 


ôLm 4 ; 
poan J”. 
êPni 2 


can be identified with the complete energy-momentum tensor 
ent -= pit pn 


immediately suggests that the energy-momentum tensor of the 
free gravitational field (at Ly = 0) vanishes. Such a theory does 
not incorporate the properties that are characteristic of other physi- 
cal systems and for this reason we consider it to be inacceptable. 

According to the Noether theorem, the invariance of the action 
integral relative to some transformation group leads to the existence 
of definitely conserved quantities. Invariance with respect to coor- 
dinate transformations is known to result in a conservation of energy- 
momentum tensor density t”i. The invariance of the action integral 
with respect to the gauge transformations (1.66) results in the current 
J™ being conserved. Since coordinate and gauge transformations 
are completely different, the quantities t and J™ are, naturally, 
completely different physical quantities. 

The problem of constructing a guage-invariant tensor field theory 
lies mostly in constructing the conserved tensor current J”, or 
in other words, in constructing the Lagrangian density Ly of matter 
which will lead to the variation 5Ly/5q,; being conserved. In 
order to solve this problem, it is necessary to analyse the spin states 
of the field described by a symmetric rank two tensor. 

As has been shown in [78-79], the symmetric rank two tensor Qp; 
may be given as a sum of the irreducible representations: one with 
spin 2, one with spin 1, and two with spin 0: 


ni = (Pa + P1 + Pot Po)" Pim- 


It is more convenient to use the momentum representation for 
the quantities P,. Let us introduce the auxiliary operators 


dndi \. anli 
— 22); Yus E, 


by which the operators P, can be given as 
PoS Xni X'™;, Po = Yni Y"; 
P = (V3 /2) (XY + XY + XTYL+ XTY); p (1.67) 
P, = (3/2) (Xi Xn + Xn Xi") — Xn X". 
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In the X-representation the projection operators, Ps, are nonlocal 
integro-differential ones: 


Pheri == | dey PIR (2, Y) Pim Yew ~ 


Using expressions (1.67), it is easy to verify that only the operators 
P, and Po can be conserved: 
UP ohi =ImP ai = Pt = ImP ont 50. 


2ni Oni 


Hence, provided the field @,; enters the Lagrangian density Lg 
of the gravitational field simply as a combination, e.g. 


fni = [(P2 + &Po) Plis (1.68) 


the Lagrangian density, and consequently the equations of a free 
gravitational field as well, will be invariant with respect to the 
gauge transformation (1.66). Yet an application of expression (1.68) 
is not really convenient, since it is integro-differential and thus 
results in nonlocal field equations. 

For the field equations to be local, we need a differential coupling 
between the fields f,; and @,;. This can be gained by taking, for 
example, the following combination 


fni = O? [(P2+ Po) Plni- 


In this case, the tensor fn; will be expressed in terms of the fourth 
derivatives of the field function ,;. Yet among all the Yale of a, 
the case where a = —2 is distinct in that it allows f„à to be put 
down without any fourth derivatives of the field Pa; and using only 
a combination of second derivatives: 


fni = O [(P2—2P) ]ni- (1.69) 


It can be seen that the operator O (P.— 2P,) is gradient invari- 
ant and a local operator of the lowest possible order: in a theory 
using a symmetric rank two tensor field there is no other local opera- 
tor that incorporates lower-order derivatives and results in gauge 
invariance. Thus we have 


fni = Dôn: 73 0,08 mn =r nI Omi + ¥ni9'O™ 01m; 
tfai =0, (4.70) 
where we introduced the notation 


4 
Orm = Pim — F VimPn: (1.71) 


Here the vector field and the spin 0’ field vary under gradient trans- 
formation (1.66) and are eliminated from the theory. 

Since the whole theory has to be gauge invariant, we assume that 
the fields ım only enter the coupling equations gni = gn; (Pim) 


4—0630 
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via the field f,,,. Moreover, we assume that the metric tensor gp; 
of Riemannian space-time is a local function of the metric tensor 
of flat space-time and only the fields fım. We will not now make 
any suggestion to the form of this function except to require the 
quadratic form with the coefficients gag to be negative definite, 
the component go, being a positive quantity. Thus the parameter 2° 
will have the dimensions of time and the parameters x%, those of 
the space coordinate in Riemannian space-time. 


1.7 THE GRAVITATIONAL FIELD EQUATIONS 
IN THE FIELD THEORY OF GRAVITATION 


A gauge invariant theory that leads to linear equations 
for a free gravitational field is the simplest variant of all the class 
(A) theories. From now on we will call this theory of gravitation 
the field theory of gravitation. The Lagrangian density of a gravita- 
tional field in the field theory does not incorporate derivatives of 
the fields fam higher than the first order and may be written in its 
most general form as 


Le = saz (OifnmOif"™ —b0,f0'f — m? [af amf™ + BF), 


where f = fh. 

If a0 or B 0, then the equations obtained will describe 
a gravitational field, a quantum of which (the graviton) has a non- 
zero rest mass. However, we expect a gravitational wavefront to 
propagate at the fundamental velocity v = c, and so a graviton 
rest mass should vanish thus making it necessary to puta = B = 0. 

By trying various values of b, we can realize different physical 
situations. The energy of a free gravitational field may be shown 
to be a positive quantity once b < 1/2. Moreover, when b < 1/2 
the scalar component of gravitational waves is emitted, the value of 
this component and its energy being substantially dependent on 
the value of b inasmuch as at b < 1/2 the scalar component trans- 
fers positive energy. Later on we will not need this degree of gener- 
ality since we can assume gravitational waves (gravitons) to be 
characterized by the spin value s = 2 and by a positive definite 
energy. For this reason, we set b = 1/2 from now on in order to. 
rule out scalar component emission. 

Thus, we arrive at the Lagrangian density of a free gravitational 
field: 


Le= ae {:famdif™ — 5 a,farf\. (1.72) 
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This Lagrangian density is the simplest possible that is invariant 
under the gauge transformations (1.66) of the fields g,;. The fields 
fam are also liable to the gauge transformation 


fam —> fam + nüm + Oman — Pnmðiat, (1.73) 


and the conditions 0", = 0 are not violated if the gauge vectors a” 
satisfy the homogeneous equations Qa” = 0. 

It must be stressed that the symmetric fields fam are not indepen- 
dent by virtue of the four conditions, fam = 0, they satisfy, 
and so when deriving the field equations, the Euler-Lagrange varia- 
tion has to be taken over the field @,;, as this is the only field for 
which all ten components are independent. Yet once the field equa- 
tions have been defined the Euler-Lagrange variation is taken over 
the fnm field, the account should be taken of the four auxiliary con- 
ditions "fnm = 0 as well. These conditions are satisfied by the 
field, i.e. we must state a problem about the conditional extremum. 
In both cases we shall arrive at equivalent field equations. Note 
also that the variation of the Lagrangian density of matter may 
be obtained in two ways, either explicitly by putting down the 
Euler-Lagrange variation (1.45) over the field @,;, or by using the 
fact that the gravitational field only enters the Lagrangian density 
of matter through the field fnm (1.70), which, in turn, only comes 
into the Lagrangian density through the Riemannian space-time 
metric tensor. Both ways yield the same result. 

Introducing the notation 


1 ô 
him 5 re SEP. (518% + 815% —- any") (1.74) 
and incorporating relation (1.70), the gravitational field equations 
(1.64) can be obtained as: 
ose'™— t3, 716" — 69, 0020" 
+'"0,0,0170" = —16nJ'™, (1.75) 
where 
jim = ohm 2a 0d, h™™ — o™0,,h™ + pranih. 
Using definition (1.70), the field equations (1.75) take the form 
Def = —16rJ™, (1.76) 
It is easy to check that the gravitational field equations, both. 
as (1.75) and as (1.76), are invariant under gauge transformations. 
(1.66) with an arbitrary gauge vector a”. If we take the full diver- 
gence with respect to one of the indices in the field equations (1.75) 
and (1.76), we get the identity 0 = 0. For this reason, even though 
the field n; has ten independent components, the equation structure 


is such that the four components corresponding to spins 1 and 0 
are automatically eliminated from the equations. As a result the 


4* 
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field equations retain only the six independent components corre- 
sponding to spins 0 and 2 for which we have six independent field 
equations, since the four conditions (1.70) are fulfilled by gauge 
invariance. 

The gravitational field equations (1.76) may be simplified by 
using gauge transformation (1.66) and imposing additional condi- 
tions on the field functions. Because the choice of gauge is arbitrary, 
it becomes necessary when solving a concrete problem to make 
the gauge conditions explicit by some method, for example, by 
imposing additional conditions. The fact that in gauge theory the 
Euler-Lagrange variation satisfies the four identities 0;5L/5qQim = 0 
also means that to solve the field equations for a concrete problem 
it is necessary to impose at least four additional conditions on the 
field. Under gauge transformations (1.66) and by virtue of (1.71), 
the fields Onm are subjected to the gauge transformation 


Onm — Onm + Ondm + Oman — Ynmôra*. (1.77) 


The most general additional conditions which are linear over the 
070" field, are 
6,020" = Ad" (20%. (1.78) 
On fulfilling (1.78), the gravitational field equations can be written as 
030 — 240'6™ 207 + Ay™ (307 = —16nJ'™, 


It can be verified that given the additional conditions (1.78), 
the left-hand side of these equations can be conserved as well. At 
A = Q0, the gravitational field equations acquire their simplest 
possible form: 


036'" = —16nJ'™ (1.79) 
with additional conditions 
6,0020"" = 0. (1.80) 


Thus, the gravitational field equations are, in our case, those 
which have higher derivatives, and equations (1.79) are also invari- 
ant under the gauge transformations (1.77), whilst not violating 
the additional conditions (1.80). 

If we introduce the field H”™ thus, 


OA™=h™, (1.81) 
equation (1.79) will take the form 


Dom — —16nO{h'"—3', Hrono H" yp pH"). 
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Since later on we shall only be interested in the causally conditioned 
solutions according to [80], we may “cancel” these equations by 
the D’Alembert operator. Introducing the notation 


Yam = C10 a7 (1.82) 


for the causally conditioned solutions, the gravitational field equa- 
tions will be obtained in the following form: 


oy’ = —16n {h'™ = 6'0, H™ os arð, H” + y'"0,0 pH}. 


The tensor current on the right-hand side of this equation satisfies 
the following condition outside the source: 


D {h'™—9'd,H"™ — "â H" + y'"9,0,H"} =0. 


Therefore, outside the matter, this tensor current may be eliminated 
during the gauge transformation. Indeed, since the additional condi- 
tions (1.80) allow transformations (1.77) with the gauge four-vector 
to satisfy ee 


O3a" =0, (1.83) 
we are able to perform the following gauge transformation: 
pr —> apm to" Qa” +a" p a” — y", Dal. (1.84) 


Outside the source, as a gauge four-vector, we choose one that 
satisfies the condition 


Da” = 16n0,,H™. 


Since the equations O H”™ = 0 are fulfilled outside the source, 
the gauge four-vector satisfies equation (1.83), in this region too, 
and as a result the additional conditions (1.80) are automatically 
satisfied. The form of the gauge vector inside the source is not essen- 
tial at present. After the gauge transformation (1.83) outside the 
source, we obtain the gravitational field equations as 


m) ym = 0. 
This means that the tensor current 
yr = h”™ — 9"9,H'™ — aa" HT + y""0,0 pH?! (1.85) 


differs from zero only outside the matter and so under the given 
gauge the gravitational field equations becomes 


Op" — — 1607", (1.86) 


These equations allow the gauge transformations (1.77) for the 
class of the vectors that satisfy 


D2a"=0. 
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Therefore, we will solve equations (1.86) using the additional condi- 
tions that ôm” = 0, which only leave the possibility of performing 
the gauge transformations for this class. This choice of additional 
condition is in line with the Fock theorem [13] in which the solution 
of the homogeneous wave equation O ôn” = 0, bounded over the 
whole space and satisfying the Sommerfeld radiation condition, 
is identically equal to zero: 


yp" = 0. (1.87) 
Thus, the gravitational field equation 

Oy" = — 1607" (1.88) 
is obtained using the additional conditions 

any" = 0. (1.89) 


Note further that, using the accepted notation for (1.82), the expres- 
sion Ofnam may be written in the form 


o fnm =0 Phm = 9n9'Pim ai OmO'Pin F Yanma pip- 


This expression is also invariant under transformations (1.84) 
with any gauge vector a", but in this case the operator O fnm will 
have the initial form. We may simplify this operator, the additional 
conditions (1.89) are satisfied within the accepted gauge, and get 


o far =O Vnm- (1.90) 


Note that the resultant operator Ofnm is also invariant under 
the gauge transformations (1.84) and do not violate the additional 
conditions (1.89). Relations (1.90) allow the gravitational field 
equations to be rewritten as 


DO f= —160I™ (1.91) 
using the additional conditions 
ôa f" =0. (1.92) 


It is stressed that the tensor current J” on the right-hand side 
of (1.91) is concentrated within the matter. 

Note also that equations (1.91) of the field theory of gravitation 
may not only be formulated for an inertial, but also for a non-inertial 
coordinate system. In addition the field equations are forminvariant 
for the transition from one non-inertial coordinate system to another 
and for every infinite manifold of non-inertial coordinate system. 
As regards inertial coordinate systems, the field equations are 
Lorentz-invariant, when passing from one to another. This requires 
the relativity principle to be extended [30] and can be formulated 
thus: no physical phenomena, including gravitational, enable us 
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to find out whether we are at rest or in a state of a uniform and 
translational motion. 

Let us emphasize that the relativity principle does not require 
the propagation velocity of an electromagnetic wavefront, i.e. the 
velocity of light to be constant. It is natural that during an interac- 
tion with external gravitational fields the velocity of light, as well 
as that of other bodies in motion, is not constant. 


1.8 MINIMUM COUPLING EQUATIONS 


To close the theoretical scheme, we will now indicate 
a coupling equation between the metric tensor g,; of the effective 
Riemannian space-time and the gravitational field fni. 

Since the choice of the coupling equation in the field theory of 
gravitation is equivalent to the choice of the density of the Lagran- 
gian of an interaction between a gravitational field and the other 
fields of matter, the construction of the coupling equation will 
be analogous to the construction of the interaction Lagrangian 
density in the theories of other physical fields. Thus, for example, 
in electrodynamics a “minimum Lagrangian” is chosen as the inter- 
action Lagrangian density. 

It is reasonable in the field theory of gravitation, too, to choose 
as the coupling equation the minimum coupling equation that can 
describe all the available experiments in the case of weak gravita- 
tional fields. Using the linear approximation usually considered, 
the tensor current J”™ (1.85) has to be taken in the absence of grav- 
itational field. Since the only physical and symmetric tensor of 
rank two which satisfies the conservation law in this approximation 
is the energy-momentum tensor of matter, we must require that 
the tensor current J”™ should become identical to the energy-momen- 
tum tensor of matter in the zero approximation for gravitational 
field: 


I™ (fip =0) = T™, (1.93) 


This identity requirement allows us to reconstruct the structure 
of the coupling equation, gni = Eni (fim), unequivocally with the 
linear approximation. In fact, by taking advantage of expressions 
(1.74), (4.81), and (1.85), we see that the identity requirement (1.93) 
will result in the following coupling equation for the linear approxi- 
mation: 


4 
Enm = Vamt fam— 5 Yami. (1.94) 


It might be assumed that relation (1.94) is the minimum coupling 
equation and is always satisfied and not only for the linear approxi- 
mation over a weak field fam. However, a theory having this sort 
of coupling equation will then fall into class of so-called “quasilin- 
ear” theories of gravitation (according to Will’s terminology) 
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But, as has been shown in [81], any “quasilinear”, asymptotically 
Lorentz-invariant theory of gravitation is inconsistent with experi- 
mental results. Hence, relation (1.94) must only be an expansion 
of the minimum-coupling equation up to the linear terms in the 
weak field fnm. Thus, the minimum-coupling equation should be 
quadratic in the field fnm: 


8nm=Ynm + fam = YnmÍ/2 + bifat t bafnmf + bYnmfiif 
+ bi Ynm??]/4, l (1.95) 


with the as yet undefined minimum coupling parameters b,, bz, b3, b4- 

As will be seen below, the condition that the post-Newtonian 
expressions for the inertial and gravitational mass of a static, spher- 
ically symmetric body should be identical implies the following 
relationship between the minimum coupling parameters: 2 (b, + 
+ by +b + b,) = 1. 

It might be possible to consider other, more complicated, coupling 
equations which would transform into the minimum-coupling 
equation (1.95) only with the weak field approximation, but there 
is no reason for this complication. The minimum coupling equa- 
tion (1.95) describes every gravitational experiment. 

Hence, all the subsequent analysis, too, will start from minimum- 
coupling equation (1.95). We will assume as a basic physical require- 
ment singularities in the effective Riemannian space-time metric 
at finite values of the matter density inside a gravitational field 
source are absent. This is done in order to impose some restriction 
upon the values of minimum coupling parameters and to exclude 
in the field theory of gravitation the appearance of objects resembling 
black holes. 

What is more, we shall require that the theory does not have 
Olbers type paradoxes in the description of a model of the Universe. 

It should be noted that because of the minimum-coupling equa- 
tion (1.95), the non-diagonal components of the metric tensor gpm 
of the Riemannian space-time need not vanishing even if the non- 
diagonal components of the gravitational field fnm vanish. 

For the non-diagonal components of the tensor gnm to vanish when 
the appropriate non-diagonal components of gravitational field 
vanish, it is necessary and sufficient to set b, = 0. In doing so we 
obtain the simplest minimum-coupling equation (S-M coupling): 


Enm = Vam + fnm = Ynmf/2 + [bafnmf E bsYnmfiif"! 
F biYn m?]/4. (1:30) 


The condition that the post-Newtonian expressions for the grav- 
itational and inertial mass of a static, spherically symmetric body 
coincide requires the S-M coupling parameters to satisfy the rela- 


tionship 
2 (ba + bs + b) = 1. 
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1.9 CONSERVATION LAWS IN THE FIELD THEORY 
OF GRAVITATION 


In Sec. 1.5 conservation laws were obtained that are 
valid for all class (A) gravitation theories. Given the differential 
conservation law (1.62) for the density of the complete symmetric 
energy-momentum tensor of a system in flat space-time for the 
theories in this class, the appropriate integral conservation law can 
be obtained. 

In Cartesian coordinates we get 


ôn [fe + tm] =0. (1.97) 


Integrating this expression over a volume V at i = 0 and assuming 
the absence of mass flux through the surface enclosing this volume, 


eee | V + M J = t . Iy 


Thus when gravitational waves are emitted, the energy of the source 
has to change and, if the gravitational waves transfer positive 
energy, the source energy has to decrease. 

All those conclusions and relationships are valid for the field theo- 
ry too as this is a concrete specimen of a class (A) theory. Since 
the symmetric and canonical energy-momentum tensors only differ 
by the divergence of the antisymmetric rank three tensor, conserva- 
tion laws (1.62) and (1.97) hold for the canonical energy-momentum 
tensor as well. 

The canonical energy-momentum tensor of a free gravitational 
field may be obtained in the following way. Let us start with the 
identity 


alg ôLg 
ar = Ôn | Taniy Opfim |—AOpfimOn [re] (1.99) 


According to (1.91), a free gravitational field satisfies the equation 


On [sei] O fm=0, 


hence expression (1.99) represents the way the divergence of the 
canonical energy-momentum tensor of a free gravitational field 
vanishes. Whence 


ô pfim- (1.100) 


nfim) 
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Using expression (1.72) for the Lagrangian density of a free gravi- 
tational field, we obtain 


o> = gag d — 8 [ Oihimd't'™ — -y 0ta? | 
+20 pfimð" f" — ô pff}. (1.401) 


In order to discover the symmetric energy-momentum tensor of 


the gravitational field tg‘, the Lagrangian density Lg of the gravi- 
tational field and an expression for fn; have to be “written in an 
explicit covariant form. Transforming expression (1.72) from Carte- 
sian coordinate to an arbitrary curvilinear reference frame, we 
obtain 


=y i n, 1 
Le = Vt y” [vy — Sy | DifimDafny (1-102) 
Likewise, from expression (1.69) we have 
Fin = V” [DiD m ir — DiDi ma — DrDiPmi 


+ DiDh Pim + Yiry”” (DıDnPmp— DnDpPim)l. (1.103) 


To reduce the length of subsequent expressions, let us introduce 
the following notation: 


A = — A™ [3 ð mp — dd," —- agi, + FO Om] 

+ fAit/2 + AR [fit — pit t/2] +0, {pi [— ô" Ar” + 20n Ask 

+ 2d, Ain pina, A's — gh Asn 4 ytra: A! 

— 2yr Aj] i s, [ai Arn — an Aik — pita Ain 

=f yio" Al] ot ay" A"PG'D, p aN Araigk —3A*raigs 

+ 2AM Gig” — tA" Pam + 3A Ogi — Atop? 

— 2y A pi — 2A a, p + AYO, E + y™ Aas 

+ Aang" + A [20g — 2yMaign— 20g" 

+y” (Opr — Ang) + 29,9" '}}/2. (1.104) 


The symmetric energy-momentum tensor of gravitational field 
may be obtained by substituting expressions (1.102) and (1.103) 
into relation (1.55). In Cartesian coordinates 


tt = gaz {v [oita eile ude 
+20 famorp —a'farf\ + ae {a,frialft —> afo) 
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— a, {fi [alse 4. gh pip) — firat + É [a f" + gignly 
—f™ ifa t falh 2A, o (1.105) 


where, as usual, symmetrization is performed over the parenthesized 
indices: 


AGH = + (At* + Afi), 
Here the tensor A™ from expression (1.104) has the following form: 
1 am 1 
am = — z O| "an vrr]. 


Outside the matter Ofnm = 0, hence the expression for ti is 
substantially simplified: 


te =e + ggr 1 {fn LOP + OH] — f0 f — fao f), 
(4.106) 


where 7# is the canonical energy-momentum tensor of a free gravi- 
tational field (1.101). 


We shall show that the symmetric energy-momentum tensor gh 
of a gravitational field differs, in the wave zone, from the canonical 


energy-momentum tensor TE only by non-wave terms which di- 
minish faster than 1/r?. Since the expression 


__ anm(t—r, 9, 9) 4 
a E (=) 
is valid in the wave zone, for an arbitrary function F (fnm) we have 
ô 1 
aF = Ng 5 F +0 (+ F), 
where 


na = = 
Therefore expression (1.106) may be written down in the form 


te =e + aoe oe MUI + af O+ PA 
— fd" nafa — fia! 7! + nah") + O (se). 


Denoting differentiation over time by a dot, we have from the 
additional conditions (1.92): 


jom n fom =O (=) . (1.107) 
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Integrating this expression over time and assuming the integration 
constants vanish, since waves should not have a time-dependent 
component, we obtain 


jo" + ng fom =O (=). (1.108) 


Whence it follows that in the wave zone the symmetric energy- 
momentum tensor of a gravitational field differs from the canonical 
energy-momentum tensor by a non-wave quantity which diminishes, 
with rising r, faster than 4/r?: 


it =i +0 (5). (1.109) 


Hence in the wave zone every calculation using either the sym- 
metric or canonical energy-momentum tensor of a gravitational 
field will yield the same result. These tensors are also equivalent 
for computing the integral characteristics of gravitational radiation. 
In fact, we have from expression (1.106) i 


~ 4 ° . 
tg =tg + Tez Oa UN — fif”). 
Hence 
~ 4 : : 
| eœ av = È aV + a | as. ej fje. 


Once the boundary of the integration region is found in the wave 
zone, we have, by virtue of relations (1.107) and (1.108), 


ph- fife = np lift — jot] +0 (5). 


Choosing a sphere of radius r as the integration surface (dS, = 
= —r*n, dQ), we obtain 


f av= | av +0 (+). (1.110) 
Besides, it follows from relation (4.109) that 
{ a as,= | Te"as,+0(+4). (1.114) 


Thus, the equivalence of the canonical and symmetric energy~ 
momentum tensors for computing the integral characteristics of 
gravitational radiation is evident from expressions (1.110) and (1.111)- 


As will be shown in Sec. 1.10, the components t% and ih are 
positively signed quantities and, moreover, only the transverse 
components of the gravitational wave contribute to energy-momen- 
(198). a result, the energy of the source falls due to expression 
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To obtain the symmetric energy-momentum tensor density of 


matter {i in flat space-time, we note that the metric tensor ẹni 
enters the Lagrangian density of matter only via the metric tensor 


of the Riemannian space-time. Hence, the tensor density tM may 
be written as 


thn = T [4 — f/2+ (03/4) fimf™ + (b412) F + FT Ym 
— [aT i fin + Oe imf + Wafpfl Yim 
+ 2b FFT VY /4— 2A), (1.112) 
The expression for A, can be obtained from formula (1.104) provided 
that we take 
Alm = — T'™ /2 + PT yni/4 
TRAT + bay T" fni + baT] 
+ 2baf "Tyni + 2b y fT yy 1/8. (4.113) 


1.10 EMISSION OF GRAVITATIONAL WAVES 


The field equations which incorporate the accepted gauge 
will have the form 


D f” = — 1607" (4.414) 


and the tensor current J'™ (1.85) is only defined in matter. 

Since the metric tensor gnm and the energy-momentum tensor of 
the free gravitational field (i.e. the field outside the matter) depend 
only on the fields fnm, field equation (1.114) can be solved for fams 
Suppose we write the tensors f'” and /'™ in the form of time-depen- 
dent Fourier integrals and we isolate a static part J, (r) from the 


spectrum J'" (œ, r). It is evident that the static part of the tensor 
current J, (r) will only yield static solutions, and for this reason 
we can drop it. The following equations for a gravitational field 
will thus be obtained in terms of Fourier amplitudes: 


AFM +. ge frm — 160 em, (1.115) 


If the origin of the Cartesian coordinate system is fixed at a certain 
point in the source, a solution of the field equations may be written 
down in this coordinate system as i 


Pr=—4 j a Snel Lee) Tm (r', o) dr’, 
R=|r—r’'|. (1.116) 
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Making use of Lorentz conditions (4.92), iaf™ = d,f2™, we can 
express components 7 in terms of the spatial components: 


= = Iadpf%®, 
~~ t ~ 
0a = —— 
pe = ——— ôf. 
Outside the gravitational wave source and by choosing the gauge 
nm _, fam | angm 1 am, n mma’, (1.117) 


which is consistent with Lorentz condition (1.92) at Da" = 0, 
we may impose four additional conditions on the wave components 
f'"™ for each of the independent gauge vectors. We can choose the 


following conditions as these 7 =0, Fe = 0 (the TTg gauge). 
As the result of this gauging, we obtain 


Fo = Fe — yob/2— (—) [a8 for 4 Gajoby 
— ava [f0 — 7/2]. (4.118) 


Allowing for the Lorentz conditions a. 92), these expressions can 
be written as 


Fab = Dab = 4 (080, pan + ja A 


+5 >. ar VP OndyP Pon, (4:419) 
with the following notation . gee 
ides ima (420) 


Thus, in the general case, the wave solution of the field equations 
contains six nonzero spatial components /’@6 but, by virtue of the 


three Lorentz conditions (1.92) and. the trace f’ = 0, only two com- 
ponents are independent. These additional conditions are the well 
known ones for the irreducible spin 2 representation under TT gauge, 
hence, a free gravitational wave has spin 2 but the scalar component 
that corresponds to the irreducible representation of spin 0 is not 
emitted in the form of gravitational waves. 

Wave solutions of the gravitational field equations are generality 
expressed in a somewhat different form that vividly demonstrates 
the quadrupole character of the emitted gravitational waves. 

In our case the solution obtained may also be expressed in terms 
of the generalized quadrupole moments of the tensor current I”™. 


To do so, we take into account that the spatial coordinates fob 
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(4.116) may, because the tensor current is conserved (0,/"" = 0), 
be written as 


oe = exp (ioR) Foo 
JB = 20? {J SPL 1228 dy, 
+= dn j= Co) Tonzazb dV 
— Indy f SEP COR) Fnvgagh av}. (1.421) 
This relation is rigorous but can be simplified provided the linear 
dimensions of the source are substantially less than the dista 


from its center to the point of observation. Neglecting the non-wave 
terms that nage faster than 1/r, we obtain 


FoB = = a dV x%x8 exp (iwR) [70 + nT’ Oe 4 nent e], 
where na = =Œ , nan% = —1. Expression (1.120) may then be writ- 
ten as 

Pop — 20" 2 fay [228-3 = par? | exp (ioR) [1+ 2n, Toe 

+ nenyl®”]. (1.122) 
Introducing the projection operators 

Zab — yab + nonb, (1.123) 
which satisfy the conditions 

ZBy =2, ZBL ee = Ze, 
relation (1.119) can be rewritten as 

FoB = [Z228 — 78Z,, /2] PX. (4.124) 


Substituting expression (1.122) into the Fourier integral, we obtain 


pb ERIAN 2 d2 j dv (20x8 — 4 yore) [roe + 2n, 1% 


r dt? 
+ NeNyl™} ret. (1.125) 
Here [..... lret Stands for the bracketed expression being taken 
at the retarding instant t’ = t — R. If we introduce traceless tensor 
of the generalized quadrupole moment 


08 _ DP +. 2n,D** + nn, D, (4.126) 
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where 


D% = f dV (3x%x8 — yoBx 5x5) [18] ets 


D$ — j dV (32%28 — yoBrex®) [I] ret, l 
l (1.127) 
| 


p=] dV (32%28 = ybre’) (7°? )rets J 


the gravitational wave components (1.124) may then be written 
in the form 


p= — = (222Z) D. (1.128) 


Here and from now on the dot denotes differentiation over time. 
Since ôefap = Mefag, the following expression can be obtained 


for the components of the energy-momentum oe t% of a gravita- 
tional wave; 


~ ~ 4 oe 
tSo = n%t3o = Eora N&f ae fBE, 


Then for the radiation intensity of gravitational wave energy 
through solid angle element dQ we have 
dI 1 P? 
Fo = tar eef 0. (1.129) 
This expression shows that the radiation intensity of gravitational 
wave energy through a solid angle element is a positive quantity 


for all values of the tensor components fer provided none of the 


components vanish. If all the components fag equal zero, then 
dI/dQ too will equal zero. 

Making use of relations (1.123) and (4.128), expression (1.129) 
may be written as 


dI 4 ira 
aa Bia (7 (Snan) 


HADD +I ug Deyn na) . (4.430) 


Consider further the case of emission of weak gravitational waves 
as being the most frequent in practice. In the generally analysed 
linear approximation the tensor current J” (1.85) has to be taken 
with the gravitational field absent. It follows from expressions 
(1.74) and (1.95) that here 


yrm — TM, (4.134) 


When the emitted gravitational waves have wevelengths substantial- 
ly exceeding the source’s dimensions, retardation in the system may 
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be neglected and the bracketed expressions in formulas (4.127) 
may be taken for the instant t = t — R. 

The following expression will then be obtained for the energy 
loss in all directions per unit time: , 


dE G eee eco 


I= — Fae Dib, (4.132) 


where 


Dob = j aV (3x%xb — ybre?) T° (t— R, r’) 


the gravitational constant, G, and the velocity of light, c, being 
introduced explicitly. 

This formula agrees with the results [82, 83] of the indirect 
measurements of the energy loss by the double pulsar system PSR 
1913 + 16 assumed to be due to emission of gravitational waves. 
Since the standard GTR computation of the “energy loss” in terms 
of energy-momentum pseudotensors using a weak field approxima- 
tion resulted in expression (1.132), it was concluded [83, 127] that 
the results of observations agreed with the predictions of Einstein’s 
theory. 

However, as has been shown in [5, 9], formula (1.132) was not 
inferred from Einstein GTR, as in Einstein’s theory it is only pos- 
sible to speak about curvature waves which are the ones associated 
with the energy transfer of matter. However a common form of 
conservation law is absent for this case, so it is impossible to cal- 
culate the energy lost by the source as well as determining any 
gravitational wave energy flux using the GTR. 

Let us clarify why a GTR calculation of “energy fluxes” of gravi- 
tational waves results in physically acceptable formulas for a cer- 
tain narrow class of the coordinate frames. The main reason is that 
the theory of gravitation can be constructed in pseudo-Euclidean 
space-time, and hence possesses energy-momentum conservation 
laws for matter and a gravitational field when taken in conjunction: 


D; (te + ty] = 0. (1.133) 
It is only from this theory that expression (1.129) for the intensity 


of gravitational radiation may be obtained from the conservation 
law (1.133) written in Cartesian coordinates: 


a; (ti + ti] = 0. (1.134) 
GTR energy-based calculations usually employ the relation 


d[—g(T* +1*)]=0, (1.135) 
5—0630 
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where qt? is the apse energy-momentum pseudotensor: 
ik = g Ih Ilhp ipl mn — Ul, p) (gitghm — gitgim) 


+ Pa (TED on + Dml hr — hpl bu — TeV Rp) 
+ peg (rT? mn + Dike oi ar Thad a Til 2p) 
+ g'™g"? (Tial mp — TmT np)} (1.136) 


This naturally differs from the covariant conservation law (1.133) 
of the field theory of gravitation. Yet expressions (1.134) and (1.135) 
have the same form in Cartesian coordinates. Moreover, using the 
lowest non-vanishing approximation, expression (1.136) for the 
components t°@ of the energy-momentum pseudotensor, written in 
Cartesian coordinates, coincides with the expression for the compo- 
nents of the energy-momentum tensor from the field theory of 
gravitation: 


Gh hbe 
(— 8) 19 = tg” = er z na +o(4 ): 

Consequently, it is as if the GTR and the field theory of gravitation 
are connected in the Cartesian coordinate system. This is why we 
obtain expression (1.30) for the “intensity of gravitational radia- 
tion” and (1.31) for the “total intensity” from the GTR in a narrow 
class of the coordinate systems that are close to the Cartesian system. 

This circumstance produces an illusion that formulas (1.30) and 
(1.31) for calculating the energy loss are inferred from the GTR. 
However, because the transformation law for the energy-momentum 
tensor obtained from the field theory of gravitation differs from 
that for energy-momentum pseudotensor obtained from the GTR 
in other coordinate frames their expressions differ even in the lowest 
nonvanishing approximation. As has been shown in [9], calculation 
of the “intensity of gravitational radiation” using expression (1.135) 
leads to physically absurd results. However, energy fluxes of gravi- 
tational radiation using the field theory of gravitation has, by 
virtue of the tensor character of the conservation laws (4.133), 
a rigorous, definite physical meaning in any admissible frame of 
reference. 

For a transformation from Cartesian coordinates z¢jq to new 


ones Xew, the new coordinates would be related to the old by the 
expression 
G_ F (ctnew—Tnew9new, new) 
ria = Tiew [1 eae 


cê 3/2 
Thew 


x (1—exp ( — £?r2ew ») J, (1.137) 


tola ER thew) 
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where F is some arbitrary function bounded for every value of 
u = Ctnew — Tnew and the angles Onew and @pew Such that max | F | = 
=A< ow. 

It can readily be checked that transfornfation (1.137) corresponds 
to a change in the arithmetization of the points in a three-dimen- 
sional space along the radius: 


G F 3 6 ’ 
Told = Tnew [4 + Pa At Pag Pew) (4 — exp (—e?rhew)) | . 
new 


(1.138) 


To do this, set down the identities inferred from expressions (1.137) 
and (4.138): 


sin Onew SID new =e — 204 — sin Ooa SİN Pora- 
Tnew Told 


Whence we obtain 
Onew Ta Osla» Puew = Pola: 


Consequently, the values of the angles 6 and ọ at any spatial point 
in the new frame coincide with those in the old one. It should be 
stressed too highly that Cartesian coordinates are the basic ones 
for us, spherical coordinates r, 6 and @ being considered no more 
than convenient notations for certain combinations of Cartesian 
coordinates. 

Since the function F is time-dependent, transformation (1.137) 
describes, for the general case, the transition to frame of reference 
that is moving radially relative to the old frame. 

For a transformation to have an inverse and to be one-to-one, 
it is necessary and sufficient that the following condition is satisfied: 


ôrold 0 
ôTnew TN 


(1.139) 


The transformation Jacobian (1.137), too, will then not vanish: 


J = det || Zoa 


=[1 +a (1 exp rien) | 


x La _ôrold_ > 0. 


Ornew 


. 
It can easily be verified that by choosing an appropriate value 
of e, the condition can be satisfied. 


5* 
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Now when the components t°% of the energy-momentum pseudo- 
tensor (1.136) are calculated using the new coordinates, we obtain 


=e = = ie n | apse — 8 a |+ (=x). 
(1.140) 


As a consequence, the “intensity of gravitational radiation” in 
a solid angle oa will in the new coordinates have the form 


dI Be OF O°F 
dQ = por [heeh —8 du ar | 


Using the relation 
aß 27 1 7 
h” —3| 2224 ~+ Za] D”, 


we get 
dl oe 4 eee eee 
a2 = aa {i (Dagnon®)? + -z De ia 


+ Dj ,Dernen,—9 22 SPY (1.141) 


ôu du? 


Integrating this expression over all directions, we obtain the “total 
radiation” in the new esas 
G eee soo OF 7 
l= [ Dade 3 2 | at ax |: (1.142) 
Thus, both the intensity of nee radiation and the total 
intensity calculated from the GTR using the energy-momentum 
pseudotensor depend on the choice of coordinates and even when 
the metric is asymptotically Galilean they may be reduced to a 
physically absurd form by an appropriate choice of coordinates. 
Particularly in the aforementioned example, quantities (1.141) 
and (1.142) can be made to vanish or become negative over the whole 
region of space confined in the shell between two spheres of radii 
rı = ct — u, and r, = ct — uz. On the other hand, the intensity 
of gravitational radiation through any element of a spherical surface 
having an arbitrary radius r, as well as the total intensity of gravi- 
tational radiation through the sphere, can be made both to vanish 
and go negative within any prescribed time interval 


rt ts 


t= T ye Ii: =f,. 


Yet the components pie of the energy-momentum tensor in the field 
theory of gravitation will, when transformed to the new coordi- 
nates (1.137), have the form 


t = pour hgeh æ [1+0( 


kd 


=) |: (1.143) 
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Consequently, expressions for the intensity of gravitational radia- 
tion and the total intensity obtained from the field theory of gravi- 
tation in the new frame will be the same as the corresponding expres- 
sions (1.130) and (1.132) obtained in thé old frame: 


dl G hgh” , 


E oa (1.144) 
I = Wee DapD** . 


Note also that, in both frames, the asymptotic expression for the 
curvature tensor components as r—> œ will be the same: 


G y ; 
Rowop = — zzy Pab i ) 


s z: | (1145) 


Ragoe = Deep (hosts — hga ) ; 
G ee 
Rapye = Desr (haengny + hgynane E RayNpne | 


= hgenany ) . 


Thus, the Einstein’s quadrupole formula for the intensity of 
gravitational radiation does not result from the GTR, since, as 
we saw, the “energy lost” by gravitational radiation can vanish or 
even become negative, depending on the choice of reference frame. 
As a consequence, this formula cannot be used for any energy-based 
computations in the GTR. Thus, Einstein’s theory cannot indicate 
the cause of the observed [83] energy loss by the double pulsar 
system PSR 1913 + 16. 

A gravitational field in the field theory of gravitation possesses 
energy-momentum like other physical fields and, when weak gravi- 
tational waves are emitted by a slowly moving source, the energy 
of the source is decreased according to formula (1.132). For this 
reason experimental proof that a gravitational field is a physical 
one that transmits energy, thus decreasing a source energy, would 
confirm the notions developed here, since the GTR cannot explain 
an energy loss by matter by gravitational wave emission. 

Concluding this section, we will briefly discuss the problem of 
computing the Riemann tensor in the field theory of gravitation. 
It is possible in Einstein’s theory [2, 4] for the energy-momentum 
pseudotensor of gravitational waves to vanish without the compe 
nents of the Riemann tensor vanishing. This fact was due witness 
to the fallacy of interpreting energy-momentum pseudotensors as 
energy characteristics of a gravitational field. e 

In the field theory of gravitation the Riemann tensor is always 
equal to zero, provided the components of the energy-momentum 
tensor of gravitational waves vanish, i.e. the Riemannian space- 
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time always needs the energy and momentum of a gravitational 
field to form. Note that the Riemannian space-time metric is only 
meaningful inside the matter. The components g,; of the metric 


tensor and the curvature tensor Rhim can be calculated at any point, 
including those outside the matter. However the necessity for 
gauging the field in a due manner outside the matter must be allowed 
for since physical quantities are independent of the field components 
fnm Which are changing under a gauge transformation. These com- 
ponents do not enter the expression for the gravitational field energy- 
momentum tensor. They always can be made to vanish by an appro- 
priate gauge transformation. Hence, while geometric characteristics 
of space-time outside matter (e.g., of the metric tensor g,; and 


of the Riemann tensor Rb im) are calculated, we have to put only 
those components fnm which enter the energy-momentum tensor 
of gravitational field into the coupling equation (1.95). It will be 
assumed that all other field components vanish, since they can be 
made to do so with an appropriate gauge transformation. Thus, our 
theory will always be intrinsically self-consistent. 

Let all components of the canonical energy-momentum tensor 
of the free gravitational waves vanish. Then, from expression (1.101) 
at n = p = 0 we obtain 


fimt” — 5 P=0, (1.146) 


We can show that under TT gauge, all the components of free gra- 
vitational waves are always zero by condition (1.146). All compo- 
nents of the Riemannian space-time metric tensor under this gauging 
coincide then with the components of the flat space-time metric 
tensor, i.e. gni = Yni; For this reason, the curvature tensor also 
vanishes when the energy-momentum tensor of a gravitational field 
vanish. 

Consider a certain point. Suppose the Cartesian axis z goes through 
the point of observation and we fix a sufficiently small region about 
this point so that the gravitational wave can be taken as flat within 
this region. Every wave component will then depend only on the 
difference t — x. In this case the conditions 0,f"" = 0 will take 
the form 


foo — fot = fit, fo2 = fi, fos = fs, 


Integrating these equations and assuming the integration constants 
do not vanish, since gravitational waves do not have a time-depen- 
dent part, we obtain 


+ fo = joi = fit, f02— fi2, fos — fis, 


All these components vanish by TT gauge. Besides, since the trace 
vanishes, fn = 0, we have f? = —f”. 
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From the condition that the energy-momentum tensor vanishes 
(1.101), we obtain 


2(fos)®+5 (fon —fas)®=0. e 


The transverse components of gravitational wave will then vanish 
as well: 


hes = fee = fos = 0. 


Thus, under TT gauge from the condition the energy-momentum 
tensor of a free gravitational wave must vanish we find all the com- 
ponents of this wave are zero. Hence, all the components of the 
Riemannian space-time metric tensor too will coincide with the 
corresponding components of the pseudo-Euclidean space-time 
metric tensor, i.e. gni = Yni- This means that all the components 
of the Riemannian tensor will vanish, Rim = 0. 


1.11 A POST-NEWTONIAN APPROXIMATION 

OF THE FIELD THEORY OF GRAVITATION 

To make a comparison between the results of the experi- 
ments performed within the solar system and the predictions of 


the different metric theories of gravitation easier, Nordtvedt and 


Will [84] have developed a formalism called parametrised post- 
Newtonian (PPN). 

Using this formalism, the Riemannian space-time metric produced 
by a body of a perfect liquid is written using every possible general- 
ized gravitational potential having arbitrary coefficients called 
post-Newtonian parameters. By using the revised Will-Nordtvedt 


parameters, the Riemannian space-time metric may be written 
in the form 


Zo = 1— 2U + 2BU2— (2y +2 + as +E) D, + %4 
+ 2EwDy Aa 2 [(3y + 1 TE, 2p +E) Q, 

+ (1 + Es) Ds +3 (y+&) D] 

— (Q4 — A, — Q3) Wa UFU + an.w*wbU ag 

— (2x; — a) WV a; 


Bou = 5 (4Y +3 +01 — as + &) Va 


4 
+4 (+a — E) Wa — 5 (04 — 20) wW4U 
+ AWPU ap; 
Zag = (1 + 2U) Yass 


. 


| 
| (1.147) 
) 
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where w% are the spatial components of the frame velocity with 
respect to some universal rest frame. For some theories of gravita- 
tion this is the center-of-mass velocity of the solar system with 
respect to the universal rest frame. 

The generalized gravitational potentials have the form 


U(r, t= | Gay, R=|r—r’, ) 


D, = — | Soret fora” ay, D= | £7 av, 


©, =f pe dV, o,=f + av, 
Povavg R*R® Pov 
A= | 24 fw, v,=— \ Sear, 
J RS k J a t (4.148) 
R8R RaR 
w= | N, Uap= | R V 
Ue t es t 7 
Dy = [Lo DoD (gx g'a 
Ta — Tg Ia — Ta ` S: 
x (FE ri ror] Jar dïr”, 
RY = r% — 2’, J 


where pọ is the invariant mass density of the body, v% the velocity 
components of the perfect liquid elements, p the isotropic pressure, 
poll the internal energy density of the perfect liquid. 

Every metric theory of gravitation will have an appropriate set 
of the values of the ten parameters: 


p, Y: Ois, Ao, As, Éis Éa, Es, Ea, Eige 


Hence, from the point of view of experiments performed within 
the solar system, one theory of gravitation will differ from another 
only in the values of these parameters. In order to discover which 
theories of gravitation can describe, in the post-Newtonian limit, 
the experiments performed in the solar system, it is sufficient to 
determine the values of the ten post-Newtonian parameters from 
these experiments and to select only those theories whose post- 
Newtonian approximations result in values of the parameters which 
agree with the experiments. These theories of gravitation will then 
be indistinguishable from the point of view of any experiments 
carried ‘out with the post-Newtonian accuracy. 

Subsequent selection of a theory of gravitation, which matches 
reality, will be associated either with an increase in the accuracy 
of measurements up to the post-Newtonian level or by studying 
the properties of gravitational wave and phenomena in a strong 
gravitational field. 
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We shall define a set of values for the post-Newtonian parameters 
that correspond to the field theory of gravitation. 

The gravitational field equations of this theory that will be used 
to compute the post-Newtonian approximation will be written as 


pay" = —16nJ"™; O =0;0%. (1.149) 
By using the notations (1.74), the tensor current can be expressed as 
Jom = D he — 9"0,h'™ — 0", h!” + y"™9,0;h"*. (1.150) 


Following Fock [13] for constructing a post-Newtonian approxi- 
mation valid in the solar system, we shall consider an astronomical 
problem. It will be assumed that the components of the energy- 
momentum tensor of matter vanish in all but a few regions of space. 
Inside each of these regions the energy-momentum tensor has to fit 
the accepted model of a perfect liquid and satisfy the covariant 
conservation equation in Riemannian space-time. In addition to the 
physical properties of the model of celestial bodies, the energy- 
momentum tensor of matter will depend on the Riemannian space- 
time metric as well. The construction of the energy-momentum of 
matter and the determination of the Riemannian space-time metric 
tensor should, therefore, be performed simultaneously. 

Let us take advantage of the circumstance that within the solar 
system the maximum values of the gravitational potential, the 
square v? of a characteristic velocity (the velocity of celestial bodies 
with respect to the center-of-mass of the solar system), the specific 
pressure p/p, and the specific internal energy II have approximately 
the same order of smallness, e?, where e ~ 10-3 is some dimension- 
less parameter. Hence, the following estimates will be valid for 
the solar system: 


U = O(e?);} v% = O (e); T =O (e?); ploy = O (8). 
(1.151) 


Also, we are going to deal with the near-zone field, i.e. at distances 
from the Sun much shorter than the wavelength of the gravitational 
wave emitted by objects in the solar system, moving at the char- 
acteristic velocity v ~ e: R/A~ Rd/dt ~ e. In this case the 
changes over time of all quantities are primarily driven by the 
motion of matter and the partial derivatives with respect to time 
are therefore small compared to position dependent partial deriva- 
tives 


alat = O (e) dlax®. (1.152) 


The problem of how to determine the energy-momentum tensor 
of matter and the Riemannian space-time metric tensor simulta- 
neously will be solved in consecutive stages, each stage correspond- 
ing to an expansion of the exact equations in powers of the dimen- 
sionless parameter €. 
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We have the following rigorous relationships: 
the energy-momentum tensor density of a perfect liquid 


T™ =V —g |(p + 8)u"u™ — pg"); (1.153) 
the covariant continuity equation 
(1/V =8) /02* [V =g pou'] = 0; (1.154) 


and the conservation equation for the energy-momentum tensor 
density of matter in Riemannian space-time 


Ya Tm = 8, T"™ 4AT = 0, (1.155) 


where & is the total energy density of the perfect liquid, and ut 
the velocity four-vector. 

It is more convenient for the present to write the gravitational 
field equations (1.149) and the minimum-coupling equations (1.95) as 


Oy" = —16rA"™, (1.156) 
1 A 
Enm =Ynm H Xnm t g [biXnX}, + OsPnmk Kii 


— (by + b2) XnmX + (ba + bz3/2 + b1/4) XYnml (1.157) 
where 


1 
Xnm=fÍnm 7 Ynmf: X= Xi (1.158) 
amg [ hm — + vr | —0"a,h'm—a™a hn’, (4.159) 


Let us expand all the quantities from equations (1.155)-(1.158) into 
power series in the small parameter €. By neglecting the energy 
lost through the emission of gravitational waves, these equations 
must hold for sign inversion of time as well. In doing this, i.e. by 
transforming the coordinates xz” = —x°, the components v%, ¥%%, 
T'a, goa, A, 0/Ox® change sign. Since v ~ e and 0/dx® ~ £0/dz%, 
then by inverting the sign of time the dimensionless parameter € 
changes its sign as well. Whence it follows that, by neglecting 
the energy lost through the emission of gravitational waves, the 
expansions of the components , %°%, T°, Zoa, A only contain 
odd powers of the parameter e. 

Let the expansions of the field y"™ and of the current tensor 
A™ be written in the form 


(1) (2) 
PPA., (1.160) 


2 O mn O) m 
Anm — Anm 4 anm (1.161) 
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(0) (1) 
where the components of the zeroth, A”™, first, A”, and second, 


(2) 
A”™™, approximations have the following orders of smallness: 


(0) (0) (0) 
A =0(e) A%=O(1), A%®=0(1), 


(1) (1) (1) 
A* =O (e3), A™®™=0 (e), A 
7% 


A” = 0 (e?, 
A” =O (85), 400 O (e+), 48 _ 0 (e5). 


(4.162) 


The gravitational field equations (1.156), taking into account 
expansions (1.160), (1.161) and estimates (1.152) can be rewritten 


in the form of a number of successive approximations: 
(1) (0) 
i as = —16nA™, 
a) 
A% am —16n4"™ 42 2 TTR Ay nm, 
From expressions (1.74) and eee we get 
hr™ = [rm +i [Trym + TM yn) = Pith yT™ 


+4 "Tyu — Pith yom pli, 


+(2 oe +2 eae oe ) yy Tyg 


Then for the tensor current A™™ we shall have 


(0) 0) 4 
nm __ nm mpli 
A A[T apia] ) 
(G) (0) (0). 
Am — ae Tum 1 ym Thin ] 


(1) (0). (4) (0). 
+6" (Pir) + am (T57T") 

Gam 1 ynm 
a. =Y TVi 


(0) K) (0) (1) (0) (1) 
2 ( Tyr + T™y jee ry 


+% i 
b2 nmi Os Gomi 
Sar a meth Vu 
— (fap tng) yT yuy], ) 


where A = —02%Q,. 


(1.163) 
(1.164) 


(1.165) 


(1.166) 
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To determine the post-Newtonian parameters, it will suffice to 
find components gag correct to €?, Zoa, correct to €, and Zoo, correct 
to st. The coupling equation (1.157) suggests that this requires that 
the field components y%® are determined correct to &?, ¥°%, to e3, 
and x”, to ef. 

With the initial approximation the Riemannian space-time metric 
tensor is assumed to coincide with the metric tensor of pseudo- 
Euclidean space-time, i.e. the gravitational forces are neglected. 
Equations (1.154) and (1.155) then take the form 


0/0x* (pu*) = O (e?), 0,77 =0 (e8), 0,7" =O (e). 
(1.467) 


By taking into consideration estimates (1.151), we infer from these 
equations that 


T =p, [1+0 (e2)], T? =p,0 (e2), T° =pyv% [1+ O (e2)]. 
Therefore, the tensor current components A™ may be written 


in the zeroth approximation as 


(0) (0) (0) 
A — —Apy/2, A= —A(pv*), A oP — yo Ap)/2. 


(1.168) 
Then from equation (1.163) we shall obtain 


G) aN (ED) 


As a result, the Riemannian space-time metric tensor compo- 
nents (1.157) may be written in the first approximation as 


goo = 1— 2U + O (e+), 
Zoa = 4V a [1+ 0 (e)], | 
8ap = Yag [(4 +2U) +0 (e*)]. 


Knowing the metric, this approximation allows the energy-momen 
tum tensor components of matter to be determined in the next 
approximation. Using expressions (1.170), it will be found that 


V —g=1420+0(e'), u® =14-U—v,v%/2, 
Too = — dU /at+O(e), Tho=dU+0(e4), 
Tio = — ôU +0 (e), Th =0 (e3), | SAR 
Tos = O (e°), Tap = 0 (e?). ) 


Let us also introduce a conserved mass density p by the identity 


pọ = V —gp,u°. In order to obtain the metric in the next approxima- 
tion, we must construct the energy-momentum tensor density of 


(1.170) 
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matter which would satisfy the conservation equations (1.155) due 
to the covariant continuity equation 
1 dp ô 
Vg Ot (1.172) 
and to the equation of motion of a perfect liquid in the Newtonian 
approximation [13]: 


dv™ 
eS =v | p+ | +0004) 
p all /dt = — pdyv%, ae 0/dt + vb ðr. 


We can see that these conditions are satisfied by the following 
components of the energy-momentum tensor of matter: 


T% == p [1 —vyv%/2 + II +U] + pO (e'), 
T™ = pv [4 — vav8 /2 + T+ U] + pv® + pO (e*), 
T”? — py%y8 — py% + pO (e*). 


Thus between the conserved and invariant mass densities, p and 
Po, respectively we have the following relationship: 


p=po[1+3U — 2] + 90 (e'). (1.173) 


(2) 
Before we can obtain the post-Newtonian approximation, °° 
remains to be determined. By allowing for expressions (1.166), 


(2) 
(1.169), (4.171), equation (1.164) for the component y takes the 
form 


3 
Aty00 — 8r 22 a pot 160A {=p +o0| var 


—2 (b+ ba +bs+h)U ]}. (4.174) 
Solving this uae we obtain 

"00 = — = f PoR dV — 40, — 20, 

— 6D, +8 (b, + bz + ba + bi) Dz (4.175) 


Using expressions (1.157), (1.169), and (1.175), the Riemannian 
space-time metric appears in the post-Newtonian approximation as 


Zoo = 1 —2U + 28U? — 40, +4 (B —2) ©, — 20, — 6®, 

- = f PoR dV +0 (eô); 
Zoa = 4V a +0 (£), (1.176) 
Zap = Yan (t+ 2U) +0 (e'), 
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where 
B = 2 (b, + ba + bs + ba). 


Now to determine the values of the post-Newtonian parameters 
of our theory, the coordinates must be transformed into the coordi- 
nate frame of the post-Newtonian expansion of the metric (1.147). 
Once the coordinate transformation 


z’? = x” + Ẹ (x) (1.177) 
is done and it is assumed that 
E7 (x) ~ O (e?), $° (x) ~ O (e3), 
the metric (1.176) will in the new coordinates have the form 
800 = Zoo — 2000 + O (£ê), 
Boa = Boa — Iba — abo + O (E°), | (1.178) 
gab = 8ap — 9ab — pba + O (e). 


A frame where the non-diagonal components g,; of the spatial part 
of the metric tensor vanish (g,5 = £13 = 23 = 0) is usually chosen 
as the “canonical” frame and where the component go, additionally 
does not contain terms of the form 


ð? 
Er j PoR av. 


These requirements enable the four-vector to be determined with 
the accuracy required. In our case, a transformation to the “canon- 
ical” coordinates necessitates choosing the following four-vector §”: 


1 ô 
(2)=0, B(2)=—>F J poRav. 
By making use of continuity equation (1.172), we shall obtain 
1 
Jako == [Va — Wal. 


As a result, we have the following expression for the metric tensor 
of the effective Riemannian space-time: 


Zoo = 1 — 2U + 2BU? — 4@, + 4 (B — 2) D, — 20, 
— 60, + O (e°), 
Boa = (7/2) Va + Wa/2 + O (85), (4.179) 
Sap = Vap (1 + 2U] + 0 (e$). 

Thus, the post-Newtonian approximation of the field theory of 


gravitation leads to the Riemannian space-time metric (4.179) 
containing the sole unknown constant f. 
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When the gravitational-field source is a static, spherically sym- 
metric body of radius a, this metric looks like 


Zoo = 1— 2M |r + 2BM?2/r2 + O (M3/r3), ) 1.180 
gas = Yap (1+ 2M1) +O (MYP) ga =0 J? (180) 
where M is the gravitational mass of the field source: 
M=4n | po[ 1+0 + +2(2—p)U | rear. (1.181) 
0 


Making use of the Newtonian virial theorem for static bodies 
4 
3 f pV =5 | poU dV 


and also of relation (1.173) between the conserved and invariant 
mass densities, expression (1.181) is reduced to 


a 


M=4n | [1+M+(}—2)U ] rear. (1.182) 


0 


As will be seen below, for the post-Newtonian expressions for the 
gravitational (1.182) and the inertial (1.197) mass of a static, spher- 
ically symmetric body to be identical it is necessary to set B = 1. 
The post-Newtonian parameters for the field theory of gravitation 
will then have the following magnitudes: 


y=B=1, a = 8, = & = 0, 
& = $: = $ = ț, = & = 0. (1.183) 


In comparison, the GTR post-Newtonian parameters have the 
same magnitudes [84]. 

Note that all the parameters a and Ẹ vanish in Einstein’s theory. 
For a long time this was assumed to be a feature of this theory alone 
and considered one of its achievements. However, as we see, in the 
field theory of gravitation these parameters also vanish. The remain- 
ing parameters are equal to unity both in the GTR and in the field 
theory of gravitation. 

As the post-Newtonian parameters of both Einstein’s GTR and 
the field theory of gravitation coincide, these two theories are 
indistinguishable from the standpoint of experiments performed at 
a post-Newtonian level of accuracy of measurements in the solar 
system’s gravitational field. 

As has been shown in [85], the disappearance of the three a para- 
meters has a definite physical meaning. Any theory of gravitation 
having a, = a, = a, = 0 does not possess the preferred universal 
rest frame in the post-Newtonian limit. In this case, during a trans- 
formation from the universal rest frame to a moving frame, the 
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Riemannian space-time metric in the post-Newtonian limit is 
forminvariant and the velocity w% of the new coordinate frame with 
respect to the rest frame will not enter the metric in.an explicit 
form. It follows from expression (1.183) that the field theory of 
gravitation has no universal preferred rest frame. 

A definite physical meaning can also be assigned to the linear 
dependence of the parameters Ẹ and a. As has been shown in [86], 
when the following equations are satisfied: 


a, =§=0, Oty, — Ey — 2Ey = 0, 
2 = $w; ag + E + 2, = 0, (1.184) 
3b, + 2w =0; & + 2» =0, 


the post-Newtonian equations of motion can define some quantities 
which are not dependent on time in the post-Newtonian approxima- 
tion. Yet these quantities may only be treated as the energy-momen- 
tum and the angular momentum of a system (i.e. as the integrals 
of motion) in theories of gravitation, which possess conservation 
laws for the energy-momentum tensor of matter and gravitational 
field. 

So, for example, in Einstein’s theory relations (1.184) are satisfied, 
but the time independent quantities are not integrals of motion of 
a system composed of matter and gravitational field as is demon- 
strated by rigorously analysis (see also Sec. 1.12). 

In the field theory of gravitation an isolated system has all ten 
conservation laws with their conventional meanings in pseudo- 
Euclidean space-time, this means that there are ten integrals of 
motion for the system in the post-Newtonian approximation. The 
field theory of gravitation has in this approximation ten time inde- 
pendent quantities and the fulfilment of relations (1.184) in the 
field theory of gravitation supports this conclusion. 


1.12 THE CONSERVATION LAWS 
IN THE POST-NEWTONIAN APPROXIMATION 
OF THE FIELD THEORY OF GRAVITATION 


According to the field theory of gravitation, a gravita- 
tional field behaves just like other physical fields in pseudo-Euclid- 
ean space-time. It possesses energy-momentum and contributes 
to the complete energy-momentum tensor density of the system. 
The covariant conservation law of the complete energy-momentum 
tensor density in pseudo-Euclidean space-time, when written in 
Cartesian coordinate frame, has a familiar meaning: 


ôi li + tM] = 0, (4.185) 
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where ie is the symmetric energy-momentum tensor density of 


a gravitational field (1.105) and ty, that of matter (4.112). 
Taking advantage of the differential gonservation law (4.185), 
one may obtain the integral conservation law as 


i | avg H= | as, (ey +e). 


If there is no matter or a gravitational energy flux through the sur- 
face enclosing the volume, i.e. 


j dSa [t2 +") =0, (1.186) 


we arrive at the conservation law for the complete four-momentum 
of an isolated system: 


d 

a P"=9; 
where 

pr =| av tg + 282). (4.487) 
Due to the symmetry of the complete energy-momentum tensor 


density, the angular momentum tensor of the system will be con- 
served as well: 


<M =0, 
where 

M” = f AV {a [th t8] — zt [e+ egy. (1.188) 
Since the components are conserved 

M% = 29 j aV [t + 282) — j dV x2 [20° + 190 
the center-of-mass of an isolated system defined by the formula 

X” = | oop aay] | av ee + ei) 

= (P*t — M)/P®, (1.189) 
undergoes uniform rectilinear motion at a velocity 

axe 


Thus, determining the four-momentum P” (1.187) will suffice 
to describe the motion of an isolated system composed of matter 
and gravitational field. Note that in any real system gravitational 
waves can be emitted due to motion of the system’s constituents, 


© 0630 
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the matter’s thermal motion, etc. Any real system can exchange 
matter with other systems both in the form of electromagnetic 
radiation and in the form of particles, atoms, etc. For this reason, 
even in the most general case, matter and gravitational energy 
fluxes cannot be neglected, since a great number of astrophysical 
processes exist for which these energy fluxes are crucial and it is 
only by taking them into account that many astrophysical processes 
can be understood and predicted. Yet at the same time the isolation 
condition (1.186) is fulfilled to some degree of accuracy when systems 
have low intensity matter and gravitational energy fluxes and the 
same degree of accuracy can then be claimed for the conservation 
of the system’. four-momentum. It is for such systems that the 
post-Newtonia ” formalism can be used. In this case condition (1.186) 
for the system” isolation holds for the post-Newtonian approxima- 
tion and we ais’ able to determine the conserved four-momentum 
of the system. 

We now proceed to discover that the post-Newtonian expression 
is for the four-momentum of the system in the field theory of grav- 
itation. The complete symmetric energy-momentum tensor densi- 
ty in flat space-time has the form 


ra Aegis (0 [m —$ a0] 

— OfO + 28 fim f — 2f" D fa 27" O fn + 2 Oo} 
— ar ÎI f+ faf — f (fe O"fn)} — 2AM 
+E [1 — SPE finf +h P+ T 
FT ifn + bof fim + bafi T Yim 

+ buf" fT Yim] (1.190) 


where A” is defined by (1.104) with the tensor A'™ here having the 
form . 


m 4 m 1 om 
AM = — age {0 (**—7 74) 
+16 (him — -y hg) }. (1.194) 
It follows from (41.190) that the components 2 and t% of the com- 


lete symmetric energy-momentum tensor of the system may be 
etermined accurate up to f° ~ pO (e?), t°% ~ pO (e?) inclusively. 
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We shall therefore drop all the smaller higher order quantities, 
for example, A% and A%, since A% ~ pO (e4), A% ~ pO (eë). Since 


av? _ au ; 
ôU = 4npo, gab Ot 9 
we can obtain from (1.190) and (1.169) 

j : 
t= p [1 + 2/2 + I —U/2] — -5y ĉa [UU] ) 
+00 (e), | 
= ove[1++M+U|+pvr+2v* t (4.192) 
+h {SZ ou +20, av? — vearu}} 

+ 0 (e5). 

To find out what the system’s four-momentum in the post-Newton- 
ian approximation, let us integrate expression (4.192) over the 
whole space. Using the identities 

j 2U aU av = 20 f p [Uve + W°] av, 

j pvlav = — | puveav, 

i a, (Ud*U) dV = f dS,Ua'U =0, 
we will finally get 

v2 Lar 
po= f davo[1+0+4 -4 U], | 
v2 1 ; 
| av {ov [14+ 14+-5-— 50] | (1.193) 
1 

+ po® + > pw}. J 
Using (1.193) and (1.188) the conserved angular momentum tensor 
of the system is readily available for the post-Newtonian approxi- 
mation: 

M=- | avp2e[14+0+5-3U]+P%, | 

2 2 i 


M®= | dvp {on[ ve (14145-4042) 


p 
tiw] [e(n tu) | (1.194) 
j 


+4}, 
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and the coordinates of the system’s center-of-mass 
2 4 e 
x*= | dvp [1+ 0+5 U ||P. (4.195) 


Notice that when the accepted system of units is used, the expres- 
sion for the four-momentum component P? (1.187) of an isolated 
system coincides with that for the inertial mass of this system. 
Hence we have for the inertial mass in the post-Newtonian approxi- 
mation 


m= J avo [14+0+5- 30]. (1.196) 


The post-Newtonian expression for the inertial mass of a static, 
spherically symmetric body looks like 


a 


m == 4n | redro[1+0— 50]. (1.197) 
0 


The expressions obtained for the inertial (1.197) and gravitational 
(1.182) masses enable the numerical value of the parameter f to be 
calculated for the field theory of gravitation. In fact the condition 
that these masses are equal, which follows from (1.182) and (1.197), 
unambiguously means that the value of the parameter ĝ = 1. 

Contrary to conservation law (41.185), the covariant equation of 
conservation of the energy-momentum tensor density of matter 
in Riemannian space-time, 


Val™ =ô T + DimT™™ =0, (1.198) 


does not explicitly conserve any quantity but rather mirrors the 
fact that the energy-momentum tensor density of matter is not 
conserved, 


ô T 40. 


However, as has been shown in Sec. 1.4 of the present work, conser- 
vation law (1.185) and conservation equation (1.198) are simply 
the different forms of the same conservation law in the field theory 
of gravitation. This general result, obtained in Sec. 1.4, may be 
also confirmed at any stage of the approximation. By the field 
theory of gravitation therefore integrals of motion (1.193) and 
(1.194) may be also obtained from conservation equation (1.198) 
in the post-Newtonian approximation. 

We will show, for example, that in the field theory of gravitation 
the post-Newtonian integrals of motion, that are obtained from 
covariant equation (1.198) in Riemannian space-time, coincide with 
the integrals of motion (1.193) that are obtained from conservation 
law (1.185) in pseudo-Euclidean space-time. It is to be stressed that 
in order to correlate the integrals of motion the computations must 
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be carried out in the same coordinate frame for both cases, sjnce 
different coordinate frames result in different expressions for the 
integrals of motion. 

For this reason the computations will be performed in the “non- 
canonical” coordinate frame of Riemannian space-time, for which 
the metric tensor has the form (1.176). This coordinate frame cor- 
responds to the coordinate frame in pseudo-Euclidean space-time 
for which we obtained the integrals of motion (1.193) and (1.194). 
Also notice that the transformation to the canonical coordinate 
frame, whose metric tensor g,; has the form (1.179), can be shown to 
leave the post-Newtonian expressions for the integrals of motion 
in the field theory of gravitation unchanged. Yet in the general 
case different coordinate frames will have different expressions for 
the integrals of motion. 

Using the post-Newtonian expansion for the metric tensor (1.176) 
and definition (1.153), we can define the components of the energy- 
momentum tensor density for matter with a post-Newtonian degree 
of accuracy: 


70 = p[1+1+5u2+U | +0 (e), 
T°* = pv [1+0+5 v+U| -+ pv% + pO (e*), 
T = pvayh [1+4 v+u ] 


| 
| (1.199) 
+ pvu — py%8 + 0 (e°). J 


Let us write equations (1.198) in components form: 


oT + aT” +19, 7% + 275.7 + TogT*?=0, 


1.200 
oT" + ôT” + Too T". + 21367? + The =0. eer 


Since the components of the energy-momentum tensor density of 
matter are known with the following accuracies: 


T ~ pO (et), T°*~ pO (e5), T°? ~ pO (eù), 


the Riemannian space-time relations have to be determined to the 
following accuracies: j 


Too ~ O(e5), Tha~ O(e), Tap~ O (e3), 
Too ~O (e°), Top ~O (eê), Tõe ~O (e*). 
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By using the post-Newtonian expansion of the metric (1.176) we 
can determine the relations in Riemannian space-time with the 
required accuracies: 


T} = — ôU /ðt +0 (e), Toa = —d.U +0 (et), | 
TBe = Ôg pU + 680.U — Vgeð”U +O (e), 
oB = 5s ôU ôt + 2y% (V,/dx8 — ôV p/ð 18) 
+0 (e5), Tag =0 (e°), | (4.201) 
Too = 4V% /ðt + p28 (1 —- 2U) aU ôx? 


aß 
— Z 5 [2802 — 4@, +4 B2) ©, — 20, 
Ox 
—60,—v]+0(e%, J 
where 


a= = È dVpR 
w= 770, Q= pR. 


Substituting expressions (1.199) and (1.201) into the first equation 
of (1.200), we obtain’ 
ale(t+ y+0+0)] +90 [o (1+0+0+->) 
+ pv% | — p 2 — 29v9,U = pO (8°). (1.202) 


The second equation of (1.200), allowing for expressions (1.201), 
becomes 


g [ov (14-142 +0) + pv] 

+ ôg [ pvev8 ( 44+1+4+0+ >) + purv8 — py”? | 
+e(14+04+04+2) au + 4p Z 

—(2+28) pU 6°U +-pd* [2@,—2 (B—2) D +D: +30, +w/2] 
+ 2pve 7 + 4oy8 (Op V" — "V p) 

+t 2ov%v8d_,U + pv2d°U + pd°U = pO (eù). (1.203) 


To simplify these expressions, we can use the continuity equation 
of a perfect liquid, 


dp ô = 
hoa PPO 


p=po| 4 +3U+5e+0(4)], 
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the Newtonian equations of motion of an elastic body, 
p dv™/dt = y% (— p dU /dx8 + ap/dz8), 
p all /dt = — pd,v*, š 

and the relations 
ôVa VB _ ôWa 9We 


ax8 ôr” aa ôr ? 


0,0°U = 4npo, 
a1 ð a au - 
oor 2 oe (oU Ha EJ salar OU ie at axP 


As a result of these transformations, we can obtain from expres- 
sions (1.202) 


a [o(t+u—-zU+ +) ] 
+ô Pee we +) +p FZ ov 
7 |= pO (eż). (1.204) 


1 aß, 
+ gr YU 5 


Expression (1.203) reduces to the form 


Ê [pv (1+ 11+ v4/2-+U) + po 

+ dp [ovev8 (4 + I + v?/2+U) + pv*vê — py] 

+ 4p dV" jdt + 2p (Uv) + poy? Z + (4—28) pU U 
+ p (I + 2v2) ôU + 3pd°U + 3py* 0D, /3x? — 4pv8a°V, 
+pô* [20, + D; — 2 (P — 2) Dz + w/2] = pO (e8). (1.205) 


Let us integrate these expressions over the entire space. To begin 
with, note that 


ee oo =o ) 


ôx? å 
f aVpo| U at ioe ` 
í ae pee H a bJ- a (1.206) 


ea 
1 | =0. 
ôx? 


| eo [e 2 + 
GE 
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To verify these, consider, for example, the first relation. Using 

equations (1.148), we have 

Ti (zg—zp) | Il’ (zg— zp) 

< r $ SAA Bk eee a ene ere a ‘ 

T= | dvav'o,[ +t] 

Since the integrand is antisymmetric with respect to the substitu- 

tion Po +> po, Tg <> zp, this integral will vanish. The remaining 
relations in (1. 206) can be proved in an analogous fashion. 

In addition, we can use the apparent identities 


f pov? $ vs dV = f Pov? e dV =0, 


j Po ard o f p aT ie 
pf av = E dvo [5 f+10(]. 


Again, we can use the fact that the volume integrals of spatial 
divergence vanish when they are transformed into surface integrals. 

As a result, we can obtain an energy integral dP?/dt = 0 from 
expression (1.204) for the post-Newtonian approximation of the 
field theory of gravitation, where 


Po= | dVọ [1 ++ 52°50 |= const. (1.207) 


Allowing for 
po" 5 O= 5 (0° 5-0) 
a ð 
+ ôs | puta ee TE 
we obtain from (1.205) 
“a 
Whence it follows that 
= f dV [pve (1+0 +5030) 
ft pve + 40V* + 4 o” 50] = const. (1.208) 
Inasmuch as the following relations are valid: 
a ô a 


| dVpV* = — j dV pUv%, 
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and expression (1.208) may be reduced to 
eo. v2 4 Pp 4 a 
P*= | avo[ve (140+ 4-40 +E) tiw]. 
i (1.209) 


Thus, in the field theory of gravitation, the post-Newtonian 
integrals of motion obtained from conservation law (1.185) in pseu- 
do-Euclidean space-time coincide with those from covariant equa- 
tion (4.198) in Riemannian space-time. This is a direct corollary 
of the fact that in the field theory of gravitation conservation law 
(1.185) and equation (1.198) are the different forms of the same 
conservation law. In the field theory a gravitational field is a physi- 
cal one possessing an energy-momentum density and contributing 
to the complete energy-momentum tensor of the system. It is the 
presence of the conventional conservation laws in the field theory 
of gravitation which makes it possible to carry out different energy- 
based computations which include finding the post-Newtonian 
expressions for the integrals of motion. 

The GTR field is not a Faraday-Maxwell field with the result 
that in Einstein’s theory there is no way to calculate a gravita- 
tional field’s energy. Yet GTR post-Newtonian integrals of motion 
of an isolated system can generally be obtained from the covariant 
equation (1.198) arriving at expressions (1.207) and (1.209). 

The reason for this is easy to comprehend, since we can obtain 
from the covariant conservation law (1.198) in the GTR either 
conservation law (1.36) which holds trivially by virtue of Einstein’s 
equations or the relation containing the energy-momentum pseudo- 
tensor: 


ô; [— g (Ti --x*)] =0. (1.210) 


In the field theory of gravitation, conservation equation (1.198) 
is equivalent to the conservation law for the energy-momentum 
tensor of matter and a gravitational field when taken in conjunction: 


D; [EF + ty] =0. (1.211) 


The GTR enables integral quantities to be obtained from relation 
(4.210), which are time independent in the lowest approximation: 


J= j dV (— g) [T° + °]. (1.212) 
These quantities cannot, however, be interpreted as integrals of 
motion. Since they reflect the choice of coordinates rather than the 
physical characteristics of a system which is composed of matter 
and a gravitational field, they can always be made equal to any 
prescribed values, both positive and negative, by an appropriate 
choice of coordinates leaving the metric tensor of Riemannian space- 
time asymptotically Galilean. As a consequence, quantities (1.212) 
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are not the GTR integrals of motion. Yet in the first approximation, 
in Cartesian coordinates, expressions (1.210) and (1.211) coincide. 
This is why the expressions for the quantities (1.212) coincide in 
this coordinate frame with expression (1.187) for the integrals of 
motion of the field theory of gravitation. 

It is because a theory of gravitation can be constructed in pseudo- 
Euclidean space-time to possess the tensorial conservation law for 
the energy-momentum of matter and gravitational field when taken 
in conjunction that in the first approximations quantities (1.242) 
yield, in a narrow class of coordinate frames, results which coincide 
with expressions (1.193) for the integrals of motion of the field 
theory of gravitation. However, as a result of their different trans- 
formation laws, the GTR expressions (1.212) would differ substan- 
tially in another frame while quantities (1.187) in the field theory 
of gravitation would conserve their physical meaning as integrals 
of motion. Since the GTR quantities (1.212) do not have any physical 
meaning as integrals of motion, physically absurd results can be 
easily obtained when expression (1.212) is in another coordinate 
frame. For this reason the generally accepted interpretation of them 
in Einstein’s theory, as the energy-momentum of an isolated system, 
is wrong. We notice as we conclude this section that the energy of 
a static field, computed from the Newtonian approximation for 
the field theory of gravitation, using the canonical energy-momentum 
tensor (1.101), is positive, viz. 


j i® aV= — j dVô UU >0. 


However, when computed using the symmetric energy-momentum 
tensor (1.105), the energy is negative: 


{ wav— ~ | @va,U0U <0. 


As is generally known, the opposite is true in electrodynamics. 
Electrostatic field energy, computed using a canonical energy- 
momentum tensor, is negative, while the same energy computed 
via a symmetric tensor is positive. By analogy we can conclude 
that a static gravitational field is attractive, since in electrodynamics 
charges of the same sign produce a repulsive field. 

When the total energy of the matter and a static gravitational 
field is calculated for the Newtonian approximation, the same result 
is obtained whether the canonical or symmetric energy-momentum 
tensor is used, viz. 


pox | av (ee += J av ie +i 


= avp(1+0+5-—F ; 
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It follows from this expression that the energy of two rest particles 
increases with the separation distance. This too exhibits the action 
of mutual attraction forces. 


1.13 GRAVITATIONAL EXPERIMENTS 
IN THE SOLAR SYSTEM 


Consider the limitations imposed on the values of the 
post-Newtonian parameters by experiments performed within the 
solar system. 

We will analyse these experiments thus: at the outset we shall 
consider the standard effects, the deflection of light and radio waves 
in the Sun’s field, the advance of Mercury’s perihelion, and the 
measurement of the time delay of a radio signal in the Sun’s gravi- 
tational field. Then we will consider the Nordtvedt effect and those 
that occur because the parameters @,, Œs, @3, and &,, do not vanish. 
Red shift in the Sun’s gravitational field will not be considered here 
since this effect can be completely described in the Newtonian 
approximation [87]. 


1.13.4 The Deflection of Light and Radio Waves 
in the Sun’s Gravitational Field 


According to [88], light and radio waves which are con- 
sidered as massless particles having an impact parameter b are 
deflected in the Sun’s gravitational field through an angle 


24 M 
ôp= ( +Y : 


Analysis of the experimental results obtained by observing the 
way the light from remote stars and the radio waves emitted by 
quasars are bent in the Sun’s gravitational field gives ground for the 
assumption [72] that the post-Newtonian parameter y is 


y = 1.0 + 0.2. 


1.13.2 The Time Delay of Radio Signals 
in the Sun’s Field 


Another independent way of determining the post-Newton- 
ian parameter y is to measure the time delay of a radio signal in 
the Sun’s field [89]. 

This effect is due to the fact that the propagation time of radio 
signals sent from the Earth to a reflector located in some other part 
of the solar system and back again measured by a clock located on 
the Earth is different from the time the same process would take if 
the gravitational field were absent. The surface of planets and the 
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radio equipment on artificial satellites have been used as reflectors 
for these experiments. 
These experimen ts [90] resulted in 


y = 1.000 + 0.002. 


The field theory of gravitation, as does Einstein’s GTR, yields for 
the parameter y the result y = 1 and this agrees with the results of 
experiments. 


1.13.3 Precession of an Orbiting Gyroscope 


If the parameters a, = a, = a, = 0, then measuring 
the precession of a gyroscope orbiting around the Earth will be a third, 
independent method of determining the parameter y. From [91] the 
velocity of the angular precession of a gyroscope placed in a circu- 
lar orbit in Earth’s field will be equal to 


2 1 x 4 3r (r-j 
oB XY TE ( 34 ED), 


r3 2r3 


where m is Earth’s mass, v the linear velocity of the gyroscope rela- 
tive to the Earth’s center, J Earth’s angular momentum, and r the 
radius-vector of a point where the gyroscope is located. 

Modern technological developments [92-94] raise hopes that this 
experiment will be performed in the near future. 


1.13.4 The Advance of Mercury’s Perihelion 


The magnitude of the advance of Mercury’s perihelion is 
influenced by a number of factors other than the occurrence of post- 
Newtonian corrections to the equations of motion. These include 
the attraction from other planets in the solar system, and the avail- 
ability of the Sun’s quadrupole moment. The only uncertain factor 
among them is the magnitude of the Sun’s quadrupole moment as 
the influence of all the other factors can be computed with an ade- 
quate degree of accuracy. 

The overall advance of Mercury’s perihelion due to the Sun’s 
quadrupole moment J, and to the post-Newtonian corrections of the 
equation of motion from theoretical considerations [95] is given by 


ôg == 42.98 [ERE ] + 1.3-10573 


in angular seconds per century. The results of observations [72] 
imply that 69 = 41.4 + 0.9 angular seconds per century. 
Measuring the visible shape of the Sun, Dicke and Goldberg [96] 
have obtained a magnitude for J, = (2.5 + 0.2)-1075 and latter 
measurements by Hill et al. [95] have demonstrated that J, < 
< 0.5-10-5. By comparing the perihelion advances observed for 
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Mercury and Mars [97], we obtain another estimate of the magnitude 
Ja < 33-1075. 

Thus, the lack of direct measurements of the Sun’s quadrupole 
moment leaves a great deal of uncertainty in the value of B deter- 
mined from the perihelion advance of Mercury: 


+0.4 
mo 


Note that the field theory of gravitation requires that the para- 
meter B = 1 and this is within the error limits. 


1.13.5 The Nordtvedt Effect and the Laser 
Loeation of the Moon 


It has been shown in a number of works (see [98-100]) 
that the presence of post-Newtonian corrections to the equations of 
motion of an extended body will be accompanied by a number of 
anomalies in the motion of its center-of-mass. One of these effects 
is the polarization of the lunar orbit towards the Sun. The eccen- 
tricity of the orbit, which is pulled towards the Sun due to this po- 
larization, has an amplitude 


ôr = Coy cos Bo, 


where C, is a constant of the order of 10 m, 0, the difference between 
the longitude of the Moon and that of the Sun, and 


2 2 1 10 
n=4b—y—3— a t5 ta — 5 i gi y Ew 
Measurements of the Moon’s location using lasers [101, 102] have 


shown that the magnitude of Coy is 
Con = 0.0 + 4.0 cm, 


whence it is possible to obtain an estimate of ņ as 
n = 0.00 + 0.03. 


Thus, these experiments can be described by the field theory of 
gravitation within the limits of experimental error. 


1.13.6 The Effects Associated with the Availability 
of a Preferred Frame of Reference 


The theories of gravitation, for which only one of the 
parameters, @, %, Or @3, does not vanish, possess a preferred frame 
of reference. The predictions these theories make regarding the 
standard effects can agree with the results of observations only if 
the solar system is the preferred frame of reference. Yet it is more 
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reasonable to assume the solar system moves relative to other stellar 
systems and is not preferred when compared to the latter. It cannot 
therefore be th preferred universal rest system for the theories 
under consideration. , 

Since a preferred rest system must be singled out from the other 
systems, it would be more judicious to associate the system with the 
Galactic center-of-mass or even with the Universe center-of-mass. 
The solar system would then move at the velocity of ~10-%c with 
respect to the preferred rest frame, which is of the same order of 
magnitude as the orbital velocity of the solar system relative to 
the Galactic center. In this case it would be possible to observe a 
number of effects which involve a motion relative to the preferred 
rest frame [72], and so allow the parameters a, œ>, and a, to be 
evaluated. 

In theories of gravitation which have a preferred rest frame the 
gravitational constant G measured in the gravimetric experiments 
would depend on the Earth’s motion with respect to this frame. 

Theoretically, [72] would give for the relative quantity AG/G 


AGIG= (3 +a,—c) wv 


+ (1/4) ag [(v -€,)?+ 2 (W -er) (v+e,) + (W-er)?) 


where v is the orbital velocity of the Earth about the Sun, w the 
velocity of the Sun with respect to the preferred rest frame, and e, 
a unit vector directed from the gravimeter to the Earth center. 

As a result of the Earth rotation about its axis, the vector e, would 
change its orientation relative to the vectors v and w leading to a 
periodic change in the scalar products v-e, and w-e, with a period of 
about 12 hr. This would result in corresponding periodic changes 
in the magnitude of free fall acceleration. Thus for a point of obser- 
vation located at the latitude 9 we would have 


Ie = 3a,-10-8 cos? 6 


Analyzing the results of gravimetric experiments, Will [103] has 
found that the relative changes in the magnitude of g do not exceed 


1079, viz. Ag! —40-®, Whence an estimate of the value of Qe 


can be obtained: | a, | < 3-107. 

The Earth’s motion about the Sun is also accompanied by the 
periodic changes in the magnitude of w-v which would have a period 
of the order of one year. This variation would bring about a contrac- 
tion and expansion of the Earth, which would, in turn, lead to pe- 
riodic changes in the angular velocity of the Earth’s rotation due to 
a change in the moment of inertia: 


se ~ 3-10° (as +500) f 
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It follows from the results of observations that 


2 
Os + g Ay — Oy < 0.2. s 
The solar system motion relative to the center of the Universe 
may give rise to an anomalous perihelion advance, Sq, of planets. 
The additional contribution to the advance of Mercury’s perihelion 
[72] (in angular seconds per century) would amount to 


69) = 35a, + 8a, — 4-1003. 


Comparing with observational data and combining all the estimates 
of the parameter a, we get 


læ] <0.2, |a,|<3-10°, |a,;|< 2-107. 


In the field theory of gravitation, as in Einstein's GTR, a, = a, = 
= a, = 0, and therefore all these effects are absent. 


1.13.7 The Effects of Anisotropy Relative to 
the Galactic Center 


The effects of anisotropy due to the Galaxy’s gravita- 
tional field [81] are only conceivable for theories of gravitation 
where the parameter &§, does not vanish. 

If the mass M of the Galaxy is assumed to be concentrated at the 
Galaxy center, which is at a distance R from tne solar system, the 
galactic gravitational field would cause periodic changes in gravi- 
meter readings having a period of 12 hr: 


AG 3K M 

y= bu (1G) Fe Cren) 

where K is the moment of inertia, m Earth’s mass and r its radius, 
c, a unit vector directed from the gravimeter to the Earth's center, 
and eg = R/R. 


Another effect would be an anomalous perihelion advance of the 
planets, conditioned by the anisotropy due to the Galaxy: 


ee 


6go= = 00s? B cos? (o — À), 
where A and f are the angular coordinates of the Galactic center, œ 
the perihelion angle in terms of geocentric coordinates. 

A comparison of observations yields an upper limit, viz. 


| w | < 107. 


For the field theory of gravitation, as for Einstein’s GTR, &, = 0 
and all the effects of anisotropy that would be produced by the 
Galaxy’s gravitational field are absent. 
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Closing this survey of gravitational experiments, we arrive at the 
conclusion that the field theory of gravitation enables all the experi- 
mental facts to be covered. Notice that in the post-Newtonian limit 
the quadratic terms of the coupling equation (1.95) are indistinguish- 
able, since no experiment in the gravitational field of the solar 
system will allow the minimum-coupling parameters to be deter- 
mined separately at the post-Newtonian level. 

As we will show in Sec. 1.17, measuring the deceleration parame- 
ter of the expanding Universe in the vicinity of the present time 
would enable the magnitude of another linear combination of these 
minimum-coupling parameters to be determined. The minimum- 
coupling parameters can only be defined by increasing the measure- 
ment accuracy of experiments in the gravitational field of the solar 
system beyond a post-Newtonian level. 

Summarizing, we notice that the equivalence principle is valid in 
the field theory of gravitation for point particles only. For 
extended bodies moving in a weak gravitational field it is only 
approximate, and accuracy of the weak gravitational field can be 
assumed to be homogeneous in the region occupied by the body. In 
this case the gravitational field can be “eliminated” by passing to a 
coordinate system where gn; = Yni Within the region occupied by 
matter. It appears from experiments by Braginskii [104] with the 
bodies of laboratory dimensions in a sufficiently homogeneous grav- 
itational field, that the equivalence principle is valid for strong, 
electromagnetic, and weak interactions to the accuracy achieved 
in these experiments. Yet for extended bodies, this principle is rig- 
orously invalid if taking due regard for the gravitational field both 
in Einstein’s GTR and in the field theory of gravitation. 


1.14 A STATIC, SPHERICALLY SYMMETRIC 
GRAVITATIONAL FIELD 


In the case of a static source of radius a with a spherical- 
ly symmetric distribution of matter, the gravitational field equa- 
tions (1.91) and the expression for the tensor current (1.85) are 
appreciably simpler. 

Proceeding from symmetry of the problem, we can define which 
components of the tensors ım and h'™ will not vanish in this case. 
Assume the origin of a spherical coordinate frame is at the center of 
the source. Rotating this coordinate frame through an arbitrary 
angle, the physical situation, by virtue of the spherical symmetry of 
the matter distribution, will not change. The tensor components 
Tim and h'™ for a rotational transformation must, therefore, be the 
same functions of the transformed arguments, as the initial functions 
are of their initial arguments, i.e. these tensors must be forminvar- 
iant for rotational transformations of the coordinate frame. Whence 
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it follows that in the spherical coordinate frame only (00), (Or), 
(rr), (88), (pọ) could be non- -vanishing components of the tensors 
Tim and h'™, since only it is in this case that the tensors Jj, and 
h'™ are forminvariant for rotational transformations. 

Expressions (1.85) and (1.74) result in 


Top = 0. 


Hence for the case of a static, spherically symmetric distribution 
of matter the tensor ım has the following components: 


Tim = (oo, Irr, L00» Top = Too sin? 9}. 


In this case the gravitational field equations (1.19) are written as a 
system of ordinary second-order differential equations: 


e ) 


„n 2p_ 4 
free frr — yr frr + sr (4) = 16nn (r), 
6 


" ' } 1.213 
(ey +2(ey-2(eeds, | re 
= 160 2000), J 


Here and below a prime denotes derivatives with respect to r. 

As the boundary conditions for these equations we shall require 
the function foo, frr and fee/r? to be bounded at r = 0 and to vanish 
at r— œo. Then the solution of the gravitational field equations 
(1.213) will be unique. 

However, the components of the tensor current in expression 
(1.213) are not independent because of the conditions DH ım = 0. 
In our case these conditions take the form 


A 1 
Tip + (Tyr — -7 T00) =0. (1.214) 


Expressing component Jgg from this equation, we substitute it 
into relation (1.213). Integrating the equations and taking into 
account that J,, = 0 outside the source, the gravitational field com- 
ponents become 


foo = —16n {4 f rian fa | rotrle} | 
| 


free —A(S í rå drol, + [2 Teh (1.245) 


© 


jos = — HT -z fr drl mf Te rry, j 


7—0630 
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Consider an external (r > a) solution. By introducing the quantities 


a a 
M =4n f rèdrolo p=% \ rå drol prs (1.216) 
6 0 
for the external solution we obtain the following expressions: 
4M 4 2 on 
o-—- >> r=, fe=—, foo = fee sin? 0. 


(1.217) 


As has been noted in Sec. 1.7, the fım fields may be subjected to 
the gauge transformation, 


fim > fim + Diam + Dmaı — VimD na", (1.218) 


with a gauge vector a” that satisfies the equation D,D'a" = 0. 
Under this transformation the Lagrangian density of the gravitation- 
al field can only be changed by a four dimensional divergence, 
though this‘is not essential for the theory. A change in the Riemanni- 
an space-time metric tensor g,; produced under the transformation 
(1.218), corresponds to a coordinate transformation of Riemannian 
space-time and may invariably be eliminated via an appropriate 
choice of the coordinates. 

We can use gauge transformation (1.218) to simplify the external 
solution (1.217). Due to the symmetry of the problem under consid- 
eration, the gauge vector a, satisfying the condition D,D'a, = 0 
can be chosen to have the form a, = —wp/r?, ao = a9 = ag = O. 
Then, as a result of this gauge transformation, the following exter- 
nal solution is produced: 


foo = —A4MIr, fir = foo = foo = 0. (1.219) 


To obtain the metric tensor when the source is static and spheri- 
cally symmetric, the gravitational field components (1.219) must 
be substituted into minimum-coupling equations (1.95). As a result, 
we obtain (for r > a) 


go = 1—2M/r+2M2/r?, Bap = Yap (14201 /r-+ 44M2/r?], 
(1.220) 

where A = b; + b, 
It can be verified quite easily that the component g,, of the effec- 


tive Riemannian space-time metric tensor (1.220) has no physical 
singularity outside the source: 


goo Æ 0, | Zoo | < œ 
for r> a. 
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For the spatial components gap of the metric tensor (1.220) to have 
no physical singularity outside the gravitational field source too, 
the following condition has to be satisfied: 


a=b, +0. (1.224) 


From relations (1.216) and (1.85) we have 


a 


M =8n | rèdro| Too sinje] ridro[ ko— 5 hr]. 
i 0 


v 


For the post-Newtonian expansion of the quantity M to be obtain- 
ed, the calculations must be carried out, as usual, by successive 
stages. First, obtain an expansion for M from a Newtonian approx- 
imation totally neglecting the influence of gravity on the energy- 
momentum tensor of matter, and next, use the Newtonian approxi- 
mation to find a post-Newtonian expression. As a result we obtain 


M =4n | r?dr {p [4 +M—U/2+0 (e)}}. 
0 


As might be expected, the post-Newtonian expansion of the total 
mass of a static, spherically symmetric body coincides with expres- 
sion (4.197). 


1.15 A NEW MECHANISM OF ENERGY RELEASE 
IN ASTRONOMICAL OBJECTS 


Since the effective Riemannian space-time metric tensor 
for the case of a static, spherically symmetric source differs appre- 
ciably in the field theory of gravitation from the GTR Schwarzschild 
solution, the description of phenomena taking place in strong grav- 
itational fields must be different in these theories. This means that 
a number of new effects that occur in the field theory of gravitation 
and which differ in principle from those in the GTR can be studied 
in strong gravitational fields. 

One of them [105] is a new mechanism for the release of energy 
in astronomical objects. It can be understood from the following 
simple reasoning. Using expression (1.220) for the effective Rieman- 
nian space-time metric tensor we can find an expression for the force 
acting on a test mass M, at rest outside the source (r > a) and ema- 
nating from the static, spherically symmetric field source. The radial 
component of this force is 


t Mom (1— 2m/r) 
P= — Tamir amy? (1.222) 


where m is the inertial mass of the source. 


7* 
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It follows from this expression that at m/r < 1/2 the force acting 
on the test mass will be attractive, whereas at m/r >> 1/2 it will be 
repulsive. Thus, in the field theory of gravitation with minimum 
coupling, athe magnitude of the potential increases, gravitationally 
‘attractive forces become gravitationally repulsive. This is a radi- 
cally new property of gravitational interaction which differs sub- 
stantially fom the gravitational properties in the GTR. In partic- 
ular, it follows from this that in the field theory a collapse is im- 
possible. 

However great the gravitational forces that compress an astro- 
nomical object may be, the contraction must inevitably come to a 
stop when the object’s dimensions are close to the value of its Schwarz- 
schild radius. At this stage an expansion of the matter will take 
place accompanied by a partial release of the object’s mass. In addi- 
tion. static astronomical objects with m/a > 1/2 will be in a state 
of unstableequilibrium from which they will sooner or later pass 
into a stable static state with m/a < 1/2 having released a certain 
amount oftheir mass naturally accompanied by a release of part 
of the objet’s internal energy in the form of radiation. 

The above begs the following questions. At which average value 
of gravitational potential are astronomical objects of some type 
(giant stars.supermassive stellar aggregates, etc.) in unstable equilib- 
rium? In wat. way can these objects be found in that state? 

To answe these questions in a rigorous way, we should choose a 
model of some astronomical object, and then construct an internal 
structure model of the object by the simultaneous solution of.the 
gravitational field equations and the equation of motion of the mat- 
ter, incorporating an enthropy variational equation and an equation 
of state forthe matter. The model can then be tested for stability 
with respectto various perturbations (a random perturbation of the 
object’s radius, a small change in its mass due to the accretion of 
surrounding matter, a burn-out of matter in its interior, etc.) and 
so the above questions might be answered. However, the problem is 
not amenable to analytic solution and requires numerical computer 
calculations. and this presents substantial difficulties in the analy- 
sis of the question. 

It is simpler to obtain qualitative order of magnitude estimates, 
since we cal make use of a well-known scheme of analytical inves- 
tigation forstability in astronomical objects [106]. This analysis 
requires the use of an averaged equations for the perturbations of 
an astronomical object which is nearly in a static state. To simplify, 
consider thespherically symmetric case. As a model of the object’s 
matter. we shall consider a perfect liquid which has an energy-mo- 
mentum temor in the effective Riemannian space-time in the form 


Ti = (e -+ p)u"ut — pg”, (1.223) 
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where ut = dzt/ds is the velocity four-vector, e the mass density, 
and p the isotropic pressure. 

In the field theory of gravitation, as well as in any other metric 
theory, the energy-momentum tensor of matter satisfies the covari- 
ant conservation equation: 

VT" = 0; (1.224) 


Let us project this equation on the direction of the velocity four- 
vector ut and on its orthogonal direction. As a result, we obtain the 
covariant continuity equation of the perfect liquid, 


Vn [(e + p)u"] =u"V,p, (1.225) 


and the equations of motion 
(e -+ p) u”V„u' = (gr? = u"u') Vap. (1.226) 


In the case of spherically symmetric motion and matter distribution 
continuity equation (1.225) becomes 


Eh = (e+p) V —gu’] 


tas p e+ oV Sew =u [ZF ETE IR 
(1.227) 


and the equation of motion (1.226) for the radial component of the 
velocity four-vector is written as 


e+p eS] eruan 
— (e + p) [Too wa 20" uu" + Tru"). (1.228) 


Consider a spherically symmetric astronomical object that is in a 
static state and let us investigate this object for its stability to small 
perturbations of its parameters (mass, radius, matter density, etc.). 
Such an investigation is within the scope of perturbation theory. 

We expand all the quantities in equations (1.227) and (1.228) 
into power series in small perturbations and limit ourselves to lin- 
ear perturbational terms only. In the initial unperturbed state 
every quantity entering equations (1.227), (1.228) will be assumed 
to be independent of time. Let us take into account that component 
Zor of the effective Riemannian space-time metric tensor vanishes in 
the case of a static, spherically symmetric source. 

From the zeroth approximation of equation (1.228) we obtain 


(0) (0) (0) (0) (0) (0) 
garp — (e+ p) 1%, g” = 0. (1.229) 
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At the same approximation level we can obtain from continuity 
equation (1.227) 


(0) ae (0% (0) 
aap (e+ p)u] =0. (4.230) 


Using an approximation where the perturbations are linear, equa- 
tion of motion (1.228) reduces to 


(0) 00) ge 
(e+ p) 8” ae ôr = ô, pòg" + gô, p 


(0) (0) (0) 
— (ôe + 8p) Tog’ —(e€+ p) gT o 


(0) (0) (0) 
— (e + p) T088”. (1.231) 


Let us average equations (1.229) and (1.231) over the volume of the 
astronomical object. Using qualitative estimates, a standard practice 
for the given approach [105], we obtain the following for the averaged 
components of the metric: 


Zoo = 1 — 2m /a + 2m?2/a?, 
800 / / (1.232) 


s Zab = Yag [1 + 2m/a+ 4am?/a?]. 
For the purposes of our investigation, however, these expressions 
are more conveniently written in terms of the total rest mass M of 


the particles composing astronomical object rather than in terms 
of the inertial mass m of the gravitational field source: 


M=4n j r dr Y Zg eu’. (1.233) 
ò 
It follows from (1.197) and (1.233) that 


mow [1 40 (2) 


Therefore, relations (1.232) take the form 


Zo = 1 — 2M Ja + 3M?Ja? + O(M%/a*), 


.234 
Sap = Yag [1+ 2M /a-+ (44 — 1) M2/a2 + O (M?/a?)]. oe 
The averaging of equation (1.229) will then lead to the following 
identity: 
P x [1— 3M /a +0 (M?/a?)] 
ce OH) a A Ma SMT] — (eaa) 
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Likewise we can obtain from equation (1.231), allowing for equa- 
tions (4.230) and (1.235), the averaged equation for perturbations of a 
spherically symmetric astronomical object: 


( + p),g6a = g" [—8p/a + (p/a?) da 
— (ôe + 6p) Ty, 98° —(e-+ p) Tr, 958% 
— (e+ P) ZED, oo]. (1.236) 
Consider a spherically symmetric astronomical object of a radius 
a, that is in a static state. Let us test this state for its stability to 
small perturbations of its radius. Assume that the whole process runs 
adiabatically and that the number of particles and hence the total 


rest mass of all the particles of this object, too, is conserved. 
Since the averaging of expression (1.233) yields 


M=% a + 2M /a+(44—1) M?/a?], (1.237) 


the requirement of the total rest mass of the particles to be invari- 
ant leads to the following relationship between) the value of the 


average mass density Se and the radial perturbation 5a of the object: 


se 38a [14+ M/a} 

ea {1+2M/a+(4,—1) M?/a?] (1.238) 
Introducing the mean adiabatic exponent 

reo ee 1.239) 

r= = (3), ed) 


for the average pressure perturbation dp, we have 
Sp=T ip =. (1.240) 


Substituting relation (41.240) into the averaged perturbation equa- 
tion (1.236) and taking into account equations (1.234) and (1.235), 
we can obtain 


õa + wa =0, (4.241) 
where the following notation is introduced: 
o? = Æ {3 (F, — 1) (1+ M/a) (1—3M/a) (1 —3M Ja 
+ 6M?/a?) — (41 — 6M Ja + 3M?/a?) (1 +- 2M /a + O (M?2/a?)} 
x [14+ 2M /a + O (M?/a?)]-2 [1 —2M/a+ 3M?/a?]-'. (1.242) 


When œ? > 0, this equation describes the harmonic oscillation of 
the astronomical object’s radius about an equilibrium position and, 
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therefore, when œ? > 0 the astronomical object will be stable with 
respect to small perturbations of its radius which do not change the 
total rest mass of its constituent particles. 

When œ? <0, equation (1.241) describes a temporary exponen- 
tial increase in the initial perturbation ôa (0). Thus. when œ? < 0, 
a static, spherically symmetric object will be unstable with respect 
to small perturbations of its radius. 

Let us determine the values of the mean adiabatic exponent T, 
of matter, at which the astronomical object will be unstable. Since 


(1 — 2M/a + 3M?/a?) > 0, 


the condition œ? < 0 and expression (1.242) suggest that a static, 
spherically symmetric object will be unstable to small perturbations 
of its radius, once the mean adiabatic exponent satisfies the follow- 
ing inequality: 

[4— 19M /a +0 (M2/a?)] 
3(1—3M/a + 6M2/a?] [1 — 3M /a) [1 — M/a] 


=F (=) : (1.243) 


T< 


To be rigorous, this formula is applicable only within the range 
of the averaged gravitational parameter M/a <1, since we are 
using the approximate expansion (1.234). Yet we can extrapolate 
this expression in a qualitative fashion over the range M/a ~ 1 as 
well. The function F (x) at x = 0 equals 4/3 and as x > 1/3, it di- 
minishes to minus infinity. Thus, once the value of the mean adiaba- 
tic exponent of astronomical object matter turns out to be larger 
than a value due to (1.239) in a certain range of the M/a values, an 
astronomical object will be stable to small perturbations of its radius 
within this same range. 

It appears from the result of observations [106], that main sequence 
stars have a fairly low temperature, hence gas pressure in these 
stars dominates over radiation pressure, and this results in the 
adiabatic exponent being equal to T, = 5/3. The radiation pressure 
may be higher than gas pressure for higher temperature stars and 
here the adiabatic exponent value is slightly greater than 4/3, i.e. 
I’, > 4/3. However, stars [106] such as these have not yet been ob- 
served, since their lifetime must be rather short. 

Yet it should be noted that the aforementioned values of the 
adiabatic exponent may only be used if the averaged pressure inside 
the star is positive, i.e. p > 0. The expression for the averaged pres- 
sure can easily be obtained from (1.235): 


—__ E&M (1—3M/a)/a 
P={—3M /a-+6M?/a ` (1-244) 
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This expression suggests that when M/a < 1/3, the averaged pressure 
is positive and negative when M/a > 1/3. 

Thus, our qualitative analysis makes it possible to state that 
when M/a < 1/3 the averaged potential’ values of astronomical 
objects will be stable for small radial perturbations, and when 
Mila > 1/3, unstable. 

Thus the passage from stability to instability will be accomplished 
jumpwise, i.e. from an infinitely high stability to an infinitely high 
instability. This means that the instability could be explosive, so 
that any small perturbation of the astronomical object that violates 
its equilibrium could bring about a matter ejection. 

Consider a spherically symmetric, static astronomical object. 
What would be the result of an accretion of matter by this object 
from its environment? It follows from expression (1.237) that a 
change in the object’s mass would inevitably be accompanied by a 
change in the mean density of its matter and in its radius: 


M 
x [1+ 24 /a + O (M?/a?)). (1.245) 
Yet changing the mean density of the matter of the astronomical 
object and its radius would naturally give rise to a change in its 
mean gravitational potential: 
ò (ZÆ) = H 1 43M /a +0 (M?/a) 
€ 


a 


SM _ ŠE 144. 3M Ja +O (M?/a?)) + 35 
e€ 


+2 Êt M44 3Mja+0(M?a°)]. (1.246) 


Let us determine the change in the value of the mean gravitational 
potential of the astronomical object which accretes mass in the 
two following limiting cases, each corresponding to a change in only 
one of the object’s two parameters (its mean density or its radius). 

Assume that the averaged density of the astronomical object’s 
matter does not change during the mass accretion, i.e. ĝe = 0. Accord- 
ing to Eq. (1.245), the mass accretion 5M will then result in chang- 
ing the object’s radius as follows: 


ô ô a 

P= gr |1 — 2M Ja + 0 (Ma). (1.247) 
Substituting this expression into identity (1.246) yields 

ô (2) =5 1+ Mja +0 (Ma). (1.248) 


Thus, if the mean density of the matter is unchanged, the mass 
accretion by the astronomical object will bring about an increase in 
its mean gravitational potential. 
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Suppose the object’s radius is unchanged when accreting the mass, 
i.e. ôa = 0. The mass accretion ÔM will then lead to a change in 
the mean density of the object’s matter: 

$e SM 13M ja+ 0 (M?a?)]. (1.249) 
& 
We can obtain the change in the mean gravitational potential of 
the object from expressions (1.246) and (4.249): 


6(“)= OM [1+ 0 (M2/a")). (1.250) 


-As a consequence, in this case too, the mass accretion by the astro- 
nomical object will lead to an increase in its mean gravitational 
potential. 

Thus, any astronomical object tends to have its mean gravitation- 
al potential increased due to the gravitational accretion of the 
surrounding matter. 

The above qualitative analysis of the evolution of astronomical 
objects demonstrates that in the field theory of gravitation with 
minimum coupling objects in the range of the mean gravitational 
potential M/a < 1/3 are stable to small perturbations of the object’s 
radius, the rest mass being unchanged. 

The value of the mean gravitational potential of these objects, 
however, increases as they accrete surrounding matter. When the 
averaged potential M/a = 1/3, the object jumps from being stable 
to being unstable with respect to small radial perturbations. Therefore, 
once the critical value of the mean: gravitational potential is 
attained, even small radial perturbations will lead to an expansion 
of the matter that may be accompanied by an ejection of a certain 
part of the object’s mass and an energy release. 

Consequently, a new mechanism for energy release exists in the 
given theory in place of the gravitational collapse that takes place 
in the GTR for unstable astronomical objects. 


1.16 THE GRAVITATIONAL FIELD OF A NON-STATIC, 
SPHERICALLY SYMMETRIC SOURCE 


According to the Birkhoff theorem, the gravitational field 
of a non-static, spherically symmetric source in Einstein’s theory is 
a static field outside the matter with a metric corresponding to the 
Schwarzschild solution. 

We will show that in the field theory of gravitation the gravitation- 
al field outside matter is also a static field in the case of a non- 
static, spherically symmetric source and has components expressed 
by formulas (1.219) and (41.220). Consider the case of matter distrib- 
uted inside a sphere of radius a in a spherically symmetric fashion 
and moving radially in the same fashion. 
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From the symmetry of the problem the tensor components 7”, 
h, Ini and fn; that will not vanish will be the diagonal components and 
also the components T° , Ior, h°* and for. All the components of 
these tensors, except the (pọ) ones, will depend on r and ¢. For the 
(pq)-components we have 


8 
roo T? poon A 
sin?0 ’ sin?@ ? 


Isp = Ioosin?O, fao = foo sin? 9. 
The four-vector for the velocity of the matter is of the form 
ut = {u° (r, t), u” (r, t), 0, 0}. 


Expanding the tensor current ım and the gravitational field fim 
components into the Fourier integrals in the time variable, we get 


fim= | dojexp(—iot) fim (0, r), 


lim = j dw exp(— iwt)|I ım (©, r). 


Suppose we single out the static part J,,, (r) of the spectrum 
Tim (©, r). It will obviously yield the static solutions treated in 
the foregoing section. Therefore, when Zm: (œ, r) is used below the 
non-static part will be implied. 

The field equations (1.91) for the cases under consideration will be 
the following ordinary differential equations: 


‘2 2a s 

foo + = foo + © foo = 1621 9, 

P 2 2 

fort for + (0 — =) for = 16010 or, 

A 2y 4 

fir to te t f+ (0—5) frr = 1600, 


| 
| (1.254) 
) 


“26 2 2 
fo += fs — fr +(e) fo= 1616. 


It is only natural to require that the functions foo, for, fo and fr 
be bounded as r —> 0 and that the radiation conditions are satisfied 
as r — œ and that these be the boundary conditions for these equa- 
tions. Since the tensor current conserved, DJ}, = 0, we have 


‘lq + Lor + (2/r) Ior = 0, | 


fool. LT 119 T 191438) T.. — 


(1.252) 
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Solving equations (1.251) and allowing for (1.252), we shall obtain 
frr = (Ay + 243)/3; 
foo = (r?/3) (A, — Aa); 


8x2 a ‘ 
foo = ae {ai (or) f 23/2 dx Lord 3/2 (02) 
ò 


+ Jya (0r) | 29? dz To H S (02) }, 


Fa 
8n2i 


for = za Vr 


{as (or) for dx Jz; (@x) Ior 
0 


+ Jaya (0r) | 2% dz His (2) Ion}, 
r 


where the following notations were introduced: 


r 


827i a i 
A= — VE { 172 (or) jee [iD ord 4/2 (2) 


+ Ipaa (02)] d+ Jiya (0r) | 2° [iT yp His (02) 


+I HS) (02) dz}, 


Ay = 2 (ugalan) | ade ed 
Vr 0 


—TprFg/2(02)] + Joya (0r) | 29/8 de [iTo H$) (02) 


> 
a T,,H3/2 (wz)] } : 
Using the gauge transformation 


fai > fni + Dna; + Dian — Yni Da! 


outside the matter, we can impose two conditions on the gravitation- 
al field components: 


j=0, f=0. 
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The gauge four-vector has to satisfy the equation D,D'a; = 0 outside 
matter, lest the gauge transformation violates the condition 
D,f'™ = 0. By choosing the gauge vectors in the form 


a= Awi 1 (or) f x3/2 dx {Ior [J372 (02) 
oyr ; 


+ or) 4/2, (@x)| — ioxl,,J 3/2 (@x)}; 


a, = 7? His (or) | 29 de TorIs/2 (02) + irra (02)h 
0 


ag = ay = 0, 


one can be easily sure that all the non-static gravitational field 
components will vanish outside matter: 


Tam = 0. 


Thus, in the case of a non-static source, for which the distribution 
and motion of the matter is spherically symmetric, the gravitational 
field outside the matter will be static with its components defined by 
formulas (1.219) and (1.220). 


1.17 A NON-STATIONARY MODEL 
OF THE HOMOGENEOUS UNIVERSE 


The field theory of gravitation enables non-stationary 
models of the Universe to be constructed that can describe the cos- 
mological red shift and yet are free from Newtonian-type divergences. 
These models fit a flat Universe. 

It should be noted that a model of the Universe in the field theory 
of gravitation characterizes only that part of it which has a linear 
dimension r ~ cT, T being the Universe age. From this point of 
view the “birth” of the Universe means that in the past the matter 
density was sufficiently great within a given, sufficiently large do- 
main of the Universe. The subsequent evolution of this domain may 
be described by the model under consideration. Any other domain of 
the Universe may thereby develop independently of the development 
of the given domain and perhaps according to absolutely different 
laws. Yet observing them is possible in the field theory of gravita- 
tion. 

Astronomical observations [107, 108] show a quite heterogeneous 
distribution of matter within the Universe, the mass being mainly 
concentrated in the planets and stars, with interstellar gas and ra- 
diation comprising only a small fraction of the total mass. How- 
ever, averaging over space domains with linear dimensions much 
greater than the distance between the aggregates of galaxies, the 
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density of the matter for the part of the Universe accessible to ob- 
servation appears to be constant and independent of the center of 
the averaging domain. Hence, from the standpoint of physics it 
would be natural to consider, as a first step, a model of an homoge- 
neous isotropic Universe. 

With this approach, the heterogeneity appears when averaging 
over smaller space domains (galaxies aggregates. galaxies them- 
selves, etc.) can be allowed for by introducing small heterogeneous 
perturbations into the background cosmological field of a homoge- 
neous Universe. The homogeneous isotropic Universe is described by 
an interval 


ds? = U (t) dt? — V (t) [dz? + dy? + dz?]. (1.253) 
The matter in the Universe will be treated as a perfect liquid hav- 
ing the energy-momentum tensor density 
T” = V —g [(E + p) u'u” — pg”). 
By virtue of homogeneity and isotropy of the Universe, we have 
8E =e (f) p=p(t) u%=0, u0, Wu’gyu=1. 


The energy-momentum tensor density components for matter will 
now take the form 


T% =e t+, T®=—pVUV ye. (1.254) 
Using expression (1.253) for the interval, let us determine the Rie- 
mannian space-time connections 


r= Tha=0, Th =0, 
ts a (4.255) 
Topp Yass T0p=py Ô» The =0, 
the dot standing for ordinary differentiation with respect to time. 
Substituting expressions (1.254) and (1.255) into the covariant 


conservation equation of the energy-momentum tensor density for 
matter (1.198), we obtain 


d 7 = d EA 
at (eV V3) +p = VV =0. (1.256) 
The solution of equation (1.256) has}the form 


de’ 


SFPE (1.257) 


e 

ln V = — $ f 

£0 

A coupling equation can be written in the most general form as 


Bni=Vnifit fnif2 t fimfniA™, (1.258) 
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where fı and f, are certain scalar functions of the invariants J, = f, 
I, = famf"™, etc., and the tensor A'™ is constructed from the ten- 
sors yr™, frm, f™f?, ... and from the invariants. 

The gravitational field equations (1.91) dor an homogeneous Uni- 
verse will take the form 


"foo = foa =0, fag = ar 16x {haB + Vasoo}- (1.259) 
Using definition (1.70), we obtain 
foo= 9, foa =O. (1.260) 


Due to the isotropy of the Universe, the spatial components of 
gravitational field have to be of the form 


fab = Yapk (t). (1.261) 
Then 

Zoo =U (F), 8ap=Vapv (F). (1.262) 
It can be shown that 

889 1 yas 2U. yen 28en yap VY 

fag 3 dF ? fap aF 


Hence field equations (4.259) will take the form 
>= 64 d yp Pada y 
F= {e y7 a VUŪ—pVU- VV}. (1.263) 


The conditions currently existing at t = 0 will be taken as the 
initial conditions for equation (1.263), viz. 


e=e, U=V=1, “on, (1.264) 


H being the Hubble constant. It should be specially noted that the 
initial conditions are chosen having made the assumption that the 
energy density of matter €, = 0. Therefore, the subsequent analysis 
too will pertain to only this case. It follows from experience [17] that 


20-10° years > +> 7.5-10° years, 


With the initial conditions chosen in such a fashion the cosmological 
field will be at the present instant, the pseudo-Euclidean background 
against which every other physical process is considered. 

It follows from conditions (1.264) that 


d 
F (0)=0, aa eo 4H. 


Equation (1.263) reduces to 
4 ry cy = 28" feyt yU—pyvu vv} 
q e+ Gl = {e “at P dt : 
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Taking into account conservation equation (1.256), we obtain 


P+, = eyvu. (1.265) 

It is of interest to note that equation (1.265) is a modified way of 
writing the energy density conservation law of matter and gravita- 
tional field in a flat space-time. Actually, once definitions (1.105) 
and (1.106), the coupling equation (1.258), and the components of 
the energy-momentum tensor density of matter in Riemannian space- 
time (1.254) are used and identities (1.260) and (1.261) are taken 
into account, we will obtain 


=e VUT, =P, t= =o. (1.266) 


Therefore, the conservation law of the energy-momentum tensor 
density in flat space-time (1.97) will have the form 


gr liM + tg] = 0. 


Whence it follows that tf? + tg = const. 
By using initial conditions (1.264) and expression (1.266), we 
can obtain 


== 3° 3 
> 3 ti y 
e VVU — -iar P= aa OY 


where 


8x 
C,=16H?(a—1), a= see. 

Thus, the total energy density of the matter and the gravitational 
field of the Universe is constant at every stage of its evolution in 
flat space-time. This reveals that the energy of the Universe does not 
change in the course of its evolution, being only redistributed between 
matter and the gravitational field. 

Using the initial conditions, ‘the solution of equation (1.265) 
can be written as 


t, 


F 
1 dF’ 
pega. eee, . (4.267) 
4H ; Pa 
èy ta V70 


Expressions (1.257), (4.262),. and (1.267) parametrize the whole 
evolution of a homogeneous, isotropic Universe including the sin- 
gular state (or the hot Universe) for an arbitrary equation of stato 
for the matter, p = p (£), and coupling equation (1.258) written 
in the most general form. 5i 
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In transforming to proper time in expressions (1.262) and (1.253), 
it is possible to transform to a proper time t (t) within a time inter- 
val which has a non-vanishing U (t), such that 


VU (t) dt=dt. 
The interval will then look like 
ds? = dt? — V (t) [dx? + dy? + dz?]. (1.268) 


Assuming that the present instant t (0) = 0, we obtain parametric 
expressions defining the evolution of the Universe: 


F = 
EREE j VU ae 


_ oe , 1.269 
4H J V1—a+ (eee) y OVS ( ) 
e 
2 ( de 


£0 


From the minimum-coupling equation (1.95) we have the following 
for the functions U and V: 


3 4 
U=1— 5 F+ 7 (9b, + 3b) FY, 

end (1.274) 
V=1—-5 F +7 (bi + 3b, + 3b; + 9b,) F? 


Let us study the solutions obtained for the vicinity of the present 
instant (| T <q) in proper time. We shall assume that the 


pressure in the vicinity of the present instant of the proper time is 
negligibly small compared to the energy density, p< e. Hence we 
can obtain from equation (1.270) that 


e= TT (1.272) 


Substituting the expressions for U, V, and e into integral (1.269) 
and performing integration, we have 


t= [ro (1-4) P+0@]. 


Solving for F in this relationship and substituting it into the expres- 
sion for V (F), we get 


V(r) =14 2H + Wee [So 
—3+4(b, + 3b, + 3b; + 9b.) | +0 (H313). 


The metric (1.268) with the cosmological scale factor V (t) re- 
sults in experimentally observable effects. One such effect is the 


& -0630 
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cosmological red shift discovered by Hubble in 1929 [109]. It is the 
shift to be reddened of the spectral lines emitted by remote galaxies 
and its magnitude is proportional to the distance separating the 
galaxies and the Earth. This effect was obtained from the GTR by 
the Soviet scientist A. A. Friedman [110] in 1922. 

In the field theory of gravitation the model of a homogeneous 
Universe also describes the cosmological red shift of frequency in the 
vicinity of the present (at Ht & 1 or t< 10" years): 


Ao = —HLo. 
The deceleration parameter of an expanding Universe, g = 1 — 
— 2VV/V?, is equal to 
qo =4—S a — 4 (by + 3b + 3b, + 9b,) (1.273) 


in the vicinity of the present, t = 0. 
By comparison in Einstein’s theory the deceleration parameter 
of the homogeneous Universe is equal to 


a 
=F: 


The deceleration parameter in Einstein’s theory of gravitation is one 
of the most important quantities for the homogeneous Universe as a 
whole, since if the deceleration parameter value is gy < 1/2 (a < 1) 
the Universe is open, and when qo > 1/2 (a > 1) the Universe is 
closed and has a finite volume with no boundaries. The field theory 
of gravitation lacks this interplay—the Universe has an infinite 
volume for any value of œ and qj. 
The estimated matter density of the galaxies [107] is 


€o = 3-10-31 g/cm?. 


a = 0.06, (1.274) 


and the deceleration parameter has to be qọ = 0.03 in Einstein’s 
theory which results in an open Universe with an infinite expansion. 
However, measurements of the deceleration parameter have pro- 
duced the different result. 

As an example, [111] concludes that the value of gy lies in tho 
range from 2 to 32, the most probable value being gy = 5. Thus, tho 
value of the deceleration parameter obtained from observation 
contradicts in Einstein’s theory with the matter density observed 
within the galaxies, which is much smaller than that required to 
match. To eliminate the discrepancy between the characteristics of 
the cosmological version of Einstein’s theory and the values obtained 
from observations, attempts have started to be made both to increaso 
the value of g, (the search for the deficient matter in the galaxies, 


Thus 
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the “hidden mass mystery”) and to decrease the value of qo obtained 
from experiment (an assumption of the pronounced evolution of 
the luminosity function depending on the red shift value). These 
attempts have not, to date, brought any tertainty to the question. 

In the field theory of gravitation, as opposed to Einstein's GTR, 
not only is the deceleration parameter governed by the mean density 
of matter £, (the parameter a = 8ne,/3H*), but also by the mini- 
mum coupling parameters. Therefore, measuring the deceleration 
parameter qo enables the following quantity to be measured without. 
referring to the post-Newtonian experiments in the solar system: 


: 3 
3, + 3b, + 3b, + 9b, = -4 [0+4]. (1.275) 


The behavioral pattern of the model of the homogeneous Universe 
in the remote past is substantially dependent on the form of the 
coupling equation in strong gravitational fields. 

Provided that equation V (F,) = 0 has real roots, the determi-. 
nant of the metric tensor and its spatial components will vanish at 
F = F,. For this reason it is only natural to assume that a singular 
state of the Universe is realized at F = F,. Ultrarelativistic particles. 
dominate near the singular state, equation of state being of the form 


p = 8/3. 


Putting this equation into expression (1.270), we obtain 
= 8,/V?, (1.276) 


Whence it follows that, once the function V (F) vanishes, the total 
energy density of the Universe goes to infinity and the singular state 
of the Universe is realized when F = F. 

Some instant in past, T = Tm, corresponds to the least positive 
root F* of the equation V (F) = 0. The time T,= —t,, may natu- 
rally be called the Universe age, viz. 

Fe = 
r= | pine WOE 22s (4.277) 
3 V 1—a+a(e/eo) y UVS 
Let us introduce the time tọ = T + t reckoned from the singular 


state: 
Fe 


PEE E E 
° 4H ) Vat alee) VIV 


Relation (1.276) is valid in the vicinity of the singular state (at 
F ~ F*), hence we obtain 
Fe 2 
4 VU aF 
To = Fa SS 1.278 
cae j Vi—a +a VUF Saa 
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Expression (1.278) defines the proper time dependence in the vi- 
cinity of the singular state on the gravitational field F and thus 
enables the behavior of the function V (t) to be specified within the 
given neighborhood. 

Note that if the equation V (F) = 0 has no real roots, the model 
of the Universe has no singular state. In this situation Olbers para- 
dox may emerge, i.e. a divergency in the luminosity integral for 
all stars. Actually, at the present instant t = 0, the total energy p 
of the stellar light is equal [17] to 


0 
P= j Z(t) V? (1) dt, (1.279) 


where Z (t) is the proper luminosity density for stars: 
Z()= fnt, L)dL, 


n (t, L) being the density of stars with an absolute luminosity L 
at an instant t. For the integral (1.279) to converge, either a singular 
state of the Universe (V (Fi) = 0) must exist in finite F}, resulting 
in the effective cut-off of integral (1.279) at the lower limit, some 
t= t (F), or the quantity V (qt), sufficiently fast, must vanish 
with increasing | t |, viz. 


tV (t) Z(t) > 0, |t|—> ov. (1.280) 
Let us introduce the following notations: 


b, + 3b, + 3b, + 9, = w, (1.281) 
3b; + 9b, = k. 


Incorporating these notations, expression (1.271) can be rewritten as 


; 3 k 
U=i-SF+2P, 
í i (4.282) 
Va=1-$F+ SF. 


Let us study how the coefficients k and w influence the behavior 
pattern of the model of the Universe. We will require that the theory 
is devoid of both an Olbers type paradox and physical singularities 
of the Universe metric at the finite values of matter and energy den- 
sity. As follows from expression (1.282), the first of these requir- 
ments can be met only when 


w < 1/4. (1.283) 
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By virtue of relations (1.273) and (1. 281), this condition implies 
that the Universe deceleration parameters is limited in the vicinity 
of the present: 


g>3—2 æ. (1.284) 


The second requirement imposes limitations on the values of the 
real roots of the equation U (F) = 0 and, thereby, on the value 
of the coefficient k. 

Depending on the values of k and w, various types of model of 
the Universe are feasible. Consider them one-by-one. 


I. Ox<w<i/4 or 4 — (3/2)a > qo > 3 — (8/2) a. 
(4.285) 


Here both roots of the function V are positive. The least one, per- 
tinent to a singular state of the Universe, is 
1—YV 1—4w 
w ° 


The values of the root F* over the above range of w (1.285) are con- 
fined within 


2< F*<4. 


Since negative F values correspond to future evolution of the Uni- 
verse, for the case of (1.285) the Universe will “expand” infinitely 
long. Its metric (4.282) will thus have no singularities outside the 
Universe singular state, provided that the function U does not van- 
ish within the range — œ < F < F*. It can easily be shown that. 
this is only possible when the condition 


k > 9/4 (1.286) 


is satisfied. 
The value of the temporal factor U when the Universe is in the 
singular state is 


U (F*)= —F* 4 EE pas, (1.287) 


Fre 


Whence it follows that in range (1.285) for w, the value of the 
temporal factor U at F = F* satisfies the inequalities 


—5 + 4k >U > —2+k> 1/4. 


The nature of the Universe evolution in the vicinity of the sin- 
gular state is essentially influenced by the value of the parameter w. 
For example, if w = 1/4, we have from expressions (1.278), (1.276), 
and (1.282) 


V ~ tis, e~ tyes, U~—5 44k. 
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If w = 0, we obtain 


Vays, enti, U~—2+k. 


Thus, at large values of w, the Universe singular state grows faster 
in the course of time. To compare, the estimates in the GTR [11] are 


V ~N To enmity? 


and are valid in the vicinity of the singular state for any model of 
the Universe. 

The behavior pattern of the functions U and V near the singularity 
substantially controls the flux densities and the spectral character- 
istics of remnants of electromagnetic, neutrino, and gravitational 
radiations. The frequency of the electromagnetic and neutrino ra- 
diation and, consequently, their temperature change as a result 
of both the influence of the cosmological gravitational feld and the 
Doppler effect. Yet the frequency and the temperature of the gravi- 
tational radiation can only be changed by the Doppler effect. There- 
fore, measuring the flux densities and spectral characteristics of 
those remnants of radiations enables the behavior of the coupling 
equation to be specified in strong gravitational fields. 

To find the Universe age requires an equation of state for the mat- 
ter. Inasmuch as the exact equation of matter state is unknown, we 
can only evaluate the Universe age in an approximate fashion. Note, 
first of all, that with any equation of matter state the inequality 


0< p< 8/3 5 


holds. By virtue of (1.270) and (1.282) this means that when 0 < 
<< F < F*, the estimate 
Eo Eo 
yr SS 
is valid. Hence we have for the Universe age 
T> T>T, 
where 


F a 
T,=- j __ VU __ 
? 4H } Viata y UV 
An analysis will show that the numerical values of the quantities 


T, and T, are essentially dependent on the values of the parameters w 
and k, which can change T, and T, considerably. A minimum value of 
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the Universe age within the range of the parameters (1.285) and 
(1.286) is achieved when w=0 and k=9/4, viz. 

3 2 

ta? Sor: : 


Increasing the parameters w and k within the range of (1.285) and 
(1.286) increases the Universe age monotonically. For example, at 
w = 1/4, k = 12, we have 


7 4 
Be PEs 


It should be stressed that for the case under consideration, the 
minimum-coupling parameters b, and b,, as well as b and b,, do 
not vanish in pairs due to inequalities (1.221), (1.285), and (1.286). 
Moreover, given that one of the parameters b}, ba, bs, or b, vanishes, 
all the remaining parameters are necessarily nonzero. 


II. w<0 or gq > 4 — (3/2) a. 


Here the roots of the function V have different signs and, as a 
consequence, an “expansion” of the Universe will change into a 
“contraction” in the future and it will return to the singular state. 
This change-over will take place when the scale factor V becomes 


V =1—1/(4w) > 1. 


The root F* corresponds to the initial state of the Universe and is 
confined to 


0< F* <2. 
The return of the Universe to the singular state will take place at 


4 1— 4w 


It can easily be checked that the value of F, is confined within the 
limits 
0> F, > — œ. 


Note that the Universe metric will have singularities between those 
singular states unless the function U has no roots within the range 


F, < F< F*. 


The character of the Universe evolution in the vicinity of the sin- 
gular state as well as the Universe age will be substantially influenced 
by the values of the parameters w and k. The Universe age can, 
as an analysis demonstrates, b2 both more and less than 1/H. 
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Thus, non-stationary homogeneous models of the Universe in the 
field theory of gravitation deal with the cosmological red shift and 
allow for both monotonic and non-monotonic behavior. The behav- 
ior pattern of the model and the Universe age are substantially de- 
pendent on the value of the deceleration parameter qo, i.e. when qo 
is confined within the limits 4 — (3/2) a > qo > 3 — (3/2) a, the 
Universe will “expand” for an infinitely long time, and when gq, > 
> 4 — (3/2) a, the “expansion” will give way to a “contraction” 
in the course of time so that the Universe will return to the singular 
state. 


1.18 FEASIBLE EXPERIMENTS IN THE SEARCH 
FOR DIFFERENCES BETWEEN THE PREDICTIONS 
OF THE FIELD THEORY OF GRAVITATION 
AND THOSE OF EINSTEIN’S GTR 


The field theory of gravitation and Einstein’s GTR are 
absolutely different theories of gravitation, since the fundamentals 
of these theories and the gravitational field equations are different. 
Consequently, these theories will yield the dissimilar predictions 
for the same physical situation. 

The difference between them should be especially clear-cut when 
describing gravitational waves and the effects due to strong gravi- 
tational fields. It should be stressed that since the Einsteinian. quad- 
rupole formula is not a part of the GTR and Einstein’s theory gener- 
ally lacks any direct connection between the variation of matter and 
energy and curvature wave emission, the GTR cannot, in principle, 
explain a matter energy loss via gravitational radiation. Therefore 
a study of the motion of double systems and the determination of 
the possible energy lost by these systems via gravitational radiation 
would be an essential experimental test for the field theory of gravi- 
tation vis a vis the GTR. An experimental observation of the matter 
energy lost via gravitational radiation would unambiguously under- 
mine the GTR and serve as corroboration of the ideas of the field 
theory of gravitation. 

As has been shown in Sec. 1.17, the behavior pattern of the Uni- 
verse during the early stages of its evolution according to the field 
theory of gravitation differs qualitatively from the respective descrip- 
tion in the GTR. Since the earlier stages of the Universe evolution 
substantially influence the flux densities and spectral characteristics 
of the remnants of electromagnetic, neutrino, and gravitational ra- 
diation, then the predictions of the GTR and of the field theory of 
gravitation could be compared by measuring those characteristics. 

Another effect due to strong gravitational fields is the description 
of the internal structure of superdense objects. The difference in 
describing the internal structure of stars in the field theory of grav- 
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itation and in the GTR should thus result in the different values 
for the limiting masses of stable stars. 

There are also substantial differences between the field theory of 
gravitation and Einstein’s GTR for the properties of gravitational 
waves when an external gravitational field is present. 

Gravitational waves are generally called waves of the metric in 
the GTR and their theoretical investigation is usually carried out. 
using the energy-momentum pseudotensors. 

Yet for us this approach lacks any physical sense. The GTR’s ener- 
gy-momentum pseudotensors have, in principle, no relation to the 
existence of a gravitational field and so all the conclusions that are 
derived therefrom cannot reflect the essence of the problem. One may 
only speak about curvature waves in Einstein’s theory, since the 
physical characteristic of the gravitational field in this theory is a 
curvature tensor. It is this tensor which enters the deviation equa- 
tion (1.3) which forms the basis for the operation of any quadrupole 
mass detector of gravitational waves. 

The presence of curvature waves in a particular domain of space- 
time is an explicit indication of the presence of gravitational waves. 
in the region that are being emitted by some source. The curvature 
waves cannot be either produced or destroyed by transforming the 
coordinate frame. Yet metric waves cannot serve as a criterion of 
the presence of gravitational waves emitted by some source, since 
metric waves can be produced from a simple transformation of the 
coordinate frame. 

There below we shall use GTR gravitational waves to imply cur- 
vature waves described by a tensor of the fourth rank, i.e. a curva- 
ture tensor. 

In the GTR the inherent geometry for electromagnetic waves and 
for metric waves is a unified Riemannian geometry. Since curvature 
waves are expressed through the second derivatives of the transverse 
part of the metric waves, the Riemannian geometry is the inherent 
one for curvature waves as well. Hence the propagation of electro- 
magnetic and curvature waves proceed in Einstein’s theory in the 
same way, that is curvature waves, just like electromagnetic ones, 
are prone to a gravitational frequency shift 5v/v = U, — U,, 
they experience the same ray deflection 69 = 4M/b and have equal 
propagation velocities resulting in the same delay times in external 
gravitational fields. 

In the field theory of gravitation the inherent geometry for a grav- 
itational field is the pseudo-Euclidean one, whereas matter is described 
by the effective Riemannian geometry. Hence in the field theory 
of gravitation external gravitational fields exert an influence only on 
electromagnetic waves. Gravitational waves propagate, in the field 
theory of gravitation, along the geodesic of pseudo-Euclidean space- 
time and experience no frequency red shift due to gravity, no deflec- 
tion of their rays nor signal time delays in external gravitational 
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fields. The propagation velocity of gravitational waves in the field 
theory is independent of external gravitational fields. 

These differences between the field theory of gravitation and Kin- 
stein’s GTR in the properties of gravitational waves enable a num- 
ber of experiments using weak gravitational waves to be proposed 
for which the two theories yield different predictions. The following 
realizations of such experiments are two main ones that are possible. 


a. Experiments Using Laboratory Detectors 

of Gravitational Waves 

It is anticipated [112-119] that in the near future it will 
be possible to detect, under laboratory conditions, gravitational 
radiation emitted by extraterrestrial sources. By using two or more 
gravitational wave detectors the angle by which a gravitational ray 
is bent in the weak gravitational field of the Sun could be measured 
[32]. The success of this experiment depend on whether the extra- 
terrestrial source of gravitational waves is a source of electromagnetic 
radiation as well. 

If the gravitational wave source does not emit electromagnetic 
waves, the experiment will be similar to measuring the bending of 
light ray. In this case, comparing the measured value of the gravi- 
tational ray’s bending angle with suitable values predicted by the 
field theory of gravitation (6g = 0) and by Einstein’s GTR (69 = 
= 4M/b) will show how well the predictions of these theories agree 
with the experimental results. 

If the gravitational wave source emits electromagnetic waves as 
well, the experimental scheme will be considerably simpler, since 
the “electromagnetic” and “gravitational” source images will always 
coincide in the GTR. 

As to the field theory of gravitation, the picture will be slightly 
different. When the line connecting the gravitational wave source and 
an observer approaches the edge of the solar disc, the “gravitational” and 
“electromagnetic” source images will start to bifurcate, the “electro- 
magnetic” image being observed further from the center of the Sun 
than the “gravitational” one. When the line that connects the observer 
and the gravitational wave source touches the solar disc’s edge, the 
angular separation between the “electromagnetic” and “gravitation- 
al” source images will be maximum and equal to 69 = 4M/b. As 
soon as the solar disc overlaps the source-observer line, the “electro- 
magnetic” image will vanish. Following the passage of this line 
across the solar disc the “electromagnetic” image will reappear. It 
will again be observed further away from the center of the Sun, by 
an angular separation 69 = 4M/b, than the “gravitational” image 
position appears to be. As the solar disc moves away from the source- 
observer line, the angular separation between the “electromagnetic” 
and “gravitational” images will reduce and as b > oo, both images 
will coincide. 
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b. Experiments Using Laboratory and Outer Space 

Detectors of Gravitational Waves 

However, one would expect that rather powerful sources 
of weak gravitational waves are exceedingly rarely encountered 
under astronomical conditions. Hence it would appear that those 
sources of gravitational waves which could be registered on the 
Earth would be fairly remote from the Earth’s orbital plane and, 
aS a consequence, would not be overlapped by the solar disc. In 
this situation, it becomes essential to set up an experiment for 
which the field theory of gravitation and the GTR yield distinguish- 
able predictions and which can use cosmic detectors instead of the 
laboratory detectors of gravitational waves. 

Nowadays the problem with detecting gravitational waves is 
usually associated with the ability to detect them under laboratory 
conditions. However, we think that gravitational waves could be 
detectable via peculiar features of electromagnetic waves as well 
which emerge from an interaction of gravitational waves with the 
electromagnetic fields of astronomical objects, the field of a rotating 
neutron star, for example. 

This new technique of detecting gravitational waves may be more 
effective in certain situations than the conventional laboratory 
detecting techniques, since neutron stars possess electromagnetic 
fields having strength unaccessible in the laboratory (% ~ 101*- 
1015 Oe) and fields of this strength extend to considerable distances 
(r ~ 1086-108 cm), thus forming cosmic detector of gravitational 
waves. 

Another advantage of the proposed new technique is that the 
electromagnetic waves which would emerge from the interaction 
could be registered using a modern radiotelescope that achieved a 
collecting area of 10* m?. The development of laboratory detectors 
of gravitational waves with such a cross section is highly improbable 
even in the near future. 

Depending on where the gravitational wave source and the cosmic 
detector are positioned relative to each other, the two following 
schemes are conceivable. 

The first can be realized when the source of weak gravitational 
waves is located in the interior of a rotating neutron star. 

Many neutron stars [120] have an electromagnetic field matching 
that of a rotating magnetic dipole, the magnetic axis forming an 
angle wp) with respect to the axis of rotation. In addition, according 
to [121, 122], the photoproduction of gravitons in the core of the 
star in the Coulomb and magnetic fields of the particles which consti- 
tute the stellar mass as well as the magnetic field of the star as a 
whole takes place. 

The stars are thus the sources of weak gravitational waves, gravi- 
tational radiation with potentially any frequency range depending on 
the initial photon spectrum. 
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Calculations show that in both the field theory of gravitation and 
Einstein’s GTR the interaction of weak gravitational waves with 
the electromagnetic field of a rotating neutron star results in an 
electromagnetic wave which has a number of unique features (ampli- 
tude modulation, nonstandard polarization, subimpulse drift, etc.). 
Thus, an observer on Earth would deduce from these features and 
with a high confidence level that a given electromagnetic wave 
emerged from an interaction between a gravitational wave and the ele- 
ctromagnetic field of the rotating star. The amplitude of the resul- 
tant electromagnetic wave would differ slightly in these theories due 
to the differing influence of the static gravitational field on the inter- 
action process, though this is generally unessential. Of greater im- 
portance for us is that the field theory of gravitation and Einstein's 
GTR predict that the electromagnetic and initial gravitational waves 
produced would subsequently propagate in the outer static gravita- 
tional field in different fashions. 

According to Einstein’s GTR, both waves would propagate along 
the same trajectories (rays) experiencing the same frequency red 
shifts due to gravity, encountering the same rays bending, and hav- 
ing the same group velocities. Hence an observer on the Earth, de- 
tecting these waves, must find that their frequencies are coinciding, 
they have the same pulse shape within a “window”, there is no time 
delay between the arrival of the electromagnetic and gravitational 
pulses, and that the “electromagnetic” and “gravitational” source 
images coincide. 

In the field theory of gravitation the electromagnetic wave pro- 
duced, while propagating in the external gravitational field, will also 
be subjected to a frequency red shift due to gravity, have its rays 
bend, and find its group velocity depending on the external field 
potential. Yet in the field theory of gravitation gravitational waves 
are not influenced by gravitational field, hence they will propagate 
at constant velocity without changing the frequency or bending in 
the external gravitational field. 

In this situation the terrestrial observer, detecting both waves, 
must discover that the electromagnetic spectrum is more shifted to 
the red relative to the gravitational one, that there is a time delay 
between the arrival of the gravitational pulses and the electromagnet- 
ic pulses within the “window”. In addition, the “gravitational” 
and “electromagnetic” source images should not coincide in general. 

Note that the results of this experiment would also yield some other 
important astrophysical data. Indeed, as has been shown in [123, 
124], the rotation frequency w, of the neutron star, the angle Yo 
between the rotation axis and the magnetic moment of the star, and 
the angle 0 between the rotation axis and the director vector towards 
the Earth could be defined from the frequency and depth of the 
amplitude modulation and from the polarization of the electromag- 
netic wave. By measuring the flux densities of the gravitational and 
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electromagnetic waves on the Earth, we could determine the conver- 
sion factor a and from that the value of the product of the magnetic 
field strength on the star’s surface and its radius. 

In addition, this experiment in the field theory of gravitation 
enables the difference of gravitational potentials between the obser- 
vation point and the star’s surface to be derived from the red shift 
of the electromagnetic spectrum relative to the gravitational one: 


U, — U, = —Sv/v. 


By measuring the delay time AT between the arrival of the grav- 
itational and electromagnetic pulses, one may determine the mean 


gravitational potential U along the propagation path of the electro- 
magnetic wave: 


— 4 
ŪÜ=4 j UdL ~ AT/2L, 


where L is the distance separating the neutron star and the Earth. 

If the gravitational wave source is located outside the neutron 
star, the analysis of the observational data will be somewhat more 
sophisticated, since the source, the cosmic detector, and the labora- 
tory detectoc will be located at the apexes of a triangle. However, 
some conclusions can be made in this case too about the properties 
of gravitational waves as a result of the observations and a set of 
data on the astronomical objects can be obtained. 

Thus, in the near future, once laboratory detectors of gravitation- 
al waves have been developed, there will be the real possibility 
of checking the predictions of the field theory of gravitation against 
those of Einstein’s GTR concerning the properties of gravitational 
waves in external gravitational fields. 


1.19 CONCLUSION 


We have considered the formulation of the field theory of 
gravitation that uses a symmetric tensor field of the second rank in 
a flat space-time. In this way the conventional concepts of the trans- 
fer of energy by physical fields have a rigorous meaning in the theory 
and a gravitational field, like all other physical fields, transfers a 
positive energy-momentum. The equations of motion of the matter 
are formulated in terms of an effective Riemannian space-time that 
has the metric tensor g,;. This ensures that the inertial and gravita- 
tional masses of a point body are equal in the theory. Unifying the 
concepts of the gravitational field, to make it one that transfers 
energy and is similar to other physical fields, with the identity prin- 
ciple results in new gravitational field equations and alters our con- 
cept of space-time. The gravitational field equations within matter 
are nonlinear due to a nonlinear source dependence on the gravita- 
tional field’s components. The matter appears in the gravitational 
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field equations as a source, the gravitational field itself being the 
source only so far as the expression T*‘dg,;/Ofnm depends on the 
gravitational field’s components. The field equations are linear out- 
side matter and so, due to gauge invariance, the gravitational field 
equations, which involve fourth-order partial derivatives, become 
second-order equations outside the matter. 

A post-Newtonian approximation of the field theory of gravita- 
tion and an analysis of modern gravitational, experimental data 
demonstrate that the minimum-coupling field theory of gravitation 
enables all the available experimental facts to be described. There 
is no preferred rest system in the field theory of gravitation, since 
the pseudo-Euclidean space-time geometry is not a priori but rather 
the one inherent for all physical fields including the gravitational. 
Yet Riemannian space-time is an effective space-time for the motion 
of matter and it reflects only the action of a gravitational field on 
matter in pseudo-Euclidean space-time. Therefore, the field theory of 
gravitation does not fall in a class of the so-called bimetric theories 
of gravitation either in essence or in the form of its field equations. 

In the field theory of gravitation, the energy-momentum tensor 
notion is common for all physical fields, hence the existence of cur- 
vature waves in the Riemannian space-time accounts for the energy- 
momentum transfer by gravitational waves in the pseudo-Euclidean 
space-time. As a consequence, the field theory of gravitation allows 
different energy-based computations to be carried out. In the field 
theory of gravitation, the radiative losses of weak waves by a slowly 
moving source are specified by the expression 


ef Op (1.288) 


Gt ~~ ge abe 


As opposed to the field theory of gravitation, conservation laws in 
their common sense are absent in the GTR. This results in Einstein’s 
theory only in integrals of motion which vanish. It appears to be 
impossible to calculate a source energy loss as well as determine the 
gravitational-wave energy fluxes in the GTR, since there are no GTR 
conservation laws which relate changes in the energy-momentum 
tensor of matter to the existence of curvature waves. Therefore for- 
mula (1.288) does not, in principle, follow from the GTR. 

Equations of the field theory of gravitation differ from those of 
Einstein’s theory in that they yield considerably different descriptions 
of the effects of strong gravitational fields as well as different pro- 
perties of gravitational waves. These differences include the fact 
that according to the field theory, gravitational rays do not bend 
when passing near massive bodies which means that massive bodies 
do not focus the gravitational waves. In addition, the field theory, 
as opposed to Einstein's GTR, predicts that the frequency of a free 
gravitational wave emitted by some source only changes when the 


The Theory of Space-Time and Gravitation 127 


source moves relative to the observer (the Doppler effect), since a red 
shift of free gravitational waves due to gravity is absent in vacuo. 

In the field theory of gravitation as the Einstein’s theory, the 
gravitational field of a non-static, spherically symmetric source is a 
static field outside matter. A non-stationary homogeneous Universe 
model in the field theory of gravitation describes the cosmological 
red shift and allows both monotonic and non-monotonic behavior. As 
opposed to Einstein’s theory, the deceleration parameter is specified 
not only by the average density of the matter in the Universe, but 
also by the post-Newtonian coefficients. Hence in the field theory of 
gravitation there is none of the difficulties Einstein’s GTR is encoun- 
tering related to an insufficient average mass density needed to 
account for the observed deceleration parameter. 

In the minimum-coupling, field theory of gravitation, gravitation- 
al attractive forces become repulsive when the gravitational po- 
tential is increased. Therefore, instead of the gravitational collapse 
of astronomical objects typical of the GTR, a new mechanism of 
energy release is described. Small radial perturbations of an astro- 
nomical object occurring at the critical value of the average gravi- 
tational potential will inevitably lead to an expansion of the matter 
accompanied by the ejection of part of the object’s mass and an ener- 
gy release. 
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and Strong Interaction Dynamics 
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2.1 INTRODUCTION 


2.1.1 High Energy Physics 


When people speak about high energy physics they mean 
the branch of physics that investigates the collision processes of the 
very fast particles, that are either produced in accelerators, or come 
from outer space. 

The main goal of these investigations is to understand the funda- 
mental principles of the surrounding world and to discover whether 
it is possible to reduce all its diversity to a few simple elements. 

The problem is far from new, it dates as far back as philosophers 
of antiquity. Yet it was only early in the 20th century that atomic 
theory of matter structure became universally accepted. At this 
time the electron had been discovered and questions began to be 
asked about the structure of atoms per se. The first person to take the 
topic seriously in hand was E. Rutherford and in 1914 he and his 
colleagues succeeded when they discovered an atom’s structure. Their 
conclusion came as a result of bombarding gold foil by a-particles 
during their experiments and at that time the energy of the a-par- 
ticles they used (~10 MeV) seemed to be very high. 

Rutherford’s studies can in this way be taken as the beginning of 
high-energy physics bearing in mind that the term “high energy” 
itself does not imply the sort of extremely high energies that can be 
achieved today. Indeed, to advance further into the depths of the 
structure of matter required the development of accelerators and a 
whole store of other experimental techniques so that nowadays the 
particle energies attainable surpass the particle energies of Ruther- 
ford’s experiments by many orders of magnitude. 


2.1.2 Multiple Production of Particles 


A distinctive feature of the physics of microworld is the 
quantum transmutation of elementary particles. Studying these 
phenomena is one of the main ways of getting to know the new 
forms of matter and conservation laws associated with them. 

As a result of an interaction, the particles may merely be deflected 
off their initial trajectories, i.e. undergo an elastic scattering or the 
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interaction could result in the production of new particles as well, 
which are generally different from the initial ones, i.e. in an in- 
elastic process. It is those inelastic processes for which the number 
of secondaries exceeds the number of primaries which are called 
multiple production processes. Other inelastic processes (where the 
number of particles does not change) involve charge exchanges. 

The multiple production of particles is most prominent in proces- 
ses in which the strong interaction predominates. In fact, the forces 
responsible for strong interaction (nuclear forces) have an extremely 
short range, of the order of 10-7! cm, and for nuclear interaction to 
occur the particles (i.e., protons) have to be brought closer together 
so that the distance between them is of the order of the nuclear 
forces range. Clearly, if the particle energy is high, then there may 
be instant when this energy may be concentrated within a very small 
volume. When the energy density inside the small volume becomes 
large, the quantum-mechanical laws dictate that the initial energy 
is spent not only to produce the same primaries (elastic scattering) 
but also to be transformed with a high probability into a large (when 
the energy is sufficiently high) number of secondaries. 

The earliest theoretical studies of these characteristics of multiple 
production processes as the angle of emission and energy distribu- 
tions of secondaries and an average number of secondaries date back 
to the late forties and early fifties. These were initiated by discov- 
eries, during cosmic ray experiments of events which lead to an enor- 
mous number of secondaries. 
` W. Heisenberg’s work must be quoted among tiese, since he sug- 
gested that the momentum distribution of secondaries at high energy 
is governed by the equations of classical nonlinear field theory and 
obtained asymptotic expressions for these distributions.. In 1949 
E. Fermi advanced a statistical model of multiple particle production 
asstiming that in a system of strongly interacting particles a thermo- 
dynamic equilibrium is rapidly reached as soon as a collision has 
taken place. It is after this that secondaries are produced according 
to the laws of black body radiation. 

Pomeranchuk and Landau later advanced their own versions of 
the statistical approach to the problem of multiple production of 
particles. A prediction is peculiar to all these, (and subsequent) sta- 
tistical type theories, i.e. the mean multiplicity of secondaries will 
grow quickly (power-like) as the initial energy increases. 

Later studies of multiple production processes used other ap- 
proaches as well, e.g., the multiperipheral model. In contrast to 
the statistical theories, the mean multiplicity raises rather slowly 


(logarithmically). 
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2.1.3 Inclusive Processes 

At comparatively low energies the fraction of multiple 
production processes is insignificant but rises noticeably with energy. 
Even this fact shows how very important multiple processes are when 
studying strong interactions. It is therefore by no accident that the 
current research on multiple processes comprises an entire trend in 
the physics of high energy particles. 

Experimental and theoretical studies of the multiple production of 
particles are very difficult because of an abrupt jump in the number 
of degrees of freedom and because the complexity of the kinematics 
increases as the number of secondaries grows. In fact, while the 
amplitude of a 2— 2 process depends on two independent variables, 
the amplitude of a 2 — n process would depend on 3n — 4 indepen- 
dent variables, i.e. the number of independent variables rises rather 
rapidly with the number of particles. 

The most thoroughly investigated processes, i.e. elastic scattering 
and charge exchange (the binary processes) leave the number of 
particles unchanged. In binary processes it is sufficient to follow 
the momentum of only one of the final particles since the momentum 
of the second particle is automatically known due to the energy- 
momentum conservation laws. 

How full a kinematic description of amplitudes is necessary for 
the basic features of multiple production processes to be understood? 
Could any process be studied in the same way a binary process is, 
i.e. by tracing only one of the final particles without being con- 
cerned with others? These questions were answered in 1967. It has 
been shown [1, 2] that essential information about the interaction dy- 
namics of particles can be obtained, once the characteristics of only 
one or two specified particles are studied in the final state so long as 
all the processes giving rise to these given particles are included. 
The same works introduced total differential cross sections to describe 
the production of the given particles in all the possible processes 
which contain these particles in the final state. The first high energy 
upper bounds were also obtained for such cross sections within the 
framework of axiomatic quantum field theory. All these processes 
that incorporate an arbitrary number of other particles allowable by 
conservation laws in addition to the given particles became known 
as inclusive processes and the relevant cross sections, as inclusive 
cross sections following a proposal by Feynman (1969). 

The concept of inclusive process enables what at first sight may 
seem absolutely different processes, for example multiple production 
in hadron collisions and deep inelastic lepton-proton scatterings, 
to be considered from a single standpoint. The inclusive approach 
proved to be well suited for describing multiple production processes 
irrespective of the type of the colliding particles. It aided the devel- 
opment of the physics of elementary particles at high energies in 
many ways. 
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When the inclusive processes in experiments performed in 1968 at 
the Serpukhov 76 GeV accelerator were studied, a law of cross sec- 
tion scaling invariance was discovered, which was absolutely new 
for the microworld. It meant that the relative high energy production 
cross sections of strongly interacting particles (the hadrons) were 
universal functions of the reduced momentum p/pmax, i.e. indepen- 
«dent of the energy of primaries [3]. 

Following the experimental discovery of scaling a vast number of 
papers appeared which described this fascinating phenomenon more 
or less successfully. First of all, these were the papers by Yang et al. 
and Feynman [4] who advanced the hypotheses of limiting fragmen- 
tation (Yang et al.) and scale invariance (Feynman) based on a gen- 
eralization of the experimental observations. The discovery of 
scaling gave rise to the advent of the parton model (Feynman) which 
can visualize a fast hadron as a set of weakly interacting composite 
parts, i.e. the partons. Now the parton model has gained wide re- 
cognition as a theory of quarks bound by the Yang-Mills fields and 
enables the basic regularities of deep inelastic processes to be under- 
stood quite successfully. Essentially, it was the study of inclusive 
lepton-hadron processes which stimulated the investigations of non- 
Abelian gauge theories and brought about the discovery of one in- 
teresting phenomenon, i.e. asymptotic freedom. Certain progress 
was made by Mueller [5] in the study of pure hadronic inclusive 
processes when he applied the complex angular momenta method to 
the inclusive processes. 

By now the general picture of the dynamics governing the be- 
havior of inclusive cross sections looks like the following. 

The “hard” processes (deep inelastic scattering, electron-positron 
annihilation, production of massive lepton pairs, and processes of 
inclusive production of hadrons with high transverse momenta) are 
rather well understood and the energy evolution of inclusive cross 
sections is quantitatively described. However, the study of those 
details of multiple production that are related to the transitions of 
partons (quarks and gluons) to hadron states has met a number of 
significant difficulties. The same is characteristic of the “soft” pro- 
cesses, e.g. those for which the detected particles possess a low trans- 
verse momentum. Here one has to resort to phenomenological con- 
structions which do not follow directly from the fundamentals of 
quantum field theory, for example, quantum chromodynamics 

CD). 

(cinder these conditions methods based on the fundamental prin- 
ciples of quantum field theory rate highly in importance. As men- 
tioned above, the pioneering results along these lines were obtained 
in [1, 2]. A set of new corollaries was later produced in the form of 
various bounds of the behavior of high energy inclusive distri- 
butions which follow from microcausality, spectrality, and unitarity 
[6]. Of particular importance is a conclusion on the universal char- 


Inclusive Processes and Strong Interaction Dynamics 135 


acter of structure functions [7] which describe processes of differing 
origin. It can be treated as a common theoretical basis for the models 
of the parton type. 

It is quite evident that by limiting ourselves to inclusive processes 
we pay for the description’s simplicity by losing a major portion of 
the information contained in exclusive processes'!. However, what 
information about the final states do we need? For an analysis using, 
the quantum theory we would be interested in the mean values of. 
dynamic variables. For example, the mean value of the secondary 
particle’s energy as any other additive quantity is given by an inclu- 
sive cross section. Binary quantities, for example the emission angle 
between two secondaries, must be used with the inclusive cross sec- 
tions which describe two particle production, etc. 

The situation here is absolutely analogous to one in statistical 
physics. In due course Bogolyubov introduced the so-called statisti- 
cal operators of particle complexes which describe a given system 
of particles that is much smaller than the complete system. It turned 
out that these quantities were sufficient for the mean values of the 
single particle and dynamic binary additive variables that govern 
the global thermodynamic characteristics of the system to be com- 
puted. It is hoped that the use in high energy physics of inclysive 
descriptions of multiparticle processes can yield sufficiently rich 
information about the way the multiple production of particles 
takes place as a whole, without needing specific details of each in-- 
dividual process. 


2.1.4 The Main Discoveries Made Whilst Investigating 
Inclusive Processes 


Experimental studies of inclusive processes rather soon 
revealed new specific phenomena. As stated above, the phenomenon 
of scale invariance was discovered in Serpukhov in 1968 and was 
later confirmed in other scientific centers. 

About the same time in Stanford experiments on the deep inelastic 
scattering of electrons by protons were in progress at SLAC. The 
relevant cross sections of the deep inelastic processes also revealed 
a scaling behavior, since the structure functions which depend on 
energy transferred and on the square of momentum transferred from 
the electrons to the protons proved to be functions of a ratio of these 
quantities alone [8]. Later on other processes were investigated as 
well, viz. the deep inelastic scattering of neutrinos, antineutrinos, 
and muon by protons, the hadron production in electron-positron 
annihilation, and the production of massive lepton pairs in hadron- 


1 An exclusive process is one for which the characteristics of all 
the particles in the final state are given. 
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hadron collisions. In all these processes scaling regularities were 
discovered. 

At last in 1972 at CERN a strong discrepancy was revealed be- 
tween the experimental data and extrapolations from the low trans- 
verse momenta range [9] when the inclusive production processes of 
hadrons with high transverse momenta were studied. Within this 
range (the high transverse momenta), a scaling dependence on the 
transverse momentum was found to take place. 

Thus, studying inclusive processes proved to be extremely fruitful 
and brought to light a number of scaling regularities that had not 
been observed in individual inclusive channels before. This, in 
turn, enabled further understanding of strong interaction dynamics 
and the composite structure of elementary particles. 

For the first time the methods of axiomatic quantum field theory 
were successful in analyzing rigorously multiple production proces- 
ses and in obtaining general limits on a feasible form of the asympt- 
otic behavior of the physical characteristics of high energy inclusive 
processes. 

An entire set of new trends and concepts in high energy physics 
was established within the framework of the inclusive approach and 
various models of multiple production processes were developed, 
especially those associated with the internal structure of particles. 
Note in this connection that inclusive processes can be very conve- 
niently applied to the parton model since summing over the unde- 
tectable hadron systems can give results that in many cases are 
weakly dependent on the unknown mechanisms of quark-gluon con- 
finement. 

At the same time it should be borne in mind that research using 
the inclusive approach is still at the development stage, and there 
is a vast number of very interesting and important problems whose 
solution is required by present day high energy physics. For example, 
the relations between various inclusive processes must be studied 
in detail in order to establish a more clear-cut relationship between 
the physical characteristics of the inclusive processes observed and 
the internal parameters of the particles which describe the particles’ 
structure. 


2.2 FUNDAMENTALS OF INCLUSIVE PROCESSES 


When the particles a and b collide, various reactions 
allowed by conservation laws and selection rules can take place. 
Given an initial state, any combination of two or more particles 
in the final state will be called a collision channel. For example, 
the scattering process 


a+ b—a+b 
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proceeding at any of the energies of the system (a. b) is due to the 
dg channel. All remaining reactions will lead to inelastic chan- 
nels. 

A channel is considered “open” when at*the prescribed energy of 
the system (a, b) the reaction corresponding to the given channel is 
allowed by the conservation laws and selection rules. 

Each open channel can be given uniquely by an integer-valued 
“vector identifier” of the channel: 


n = (Ny, Mg, .. +, My). 


This vector corresponds to the reaction 


a+ b— nci + næst ... + njej (2.1) 


where c; are sorts of the particles (having some arbitrary yet fixed. 
ordering), and n; are the numbers of the particles of sort c;. 

Reaction (2.4) may be written symbolically in the following 
form: 


a + b— nC, 


where C is a “vector” whose components correspond to all possible 
particle sorts: 


C = (ci Ce, ..-). 


It is clear that at the given energy the channel vector identifier 
“cuts off” only a finite number of elements from C. The channel 
identifier components are not independent, since they are connected 
by the linear relationships which express the conservation laws of 


quantum numbers. 

By definition, n;> 0, with zero n; components signifying that 
the channel does not contain the particles of sort c;. In addition, the 
n; are limited by the condition 


» min, <Vs=(Ea+ Eb) are 


(m; being the mass of a particle of sort c;) following from the energy- 
momentum conservation law: ka + ky = kieo +... + kne; and 


the inequality E = Vk? + m?> m. 
Channel n is open if 


S= Sp 5 (X mn;}, 


i.e. s, is the threshold of a channel n. 
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To shorten records later on we will introduce the following nota- 
tions: 


[n| =n... +n; 
nl=n,! eee njl, 
K,, = (kite, eee kn;c;; +++ Bie, oe k ), 


ae he 
j ni 
av = {] P dku; Pk icy = dki! (20)? 2E rc. 


Here kı, is 4-momentum of the lth particle of sort cj. Given that 
some of the components of the vector n vanish, the relevant differen- 
tials will be absent in dt”. 

In the quantum theory physical processes are described by the 
amplitudes of the transitions that are elements of the S matrix by 
definition. The amplitude of a transition from the initial state a 
to the final state œ is generally expressed in the form 


<o|/S|a>=< ola >+ [terms containing free paths 
of the system from a to œ] + i (27)*6 (Po — Pa) Toa» (2-2) 


where Pa (Po) is the total 4-momentum of the initial (final) state. 
The last term in (2.2) corresponds to the most interesting case, when 
all the particles take part in the interaction. 

Later on we will study the processes having two particles in the 
final state more generally, i.e. with the bracketed term in (2.2) 
being absent. 

Process (2.1) where all the characteristics of all participating 
particles are known is called exclusive. 

The square of the modulus of the amplitude of channel n is? 


To =(K,,|T|kq, ky) (2.3) 
and according to quantum-mechanical rules, this describes a crea- 
tion probability density of the channel n: 


ni 


j 
(21)t8 (ka +ko— X, 9, Bie, ao!” 
i=1 l=1 
Prs (K; ka, k,)= j n a 
f dc” (27) (kat ko— >) X) kie,) |Tab]? 
i=1 l=1 


~ 


It is evident that 
dt" Pm, (Ky; ka ky) =4. 


v 


a Relation (2.3) is the definition of the operator T. 
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The probability that the channel n comes into existence relative 
to all open channels is given by the expression 


J dum (2m)*8 (ka +ho— >) X) Fre,)IT aol? 
Wei oe ee a aa 
” Sf dm (2n)4 ô(ka+ko— >) X) kre, )IT Gol? i 
= iT 
and the relevant probability density by 
(21)! 6 (ka +ko — X) kici) T21? 
dwn E i, l 


i l 


i, 


lt is evident that 


È w, = ’ 
n 


1 dwn 
Wn dt” 


and 


= Pio (Kn; kas kọ). 
The quantities P%, Wn, dwn/dt” enable mean values of momenta, 
numbers of particles, etc., to be determined. 


For example, the mean value of the vth momentum component 
of a particle of sort c; in the channel n is 


(haa | AEI Pi 
The mean number of particles of sort c; is evidently 
(Ne,) = > NiWn- 
n 
Experimental data are usually given in terms of effective cross 
sections. We shall hereafter give expressions for the various cross 


sections as well as their relation to the above probabilities. 
1. The differential cross section of the exclusive process (2.1) is 


done 1 
at TG, mi, mp CS (ka + ky — 2> a kie) |T]? 
K3 
t Alz, Y, 2) = 2? + y? + 2? — 2zy — 2xz — 2yz. 
2. The partially integrated exclusive cross section is 


n 
dou 


l 
Tn n don, 
geja Ul ô (E: — 8: (k)) aa 
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where g; (k) = g; (Ka, ky; Kn) are some functions of the momenta of 
the particles participating in process (2.1). For example, 


n n 
do ab do ab 


dlac = f dt” Ô (tac TA (ka m k.)?) aun ; 


3. The total cross section of the exclusive process (2.1) is 


cEC. 


do” 
n ab n 
ox = Jae g= | do, 


Proceeding from do%/dt”, one can define differential cross sections 
relative to a smaller number of variables, for example, 


n 


doss/dt™ = \ du™™ dowy/dv”, (2.4) 


where m = (m,, ..., m;) is an integer vector such that 0< m; <S ni- 
For vectors such as these we can write 


m<n. 


Had we measured exclusive cross sections for all the open channels 
at a given energy, we would have all the accessible information about 
the processes generated during the collisions between the particles 
a and b. 

However, some of the global characteristics of the processes given 
birth to by the collision between the particles a and b do not need 
detailed analyses of each channel. Let us follow a fixed set of particles 
mC = mc, +... + myc; in the final states of the processes that 
take place during the collisions of particles a and b. A combination 
of these processes is called an inclusive process and is written sym- 
bolically as 


a+ b—»>mC +X, (2.5) 


where X denotes all the remaining particles (not belonging to mC) 
in all the channels which contribute to the creation of mC. 

4. The differential cross section of the inclusive process (2.5) is de- 
fined in the following way: 


Wab+mcx _ donb 
ayn dt™ 
næm 
5. By integrating the differential cross section, one obtains the 
total cross section of process (2.5): 


n 
Oab>mCX = >» Oad- 
næm 


6. The total cross section of the process a + b —> X, when m = 
= (0, 0, ... 0), is 


tot n 
Oab> X = Oab = X Oab. 
n 
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7. A partially integrated cross section is defined in a way similar 
to that for exclusive channels: 


l 
dO nb -+mCX a 4644 -+mCX 
Ee a cult 5 (E: — 8: (0) gam 


8i=8i (Ka, ky; Kn). 


The definitions of these cross sections allow their relationship with 
the probabilistic distributions given above to be established easily: 


n 
n 1 dan 
ab = In 
n è dt? 
Sab 


8. The quantity 


ieee = 1 0 4b ~+mCX dwn 
ao—-m Sar Pa ee Oe Oe E ES 
O ob -+mCX dym dum 
næm 


is obviously the probability density of the momenta distribution for 
the particles of the system mC, which is detected in the inclusive process 
(2.5), with 

j dt™ Pab -mex = 1. 


For example, 0ab-cx, c€ E C defines the mean value of the vth com- 
ponent of a detected particle of sort c: 


(K= | dk kee ab -ex- 
9. In a fixed channel one is able to define the mean density of the 


particles of sort c in a momentum phase space by averaging the true 
density of the particles of sort c: 


Ne 
Pa (21) 2E. (K ic) ô (k. a ki.) 
with the weight P%,: 
dne fe 
-He = ( J; (2a)? 28106 (ke — ki) ) 
l=1 
= j di” Ș (2) 2E 106 (ke — kie) P% (Kn ka ko) 
l=1 


= Ne j dr” (27)? 2E,8 (ke — ky.) P2o (Kn; kas ko). 
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The last identity follows from the symmetry of P% relative to the 
momenta permutations of the particles of one sort. 
It can be shown that 


ja. Te SNe 
The higher distributions are mar defined as 
'd[nl/(n—m)I] 
aim = fan Pab, 
far m @[ni/(n—m)!} _ al n,! nj! 
ae n m)! (ny—m,)! °°? (ny—m;)!" 


If the mean density of the number of the particles of sort cis 
required without reference to the channel they are created in, 
dn,/d’k, has to be averaged with a given channel weight w,,. Then 
the mean density of the particles of sort c will read as 


d (no) dne do” 
—_— — b 
dsk, 2 ke "Oa ox Tae 2 Ne he . 


Obviously 
| ask 2 ne) = > NUn = (Ne) 
c ke cUn c/s 


Likewise, 
d([n!/(n—m)!]) => d[n!/(n—m)!] 


dtm dt™ Wns 
m d ({nl/ (n—m)I]) (o— mt) 
jax dtm = (rr aan » 


— 1! nj! 
=o iat mor) 


Defining the quantity d ([n!/(n—m)!])/dt™ infers its relation to the 
differential cross sectinos: 


lav ar ae ae 


d {{n!/(n—m)!}) z done 


10. The inclusive spectrum of the process is thus defined as 


n! dob 
fad >mex = 5 m! dum * 
n 


with the normalization 


! : 
f dt” fab+mcx = (or Oab+mCX + 
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44. An inclusive, partially integrated spectrum is defined in the 
same way as the partially integrated differential cross section: 


l 
Jav-mex Èn «++ 8) = J ae" J| Ei — e: (H) fab=mex- 


4i 


As regards the experimental studies of the differential cross sec- 
tions and spectra of the inclusive processes, some explanations are 
appropriate. 

Since particles of the same sort are indistinguishable, when the 
exclusive cross sections do%,/dt” are measured, it is actually the quan- 
tity n! do™,/dt" that is measured. Since 77, has the form 


ao = (K, | T | ka, Ka) 
jon; L 
= OL LT L, a (kep T | Kas kod / Vri, 


then we can say that n!do%/dī” “measures” the non-normalized 
final states (0 | I a; (kic, ). Here a; (ke) is the destruction operator 


of a particle of sort c; having a momentum ke, 

If an integration is carried out over a part of the momenta, all the 
aforementioned will be related to the particles whose momenta re- 
main unintegrated. In particular, measuring the distributions of 
particles of sort c in channel n yields, in fact the quantity n doala” ke 
which refers to the state (k; e, © + +) ke, +» -Kn FF | a. (k.).3 Whence 
it is apparent that in order to measure an “inclusive spectrum 


farecx = >) n,do%,/d%k, the particular channel where the detected 


particle is created does not need to be known, i.e. the spectrum is 
measured in a straightforward fashior. Yet if the cross section 


Aqpecx/@k,. = Xido% /dk, is to be defined, the production cross 


n 
section of a particle must be initially measured in each channel for 
d0qp~cx/@k, to be reconstructed the result of the measurement 
having been divided by n,. 

In this context inclusive spectra are simpler to measure than the 
relevant differential cross sections. This seems to be the explanation 
for the overwhelming predominance of experimental data just on 
inclusive spectra. 

It should, however, be stressed that measuring differential inclu- 
sive cross sections is absolutely necessary if, for example, we want 


3 (kici o eo sky je; | denotes a state in which particle of 
sort c and momentum k, are absent. 
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to know the mean momentum of a particle detected in the inclusive 
process a + b — c + X. Indeed, by definition, 


CERE SS ` LY Wap .ex 
Ue) = sary | Pkk? MaE, (2.6) 


Using the inclusive spectrum, one can define the quantity 


1 
Gane f ak ke fab cx (2.7) 
ab+cX 
to be the total mean momentum carried off by all the particles of 
sort c. Sometimes fallacious statements claiming that the mean 
particle momentum is quantity (2.7) divided by (n,) can be found. 
In fact, we have 
1 1 
(ne) Fqb+ex 


Ne 
| dèkek? fab nex = 2 (ke) n (ie) VR 


Otherwise it follows from definition (2.6) that 
(ke) = >) Ue). Wn. 


Obviously, these are absolutely different things provided that one 
does not require the condition Wp ~ Ône,ine) to be met. 

In addition, the differential cross section of an inclusive process 
will later be shown to be more directly related to the unitarity 
condition, this being very important for establishing its analytical 
properties for angular variables. 

The “global” characteristics, i.e. the differential cross sections and 
spectra of inclusive processes. are extremely convenient and simple 
both in their theoretical and experimental aspects, but they do result 
in a certain loss of information and give only an indication of how 
multiple production processes proceed “on the average”. 

Experimental data have demonstrated that the creation of a par- 
ticle in various domains of the phase volume is dictated by the differ- 
ent mechanisms, whether they are the collective effects like pioni- 
zation and diffractive dissociation, or, for example the elementary 
acts of hard collisions in inclusive processes with high transverse 
momenta. And the respective behavior of inclusive spectra and 
differential inclusive cross sections in terms of the detected particles’ 
momenta and total energy is absolutely different for each of the 
various domains. 

For example, it is customary to assume that in processes which 
produce a hadron with a high transverse momentum we are generally 
dealing with events that are taking place in the short-range colli- 
sions of primaries. The momenta distributions and mean number of 
particles created in such collisions are naturally expected to be ap- 
preciably different from the case of long-range collisions. Clearly 
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the “global” characteristics per se cannot yield sufficiently full infor- 
mation on what takes place under such specially selected conditions, 
since integrating over the momenta of undetected particles can com- 
pletely “smooth away” the specific peculiarities of the events being 
singled out. 

Thus, there is a necessity for new characteristics to be introduced 
that are free of the aforementioned disadvantages of the ordinary 
inclusive distributions. 

12. Associated (conditional) inclusive distributions. In probability 
theory so-called conditional distributions are considered along 
with the ordinary probability distributions of random quantities. 
For example, let F (x, y) be the probability distribution for two ran- 
dom quantities x and y, normalized to unity: 


| dx dy F(x, y)=1. 


Assume we are interested in a probability distribution for the quan- 
tity x given y changes within an interval A: 


[yo — Ay, Yo + Ayl. 
Then a conditional distribution meets our requirements, viz. 
f dy F (z, y) 
GIN a a FE 
A 


where obviously 
fazG( | A) =1. 
Reducing Ay to zero, we get the conditional distribution 


= F (z, y) 
Cel Tiren’ 


which is local with respect to the quantity y that “prescribes a con- 
dition”. 

Expanding A to cover the whole range of y leads us to the distri- 
bution 


f dy F(z, y) 


ai [i dz dy F (x, y) 


| ay F(z, ») 


of the ordinary, “non-conditional” type. 

Since inclusive distributions differ from the above example only 
by the concrete interpretation of the random quantities (momenta, 
multiplicities), we will take the example as a basis for determining 
the characteristics we need. 


10—0630 
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Consider the quantity 


(2n)82E, | de" ô (ke — ki) Ph (Kyi kas ko); c, dEC, 
kgEV 

where the integration with respect to the momentum k, is per- 
formed only over a certain part V of an admissible phase volume. 
The quantity 

Pi (ke | V, d) 

f dan ô (ke—kye) (27)? 2EePo (Kn; ka, ko) 
__hgeV 
= j dt™Pt, | 
Rge€V 
yields a conditional distribution over the momenta of one of the 
final particles c in the channel n. The condition is that at least one 
of the particles d, other than the detected one must not leave the 
phase volume domain. In terms of the cross sections we clearly have 
| dkq do™,/d%k, dkq 


na (k. | V, d) = -2 
A Ne) a”, (s| V, d) 


where 
oa (s | Ve d; c)= | dt" doab/dt”; ne >0 
kgEV 
is the total production cross section of | n | particles, when a parti- 


cle of sort d does pot escape from the domain V. 
Averaging Ph (k, | V, d) over all channels with a probability 


wn (s | V, d; c) = o% (s | V, d; c)/ X o% (s | V, d; c), we arrive at 
m 
the conditional probability distribution 


TE (ke | V, d)= J) wa (s| V, d; c) Pi (ke | V, d; c) 


n 
= 1 ddabscax (Ke | V, d) 
~ Oqp.cax (81 Vs d) ake 2 
where 


dG ap dom, oy. 
aE ke V, = D -p (Kel V, d) 
n 


-do 
a 3 ab>cdX 
=a ku d3ked?kq ? 
v 


Gab-+cax (s | V; d) = Xl ote (s | V, d; c). 
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The relevant inclusive spectrum is apparently 


do” 
fab+cdx (s, k. | V, d) T > j aha o Oke ky Me 
Vv 


n 


By integrating it over k., we arrive at the associated mean multiplic- 
ity 
(n,)(s | V, d)= >) nw, (S |V, d). 
n 


This describes the mean number of the particles of sort c created in 
those processes where one of the particles of sort d runs through a 
confined phase space domain V. Obviously, the quantity 
(ne) (s | V, d) — ca describes a mean number of the particles of 
sort c “accompanying” the particle d which has its momentum range 
confined within V. 

It is not difficult to see that when V becomes the total phase vol- 
ume we return to the ordinary mean multiplicity. If V degenerates 
to a point kz, we have a local associated multiplicity 


2 Ne do”, /d3kq 


= Ņ nW, (s | ka). 


(ne) (s | ka) = DA 5 


It can be seen from 


do 
| dka (ne) (s | Ka) See < (ne) Gad-vex 

that the energy evolution of (n,) (s/k4) can differ very badly from 
that of the ordinary mean multiplicity, yet this difference is masked 
by the cross section d0g5+¢qx/@kq 

In the literature one sometimes encounters another definition of” 
the associated mean multiplicity which for the case when c Æ d: 
takes the expression 


| Phclos eax (s, ke, Ka) i 
æsa ka) 2 ne Tay eT Kae tin (8 | Ko). 


(2.8) . 


Comparing this expression with the definition above, viz. _ 


(ne) (s | ka) = 2) NW (s | ka), 


we see Ta formula (2. i yields a correct expression only-when » 
wr (s | ka) ~ ny (ng) (sky): The approximate equality is, 
certainly, possible, if the distribution in the multiplicity 
Wn (s | Kg) is sufficiently closely concentrated around (nq),(s|k,). 
i.e. the standard deviation is sufficiently small. 


10* 
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13. Equivalence of description of multiple production processes in terms 
of various cross sections. Both of the above sets of inclusive distribu- 
tions d0g4.mcx/dt™ and fab>mc x, are expressed using the same fun- 
damental quantities, i.e. the exclusive cross sections do%,/dt”. 
Whence it follows that the inclusive and exclusive cross sections 
have to be expressed through each other. 

To do this, let us first express the exclusive cross sections do} ,/dt” 
in terms of the differential cross sections dogy.mcx/dt™. It is easy 
to see from the definition of dogy.cx/dt™ that 

food 
doy 5 l (— 1)” Savinemex 
yam at” $ 
m=(0,j..., 0) 


Next, from the inclusive spectrum definition 


n! dom, 
fab+mex = > Tam am 
n 


and from the relation of do%/dt” to dOab»mcx/dt™ just obtained 
it follows that 


@ ap .10x i! mi 
fab+mex = D amn Um J Th 


l i=1 


To express dot,/dt” and dogy.mcx/dt™ in terms of the inclusive 
spectra, the following generating functional is suitable: 


j ni 
G{h] = > Ul L hi (Kre,) doue/dv”, 


where h; (k,e) are continuous functions. Whence we have 


don, Gih amla Ih] 4 


din nl (Ôh) [pg n! ° 


i i hi (kpe) 


i=1 r=1 
Otherwise, it is not difficult to be seen that 


5"G "G [h] m! do™, 
(SA) h=1 =2 {mn —n)! a fab+ncx. 


Whence it follows that G ta can be anna as 


Ghi= J4 f ae iI i [A (kpa, ) = 1] fasaner. 


n i=1 r=1 
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Differentiating an approximate number of times by h and letting 
h = 0, we have 


n 1)!™7 n| 
qo ap 


ed) \ gom-n¢ ° 
“at — =È a -y | at fab+mcx- 


Substituting this expression into the definition of dog,~1¢x/dt', 
we obtain an expression for this quantity in terms of inclusive spec- 
tra: 


dOab> = — 1m n- 
eae zs x > ar | far l fab» nex. 
m=l 


Thus, any of the three quantities do%/dt”, dOap»mcx/dt™, fab-mex 
can be expressed in terms of any of the two remaining ones. This 
means that full information about any three of the characteristics 
types is equivalent to full information about the remaining two. 


2.3 GENERAL PROPERTIES OF INCLUSIVE 
DISTRIBUTIONS 


2.3.1 Sum Rules 


Sum rules are relationships between the various inclu- 
sive spectra which follow from the conservation laws for the additive 
quantities, e.g. 4-momenta, electric, baryonic, and other charges. 
A method of deriving them is extremely simple. Nevertheless, by 
virtue of their general nature they have to be necessarily valid 
within any specific model. 

Let us start with the sum rule related to the 4-momentum con- 
servation law which can be written for a definite channel n as 


3" 


R+k= > Dy kre, v=0, 4, 2, 3. 


=1 


By multiplying ott by ky + ky, we can obtain 


(KE + K?) on sae Dy | de" (KE + MB) (2m)*6 (hat hy 


a > kre, ) | To = a > n; Jar" kie, (27)* 


i, n 


X Ò(ka + he — D) Frey) | Tao 12= D; | dPhe,he favne; 


i 


150 A. A. Logunov, M. A. Mestvirishvili, and V. A. Petrov 


The meaning of this identity is self-explaining, i.e. the sum of the 
mean total momenta (otgt)-1 f Bh. ke fade, x equals the initial 


momentum. 

By increasing the power of the initial momentum, one can 
obtain sum rules relating to the inclusive spectra of an arbitrarily 
high order. For example, 


(ko + kb) (kz + kp) on = > [J Ake Keke fab—c,X 


+2 | dike, dks, ke ke! fab ce, 


+ > ake, dke kë ke fad-—eqe,X | . (2.9) 
izj 
Inclusive spectra themselves can be used in place of of3t. For exam- 
ple, 


(ka + kb — ke) far-ex = >) | dskaktfas -cax, C, GEC. 


d 


Sum rules allow some of the correlations occurring between the par- 
ticles in a binary inclusive process to be seen even at the kinematics 
level. From (2.9) in the C.M.S. (ka + kẹ = 0) we can obtain 


> [| Ake Ke, fabe,x + 2 f dhe, dèke, (ke, “ke,) fad+e,e;X 


+ J) | dhe, dhe, (ke, Ke,) fade x |=0. 
ij 
This signifies that over the major part of their range, ke» ke, and 
ke,, ke, are directed into different hemispheres. Sometimes a so-called 
correlation function 


Fab-+e,e ;X (s, kej ke;) 
Ci; (s; k,,, k,5) Se 


oO 
ab=>c;c;X 


: fab+e,x (s; Ke,) fab-+e X (s, Kes) 


Fab-+e,X%ab-—+c X 


is studied as a measure of the correlation between the particles c; 
and c; which are detected during the course of the inclusive pro- 
cess a + b->c; +c; + X. However, the use of such quantities 
seems to be unjustified for two reasons at any rate: 

(4) in a real case with several sorts of particles, there are channels 
present in fay+c,x and fab+ejx which are not present in fab-+cjeyx 
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(2) even if we choose identical channels, the fact that a process 
characteristic does not vanish outside its physical area is hardly 
attractive and not very understandable. 

Suppose Q is an electric charge, then ctearly 


Qa + Q= 2 {n;) Q;- 


The meaning of this sum rule is clear-cut, the sum of the average 
charges carried away by the particles is equal to the initial charge. 

Analogous statements are true for other additive charges as well, 
for example, baryonic, leptonic, etc. 


2.3.2 Analytic Properties of the Cross Sections of 
Multiple Production Processes with Respect to the 
Cosine of the Emission Angle of the Detected 
Particle 


In the previous section we treated general properties 
of inclusive cross sections (the sum rules) which are artifacts of only 
the additive conservation laws. The goal of the present section is 
to establish some more properties of the cross sections which follow 
from principles such as microcausality, spectrality, and unitarity. 

Discussion of the analytic properties of physical quantities with 
respect to some variable is, as a rule, an extrapolation from a phys- 
ical domain (i.e. from one where a quantity is measurable) to a do- 
main of values which have no direct physical meaning, for example 
the domain of complex angular values. Why is this necessary? 

In addition to finding information that may be potentially inte- 
resting from various points of view, there is quite a practical side. 
Analytic functions known are to be exceedingly “rigid” objects in 
that their behavior in different domains is highly correlated. In 
the case of elastic scattering this is manifested in the behavior of 
the forward scattering amplitude being controlled mainly by the 
position of the nearest singularity in the plane of complex scatter- 
ing angles. It is natural to expect something similar in the case of 
multiple production processes. 

In quantum field theory the analytic properties of amplitudes are 
closely related to the causality principle, and in order to state it, 
we have to deal with local quantities that are like field operators. 
With Bogolyubov’s formulation [10], the one we are going to use, 
the role of local quantities is played by “radiation operators” 
[8"S/5¢, (z1) . . . Pn (tn)] S+ and by their functional derivatives. 

Consider the amplitude of a process a + b —> nC: 


(nC |S] a, b) =i (2n) ô (ka + kp — Y) hres) Thos 
il 
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where we are limited to the case where the number of final particles 
is more than two. Using Bogolyubov’s reduction techniques, we 
obtain 


Ja (— 2/2) | ` 


(nC|S|a, b) = —i j dz r AON 


X (2n)* 6 ( ka + ka — J; kici)» 
il 


; pta y Tq (— 2/2) 
h= — f dze Cac ina |> 


where J, (x) = i [6S/8q, (x)] S+ is a source operator for the particles 
of sort a. 
The conditions of microcausality, 


oF ( —+)/o ($)=0, 2< xl, 


and spectrality, 


. Rawk 


| axe! E (nCIlJa (— 212), Jo (212110) = 0, 
outside the domains 
[ (3) kii) +4 (ha he) | >0, 
il 
(>) Me.) + F(A) >0, 
il 


mean that the Jost-Lehmann-Dyson representation can be used. 
This is obtained for any amplitude possessing the following prop- 
erty of disappearance: 


(nC |T jab) = f diu dq? —— $6 A Kn) 


A support of the spectral function p in u and A? is confined within 
the domain 


ka tkg ka+k 
0 aT *d_ 
z +u >| 5 


A>max| 0, m,—Y (et _—u)*, 
m,—V ( Ee +u)"], (2.10) 


+ul, 
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where m, are masses of the lowest states | 71,2) for which 


(nC |J alni) (r4|J10) 0, . 
(nC |J oljna) (nala 10) #0. 


It can be seen from the expression for (nC | T | ab) that once the 
direction of initial particles is given by a unit vector n = k,/ | k, | 
in the C.M.S. (k, + k, = 0) the vector n only enters the denomina- 
tor in a reference frame relative to the configuration of the final mo- 
menta K,. This allows the analytic properties of the amplitude 
(nC | T | ab) to be studied with respect to the vector n, with the 
analyticity domain clearly being determined from the spectrality 
condition expressed in the form of a support of the spectral function 
in u and A*. The fact that the boundaries of the support of p 
(see Eq. (2.10)) depend only on the total energy E,+£, =V s in C.M.S. 
is important. It follows from this that the analyticity domain in 
n, too, will only depend ons, rather than on the remaining variables 
that specify the final state (nC |. The general derivation of the ana- 
lytic properties of the amplitude (cn | T | ab) with respect to the 
vector n [11] can be found in the Appendix. Yet here we shall limit 
ourselves to a simple derivation of the analytic properties with 
respect to only one of the two independent variables that define the 
vector n in a spherical parametrization: 


n = (cos ọ sin 0, sin ọ sin 8, cos 8), 


viz. with respect to z = cos 0. The method that can do this dates 
back to the works [1, 12]. 

If |n | is the number of the final particles, then the amplitude 
(nC | T | ab) depends on 3|n|—4 independent variables. In 
a frame of reference with the axis Oz defined by the direction of a 
momentum k., €k, and a momentum k, lying in the plane xOy, we 
choose the following independent variables: s = (ka + k,)*; 9, 
the angle between the vectors k, and k., (|n | — 1) independent 
final particles energies; and 2 (| n | — 2) — 1 = 2 | n | — 5 spher- 
ical angles a;, A; (one of these angles can be expressed in terms of the 
others due to the 4-momentum conservation law). 

The Jost-Lehmann-Dyson representation can conveniently be 
reduced to the following form: 


(nC |T |ab) = T (s, 0, ... Qis Bi E;, ea) 
co 2n 


= ( dz | da ® (z, a; S, ..., Qis Bi, Ej, ..-) 


x—cos (8@— a) 2 


x XO) 0 
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where 


D(x, a; s, ..., Qp Bio En...) 
= f due J d lul lu { ae {a 


2\kg|sinB J 
(u2 + k? +42) — (u0 — (48 —49)/2)8 
x 6( 2 —-—— ae) p (u2, u, 22, . a) 


a and P are the azimuthal and polar angles of the vector u and 
the integration domain over z is defined by the form of the domain, 
where p = 0: 


(mj — m3) (m3— m2 ) 


oe w=y tarse o A 


An expression in the denominator of the integral representation 
contains sin 0. If we are interested in analytic properties in cos 0, 
sin 6 results in singularities at cos 8 = + 1, which occur for spher- 
ical coordinates at 0 = 0, x. In this case, for example, the plane 
zOy is not, as yet, fixed by the vectors k, and k. but the singularity 
can be isolated in an explicit form. 

In fact, since the denominator in the integral representation has 
the form 


‘x — cos (09 — a) = x — cos 0 cos œ — sin 9 sina, 
then, multiplying and dividing the integrand by 
x—cos@cosa + sin 9 sina 


will yield 
o0 2m 9 4‘ sin@ si 
no f xz— cos ĝ cosa + sin 0 sing 
Tas = dz j da D (z— cos 0 cos a)? — sin? a-+.cos? 6 sin? œ 
x7 (s) 0 


= Ta», 1 (S, cos®, ...)+ sin 07%», 2(s, cosO, ...). 


Now the functions Tb 1,2 do not contain odd powers of sin 0 and 
their singularities with respect to cos @ are defined minimizing the 
domain with the vanishing denominator in the integral representa- 
tion over z and a. This takes place at 


cos0 = rcosa+iV z?—I1sina. 


It is easy to see that, while integrating over a, we run over an el- 
lipse in the complex plane of cos 0 which has foci at +1 and its 
semi-major axis zxz. A minimum ellipse can clearly be obtained 
at x = zy (s). Thus, the amplitudes Tb ı, Tab, are analytic in 
cos 0 within the domain confined by a Lehmann ellipse with the 
foci at +1 and a semi-major axis zz (s). Yet the full amplitude 
T?» (s, cos 0, . . .) will have additional branch points at cos 0 = +1 
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as well. To fix the sign of sin 0 = V i — cos? 0 the cuts (—oo, —4] 
and [1, +20) must be drawn. 

Now let us pass on to the production crass section of a particle 
c at an angle 0 with respect to the direction of motion of initial par- 
ticles. This is a partially integrated cross section having, according 
to Sec. 2.2, the form 


don, 2 kdk] dot, 
dcos@ R) 2E, (20)? d3ke 
k2d|k 
1 j 2 ke| da”! (2n)* ô ( ka + kp — ke 


= pe @) 2E, (2m)? 


= S kic; ) IT l= | dr} 1731P, 


i=1 l=1 


n'=n— (0, 0, 2584 fes c., 0). 


Now note that owing to an invariance relative to rotations in three 
dimensions, we have 


dom, dor 
dcos@ (8; s)= d Tent (21 —8, s), 


whence it follows that 


don» 


Ti (O = aer O 1+ gaat ao, 9) 
=4 | drh T (s, 8 rose) + ITa (s, 27 —9, ...)12] 
= | aT tIT%, 1 (8, cos ®, ...)|? 
+sin?0 |T», 2 (s, cos®, ...)]?]- 


Since Tı, depends only on the even powers of sin 6 and does not 
change in going from 0 — 2x — 0, terms of the form sin ®@ 


* * 

(Th Tæ + Th Tab) cancel out due to the sign difference 
between sin 8 and sin (2x — 0). Thus, we see that the cross section 
is analytically continued in the Lehmann ellipse and does not con- 
tain any physical singularities at 0 = 0, x. 

Since the sum of a finite number of the terms is analytic in the 
domain and the members of the sum are also analytic in this domain, 
it follows that for any fixed s, when the number of channels is lim- 
ited, the inclusive differential cross sections 


Wan -.ex ne ked|ke| 40 qb-+cx >X __ 2 Teost 
dcosð® ~— 82E, | ask, d cos 
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and the inclusive spectra 


“ kgd Ike | dogo 
fab+cx (S, cos 0) = j SE, fab+ex = > Ne Zoos 


are functions which are analytic in cos 8 and regular within the do- 
main confined by the ellipse whose foci are at cos 8 = + 1 and whose 
semi-major axis is zz (s). 


2.3.3 Analytical Properties in Two Angular 
Variables [13] 


In Sec. 2.3.2 we considered the analytical properties of 
the amplitudes and cross sections of multiple processes with respect 
to the cosine of an angle between the initial and detected particles. 
As is seen from the drawings, 0 is the angle defining the direction of 
the initial momentum k, relative to a rigidly fixed system of final 
momenta. The second, azimuthal angle specifying the direction of 
k, is related to the final particles through the choice of axes. 

Now we want to investigate the analytical properties in both an- 
gles specifying the direction of k,. To do this, it is convenient for the 
coordinate axes to be somewhat altered. The axis z now points along 
the momentum vector k, and the plane xOz determining the origin 
of reference of the azimuthal angles is built up from the vectors 
k. and k4, where d is any, yet fixed, particle from the final state. 
The angles (0, @) describe the direction of the vector n = k,/ | k, |. 
An explicit form for the remaining independent variables is now 
inessential for our purpose and is denoted as a whole by &,. 

The Jost-Lehmann-Dyson representation for the amplitude of the 
process 


a+ b—>nC 
will be rewritten in_the form 
Thl, m p= | da | dee, 


xz (s) 
where z; (s) is the same as in Sec. 2.2, e = u/ | u | and 
1 
O(z,e;s,.. Thr j dud ju||ul Ņ (u, A2; s, ke, kas...) 
2_ m2 2 
ky tur pas— (Ti — uo) 
SE ee 
2|ka| lul 


As is shown in thé Appendix, 7% (s, n, ...) isthe analytic func- 
tion of a complex vector n within a certain domain on a complex 
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three-dimensional sphere whose dimensions are controlled by the 
value of x, (s). Using a spherical parametrization 


n = (cos g sin 9, sin @ sin 9, cos 8), 
this domain has the form 

([4+ 2] jwt + [1—2| Jwl) (11+ zl] [vl 

+ [4-2] jw) < + 427 (s) 

z€(—2z(s), —1) U1, zz (s)), (2.11) 
where z = cos 0 and w = e’?, The appearance of cuts from z = + 1, 
as indicated above, is related to the fact that a unique parametriza- 
tion that is regular everywhere cannot be chosen for the sphere. For 
the given case of parametrization in terms of the spherical angles 
O and ọ there is a singularity at 0 = 0, x. 


Provided the angle @ is real (| w | = 1), we obtain the result in 
Sec. 2.3.2, i.e. the analyticity inside the Lehmann ellipse: 


b4—z]+ ]1+2]< 2z; (s) 


with cuts (—zz (s), —1] U [1, zz (s)). By solving inequality (2.41) 
with respect to | w |, we can obtain a circular domain in the w-plane 
with the radii depending on z: 


R_(z) < |w| < R+ (2), 


R+ (2) 
— Meilita tzl) + [425 (lial 14 l)e 
= 2 |1— 22/12 ms 
For the inequality to be satisfied, z must belong to the Lehmann el- 
lipse. 
It is evident that 
RiR_ —= 1 
and 
Ri.<1< R4. 


The ring has its minimum size at z = cos 6 = 0, i.e. at 0 = x/2, 
when 


Ru. (s) = zz (s) + V 23 (s)— 1. 


* 
The conjugate amplitude T% (s, n, ...) obviously continues in 
n into the same domain as does T% (s, n, . 
Whence we obtain that the differential cross section, 


do”, dog kak 
N | gap gay, —__2> _ — —Kake _ 
Teasday = | Phe Pha -appe Ô (cos——-Eee— ) 


k? (Kaka) — (keka) (keka) ) 
, 


xô = reed 
( (0) arccos y (kek? — (kekg)?] [kżk?— (Kak,)?] 
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analytically continues into domain (2.11) as a function of two com- 
plex variables z = cos 6 and w = et, 

This, in turn, leads to the inclusive differential cross section being 
analytic in domain (2.11), 


dOab>cedX =2 
“deosOdp aR ? 


and the inclusive binary spectrum 


dob 
farceda (S; 0, g)= 2) Mera en ? 


which describe the inclusive process 
a+ b—>c+d++ X. 


We specified the initial momentum k, above in terms of the angles 
0 and ọ. The quantities 6 and can also be regarded as the production 
angle of the particle c and the angle between the planes [k,k,] and 
[k.k4], these angles being considered here as characteristics of the. 
detected particles. 


2.3.4 A Unitarity Condition and the Analytical Properties 
of the Characteristics of Multiple Production Processes 
in the Angular Variables © and ọ [13, 14] 


Up to now we have used only the “linear” general prin- 
ciples, i.e. microcausality and spectrality, when studying the analyt- 
ic properties of the amplitudes and cross sections of multiple proces- 
ses in angular variables. These are expressed in the form of some 
linear conditions on the amplitudes of physical processes, i.e. not 
containing higher powers of the amplitudes in a nontrivial fashion. 
The unitarity condition, 


SS* = 4, (2.12) 


refers to the squares of the amplitude moduli of physical processes, 
i.e. it is a nonlinear condition and must, generally, bring about 
new properties of the amplitudes. Consider operator equality (2.12) 
for matrix elements between the two-particle states (a’, b’ | and 
| a, b). By putting in a complete system of intermediate states and 
isolating the connected parts, we obtain 


+ (a',b'|T—T*|a,b) = >) dv" (2x) 


j Mi 
6( hat ky — >) Dh 0 b'|T+|n)(n|T a, 6). (2.13) 


i=1 l=1 
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It follows from the invariance with respect to the P7J-transforma- 
tion that the left-hand side of this equation is equal to 
2 Im (a’, b’' | T | a, b), i.e. to the imaginary part of the elastic 
scattering amplitude. 

Thus, the unitarity condition leads to a correlation between the 
properties of elastic and inelastic amplitudes. As one takes other 
matrix elements of the unitarity condition, then, clearly, each of 
the relations obtained will deliver more new links between the ampli- 
tudes of various processes. The concrete resolution of these bonds is 
extremely complicated. So far only the corollaries from the two- 
particle unitarity condition (2.13) have been sufficiently well stud- 
ied and some first steps are being made in studying the unitarity 
condition for the 3 > 3 process (Sec. 2.5). 

Here we want to see what the result of the unitarity condition 
is in terms of the analytic properties of the amplitudes and cross 
sections of inelastic processes. 

As has been shown by Martin [15], the imaginary part of the elas- 
tic scattering amplitude Im (a’, b’ |T | a, b)=Im T, (s, n:n’), 
where n = k,/ |k, |, n’ = k,/|k, |, is analytically continued in 
cos 8 = n-n’ into an ellipse with foci at cos 0 = +1 and sẹmi- 
major axis x, (s) = 1 + 2må /k2 =~ 1 + 8mŝ/s, s > oo. This means 
that the nearest singularity is in the ¢-plane at the point 4m}, i.e. 
indicating an exchange by two m-mesons. 

Expand the elastic scattering amplitude into a series in Legendre 
polynomials (the normalizing coefficients here and later are chosen 
for convenience only), viz. 


T, (s, cos 0) = SEN 5) (2141) fi (s) P: (cos 8), 
r4 


and the amplitudes of the process ab —> nC, into a series in spherical 
functions D mo (m): 


Tio (S, n, sate) 


=(Er) 2 (20+ 1) Ta '"(s,...) Dmo(m). (2.44) 


In terms of partial amplitudes, the unitarity condition takes the 
form 


Im fr (s) = lfr (s)1°+ J; 5 | aenI Tee '™(s, En)l?. (2-45) 
n m=-l 
From the analyticity of Im T, (s, z) in the Martin ellipse an in- 
equality follows 
N a71 yt Veh! 1) 


2.1 
VaT , (2.16) 


Im fi (s) < 
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where sN is the upper bound for the evolution of Im T, (s, z) in s 
in the analyticity domain. 

Equation (2.15) results in a limitation being imposed on the par- 
tial amplitudes 7 inelastic processes: 


33 | dën 175" (s, En)12 < I fr (8). (2.17) 


n m=-l 


It is impossible to deduce any definite conclusions therefrom that 
are related to the behavior of T% '™ (s, En), since the partial amplitudes 
enter inequality (2.17) having been integrated over En. Therefore, 
we shall study the analytic properties of the cross sections rather 
than those of the amplitudes. 

The cross section do%,/d cos 8 dg can be represented in the form 


don, 4 ; 
IT =E >) > (2141) (21 +1) 
2 Im I'm’ 
Al v w 
X Dino (n) Dmo (n)Cmm’ (n, $), (2.18) 


where 
Chime (nr, = | data Ta 


Where does this series converge? It has been shown above (see 
Sec. 2.3.2) that the amplitudes of the process ab —> nC in z = cos 8 
and w = et? are analytic in the domain 

(4+ zl Jw] + [4—2] Jwt (]4 +2] Jw] t+ [1 —2| wl) 

<42xF(s), 

z2€(—zz(s), —1]U[1, zz (s)). 


One can show that this domain contains the relevant domain for 
convergence (2.14), namely 


$ (lw + wl) (|4-+2]-+ 11—21) < 221 (8), (2.19) 


2€(—2z(s), —1]U[t, zz (s)). 


Thus, do%,/d cos O dg can be represented in the form of (2.18) in 
domain (2.19), where the series converges uniformly and absolutely. 
However, now we have some additional information about the coef- 
ficients Cm4’ (n, s), obtained once we take into account the unitarity 
condition (2.17). 

From the Bunyakovsky-Schwarz inequality we have 


(cr (n, SIV Cun (n, s) Chim (n, s) 
<V Im fi (s) Im fr (5). 
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This inequality, along with inequality (2.16) for Im f, (s) and that 
for Dio (9, @) at the physical values of ọ and 0 = a + if: 


[Dino (8, @)|<[cosh B+ V cosh? B — 1} 
can be used to evaluate the convergence domain of expansion (2.18): 


n 
doc» 


es 1 ‘ 
Teos dg STE 2 (21 + 1) (21 + 1) [cosh B 


+V cosh?p— 1p +" 2, V cli (n, s) CE (n, 8) 
<i [De ei B+YV cosh® B—1)' Vim fi |" 
l 


N hB+V/cosh?p—1 \l72 
Zo 2141) Eed ne A a A 
Qo k? [3 ( ( V zm (9) +V 7 )—1 ) ] 


Whence it follows immediately that series (2.18) converges at the 
physical values of ọ within an ellipse 


I++ [1-2] < 2r (s) = 2 tee, (2.20) 


excluding the cuts (—zọ (s), —1] and [1, xo (s)). In terms of the 
spherical functions DŁ» (0, 9) = eimodt. y (8), where dho (0) are 
the Wigner functions, the origin of the branching at z = cos 0 = +1 
is associated with the presence of the branching in dho (8), which 
can be represented in the form 


ding (8) = (4 — cos? 6)!" Ri (8), 


R}, (0) being regular at cos 0 = + 1. Integrating over @ results in 
ei(m—m’)® yielding 5mm and the disappearance of the branching. 
Whence it follows that the cross section do™/d cos 8 continues anal- 
ytically into the domain (2.20), but now without the cuts from +1. 

Thus, the unitarity condition substantially enlarges the analytic- 
ity domain 


Zo (s)= 
whereas 
mê 
TL (s)~ 1 Tar . 
It is evident that the inclusive cross sections 


Wavrex __ Daan dO abcdX =3 
~dcos0 ots dcos ôd Te 


114—0630 
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and the inclusive spectra 


do”, 
fab+ex (S, cos 8) = > NeTeos8 ? 
n 


don, 
fad+c ax (s, cos 8, 9) F, >) Ncha d N dọ 
n 


possess the same analytic properties, as 'do the relevant exclusive 
cross sections do™%/d cos ®@ and do% /d cos 0 dọ. 


2.4 LIMITATIONS ON THE BEHAVIOR 
OF HIGH ENERGY INCLUSIVE DISTRIBUTIONS 


In the preceding section we considered the general prop- 
erties of inclusive distributions which we obtained on the basis of 
theoretical fundamentals. However, these properties per se (for 
example, analytical angular properties) cannot be correlated with 
experimental data. 

Therefore, wë shall in this section be concerned with deducing 
from these generalities corollaries which are closely related to the 
behavior of inclusive distributions in various subdomains of a phys- 
ical domain. It should be borne in mind that starting from the small 
number of initial assumptions we have made within the framework 
of the theoretical fundamentals, we cannot hope to acquire highly 
detailed information on the behavior of physical characteristics. 
Indeed, even remaining within the framework of these fundamentals, 
we still have a significant number of amplitude properties to select 
and so a wide spectrum of very differing interaction mechanism is 
possible. 

The results we will obtain in the present section will have the 
form of inequalities restricting (but not contradicting our adopted 
general principles) the possible evolution of inclusive distributions 
with energy. 

Certainly, with no dynamics of interaction specified, we cannot 
say anything about why, for example, scaling is violated in a central 
domain. However, we can answer questions about the degree of the 
violation. 

On the other hand, the value of these sorts of restrictions is their 
independence of the particular choice of thé interaction mechanism 
and they must be obeyed in any model and so comparison with 
these general results is a reliable method of checking the features 
of some model approach. In addition, it is conceivable that the bounds 
obtained from the theoretical fundamentals can contradict the ex- 
perimental data, in which case we will be forced to revise the funda- 
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mentals, replacing them by new ones or limiting their applicability. 
As is demonstrated by history of physics, such a revision always 
leads to a greater insight into nature. 


e 


2.4.1 Rigorous Bounds on Inclusive Distributions 
[1, 8, 13, 16] 


Before making our attack on the derivation of those limi- 
tations on inclusive spectra that follow from their analytic proper- 
ties, let us see what can be gained from the sum rules. 

It has been shown in Sec. 2.3 that otgt and the single-particle 
inclusive spectra are related via the following sum rule: 


= 1 
Vso (8) = -rga Dy | dkefebsex (S, Ke) 
c 
where fab>cx is the inclusive spectrum of the process 
at+b—-+>c4+ X. 


In terms of the variables z = 2k V s and k,, where the components 
ky, ky are defined with respect to the direction of motion of the ini- 
tial particles in their center-of-inertia frame, we have 


Si | ae dks for wax (6, 2, ky) = B2ato8%" (s). 


It follows from the Froissart bound, 
ot (s) <5 In? 2. S So 
no s0, 


that 
327+ 
m 


In2 ae $ 
So 


| az ak , fab>cxX (s, T, ki)< 


a 
Likewise, one can obtain the following limitation: 


7 
j dx, dk e dxadk afad+cax gier In? > 
n 0 
etc. for the binary inclusive spectrum related to the process 
a+ b>c+d+X. 

The resultant inequalities indicate that the inclusive spectra can- 
not uniformly increase faster than ln?s inside the domain of the 
variables describing the motion of the detected particles. However, 
in some of the domains of the momenta of the detected particles a 
fast increase of spectra does not contradict the above inequalities, 
provided that the dimensions of the cited domains are reduced suf- 
ficiently quickly with energy. To study such situations, an integra- 
tion over at least some of the variables associated with the detected 


11* 
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particles must be eliminated. Here also the analytical properties 
of inclusive distributions obtained in Sec. 2.3 come to our aid. Since 
the analytical properties were obtained with respect to angular 
variables, all the following will be related to angular distributions. 

We begin with a single particle angular distribution in the ex- 

clusive process ab > Cn: 
4 dozo 
D, (s, cos 0) = g7 (9) 20030" 

Then one can obtain bounds on the inclusive distributions 
from the bounds on ®, by summing them (with relevant weights) 
over all channels. As shown above, ®, continues analytically into 
an ellipse with foci at cos 0 = + 1 and a semi-major axis 


In this domain a series in Legendre polynomials converges thus, 
D, (s, cos 8) = 2 (21+ 1) a; (s) Pı (cos 8), 


with | a; (s) |< a) = 1/2, since 
a(s) = +i dz P, (2) D, (s, 2). 


Assuming that ®, (s, z) is bounded polynomially in s inside the ana- 
lyticity domain, we can show that (at 1> 1) 


N —11 —1 
Ja, (s)| < s exp [ eet Van J 
Now it is not difficult to obtain the bounds on @,. Letting 
z= 1 (0 = 0), we have 


Pa (6, 1) <3 1+1) Ja: (s)1- 


A principal contribution to the sum is provided by lọ first partial 
‘waves, where J, is determined from the condition 


sN exp[—IpIn (zo + V z3—1)] ~ 1, 
whence 


XVI 
l (9 vs lns. 
Thus, we obtain 


1 deb 2 
o%, dcosd <a N? Inès. 
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For the angles 0 0, n, the estimate can be improved slightly once 
the inequality 


2 
6 ——_———————a 
pees eos OS Vr IFA sind 


is used. In this case we have the following limitation: 


n 3/2 
i Se < Lae (5) In3/2s, 
oan (s) 20088 ~~ 3 4/nsin® \ mà 


Whence the bounds for inclusive spectra are readily obtained: 


A s 
f abd+cx (S, cos O)o=0, n < ‘ae N2 (Ne) Ogp-+cx In? s, 
N 


A N?/2 s \3⁄4 
f ab+ex (s, cos 0) < ETT (zz) (Ne) Gad+ex ln? s. 


At small z = 2k,/ Vs the scaling behavior of the spectra 
fab+ex (S, x, k1) ~ fabscx (z, kı) 


is known to be appreciably violated, since the inclusive spectra 
rise with s. Using the fact that 0 = 0, we havek, = 0 and |k | = 
= ky. It is possible therefore to rewrite the bounds for fab>cx in 
the following way: 
1 dx z? 
4m? fav+cx (S, x, 0)< const (n,) Oab»ex In? s. 
| Vepa teert , 0)< c? Qab>c. 


This inequality depicts to what extent scaling can be violated with- 
out contradicting the theoretical generalities. 
Using the unitarity condition, one can show that the functions 


fex (s, cos a=) d | ke | k? Ei-1! fay+ex (S, | ke |, cos 9) 


continue analytically into the same domain where the function 
ae x (s, cos 8) = FS. cx (s, cos 8) is analytic as well. Consider 
the function 

ae , n 

79 ne (s, cos 0) = f d | ke | k¿Z}-1 Sge, 

c 

Let the coefficients CHE (n, s, j) of its series expansion in Wigner 
functions be 


foto (s, cos 0) = a >, (21 4- 1) (2U + 1) 


LU 


X > Crim (n, Sy j) dino (8) dig (8). 
m 
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‘Then Cp (n, s, j) can be related to the unitarity condition 
Im fi (s) =| fi (s) 2+ È Cm (n, s, 0)+ (positive terms) 


when it is multiplied by (V s}. As a result, we obtain 
(Vs) Im fi (8) > ne 2 Chm(S, n, j), 


where n, is the number of the particles of sort c in the channel n. 
Whence 


CH (m $, I) <V Ene s DORT, s j) < EÈ 
x i Im f; (s) Im fr (s), 


which leads to the convergence of the expansion fne in the ellipse 
with foci at cos 0 = +1 and semi-major axis Z, (s). 

Whence, we can obtain bounds for the moments of the inclusive 
cross sections in terms of the energy of the detected particles at a 
fixed emission angle in the same manner as used to derive the bounds 


on fa b>cx: 

fP (s, cos 0) le=o, n < ae N? (Vs) Oab>cX ln?s, 

n 
*(3) N3/2 Is \3/4 ae 
G s, cos 9 < —~— (=) S)Oqp+cx In? s 

fab ex (S, ) < 3y n sinô m2 (V ) ab>cX ? 
where 

Oab+cx (S) = ott (s) < — In?s. 


It follows, in particular, that 
1 
f dx | x [71 fapscx (S, z, 0)<const-In‘s. 
“1 
The bounds of this type at j = 1 have been considered in [16]. How- 
ever, for 0 = 0, n, the bounds given in this paper are singular too at 
6 = n/2. 
The bounds obtained at j = 1 can also be rewritten as a joint 
limitations on the mean density of the number of particles in trans- 
verse momentum, namely 


d (ne) d (ne) 
EA (s, 3)= f ae da dk? 


dky 
=a | ee Temz; [ab-ex ($, k), 


| ari Se =n), 
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and on the mean value of | x |? for a fixed k, 


dz | x |? d (ne) /dz dk? 
(Iz 1’) (s lki) = > 
j dzd (ne)/de dk? 
when kį = 


Indeed, when the limits at 0 = 0 and 0 = x are summed and 
transformed to the variables z, k? , we obtain 


= 


° d (ne) 
dz x?x* e < const- ln? s 
) dz dk? = ? 


where x* = V x? + 4m?/s. Whence we have (since z* > | x |) 


«| z |%) (s10) Re (s, 0) < const-In? s. 


Since (| x |[>)< 1, this is ne a limit on the possible rise of 
d (n,)/dk, when ki =0 and is dependent on the value of 
{| x |?) (s10)- 

For j = 0, we obtain a limit in terms of (z?) (s|0) and {n,) (s): 


d (ne) 
dk, |k} =0 © 


(ne) In? s 


(2?) (s10) * 


Thus, the angular properties in terms of the emission angle of 
the detected particle bring about rigorous inequalities which limit 
the mean density of the particle distribution of the transverse mo- 
mentum k, as a function of the mean values of the quantities asso- 


ciated with longitudinal motion (x = 2k,/ V's). 


< const ——— 


2.4.2 Upper Bounds Following from the Additional 
Hypotheses of Analyticity [17] 


We have considered corollaries which follow from the 
analytical properties of the inclusive cross sections in terms of the 
emission angle of the detected particle. These, in turn, follow rigo- 
rously from the unitarity condition and analytic properties of the 
relevant amplitudes of elastic processes. Note that the position of 
the nearest singularity in the cos 0 plane (zo ~ 1 + 2m} /s) is indic- 
ative of the nearest momentum transfer singularity tae = (ka— ke)? 
when tae = m3}. This is a vivid demonstration of the short-range 
nature of nuclear forces between hadrons owing to an exchange of 
the lightest hadron which has the quantum numbers ac (for simplicity 
we shall assume this is a m-meson). 

Just like about when we were dealing with the inclusive spectra 
integrated over the momentum modulus of the detected particle, zo (s) 
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corresponds to quasielastic processes. This is not difficult to see 
from the expression 


tac = Mma + me — 2EgE. + 2 |k, | |k | cos ð. 
The nearest real singularity in z stems from the maximum |k, |: 


|k. |~Vs/2 < |k, | 2 Vs/2. 

What is known of the analytical properties of the inclusive spect- 
rum fgo+cx (S, | kK, |, cos 8) in cos 0 at fixed s and |k. |? 

The only rigorously proved result is that there is analyticity with- 
in the Lehmann ellipse, the semi-major axis of which, zz (s), is in- 
dependent of |k, | as was established in Sec. 2.3. 

It is natural to assume that like the case of the integrated spect- 
rum, where the unitarity condition for the elastic process a + b—> 
— a + b enlarges the analyticity domain into an ellipse whose 
semi-major axis x, is greater than zz, the unitarity condition for the 
process a+ b + c —a + b+ c will play a similar role for an 
inclusive spectrum at a fixed |k, |. However, even though a naive 
use of three-particle unitarity using phenomenological approaches 
(the Regge-Mueller analysis [5]) helps to provide some sort of uni- 
fied description of various kinematic domains, rigorous analysis of 
this problem is as yet in embryo. 

Nevertheless, relying on an analogy with the elastic processes, 
one can see that the decisive factor in this case will also be the short- 
range nature of nuclear forces associated with exchanging by a light- 
est hadron in the t-channel. 

Without going into details on this account, assume, as it was in 
[18], that the nearest singularity in the z-plane is specified for 
fav>cx (S, |K. |, z) from the condition tae = mg as it was for the 
integrated spectrum. Whence it follows that the relevant analytic- 
ity domain as s — oo and for fixed |k. | is an ellipse with foci at 
Z = + 1 and semi-major axis ze which is approximately equal to 
the inverse velocity of the detected particle in C.M.S., i.e. 


Ip & 1/ve= V1 + m/k. 
&~>00 

What can be said about the singularities in the complex directions? 
Very little or nearly nothing, if one only considers the rigorous 
results. Yet we will, in addition to the foregoing, assume that there 
is an area in the vicinity of the physical domain of cos © where 
fav+cx (S, |k- |, cos 6) is analytical for all values of s and |k. | 
which lie within the physical domain, viz. s> (ma + mẹ}, 
0< |k. | < Vs/2. To what extent does such an assumption fit the 
reality? When the analytic properties of the spectra, simulated both 
by individual diagrams [19] and by summed ladder amplitudes [20], 
were studied, it was found that the above hypothesis was actually 
realized in those cases. 
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Moreover, it proves that there are complex regions in the vicinity 
of the physical points of cos O which are free of the singularities at 
s— œ and at any |k, |. 

Thus, eventually, we assume that the inclusive spectrum 
fab+cx.(S, |K. |, 2) continues analytically in z = cos 0 into the 
domain J containing the ellipse of foci at z = + 1 and semi-major 
axis z,, the sets Ø N {z| + Im z œ 0} being convex. 

The condition of convexity, which means that the straight line 
segment joining any two points of the domain lies entirely inside 
the domain, is assumed here only to make the proof less unwieldy. 
In fact, the condition on the domain’s form can be much less restric- 
tive (see, e.g., [21]). 

To produce the upper limits, it is more suitable to deal with the 
partially integrated spectrum 


p 

= * dike lk 

F p a= | ALES faomea (8) | ke |2)- 
0 


This is associated with the upper limits for f, which contains less 
unknown information than does fab>cx (S, |Ke |, z). At the same 
time we conserve the particular data on the form of the dependence 
of fab+cx On Ike |. 7 

According to our fundamental assertions, the function f (s, p, 2) 
is analytic in the domain J, with the semi-major axis of the relev- 
ant ellipse being 


Ze = V1 F mp. 
Introduce a normalized function 
4 ‘= 
F(s, p, )=-zi p O Bs 2s 
where 


e 
ay (S, p)= ) ak fab+cx (s, ke). 
Ikel <p 


Obviously, the analytic properties of F in z are the same as those 


of f. 
We expand F (s, p, z) into a series in Legendre polynomials 


F(s, p, 2)= 3) (21+ 1)bi (s, P) Pi (2) 
which converge uniformly and absolutely inside the ellipse with 
foci z = + 1 and semi-major axis z.. Note that 


1) 1 a 1 
lb I=Z|= fdr Pris, P, 2) <7: 
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To obtain the limitations on F, we use the technique of “associated 
functions” developed in [13, 21]. Let us introduce the following as- 
sociated function: 


G(s, p, cos®, t)= >) (21+1),(s, p) P; (cos 6) t', 
i=0 
G(s, p, cos8, 1)=F (s, p, cos 8). 
As is shown in [13, 24], this function is analytic in ¢ in the domain 
Ao = (De®) N (He-*), 


where & is the domain containing a unit circle and confined by the 
boundary image of the domain Ø in the conformal mapping of the 


— 
~~. 


NÀ (xavVx2-1 Jef 


Fig. 2.1. 


exterior of the segment (—1, 1) onto that of the unit circle (the in- 
verse Zhukovskii transformation, see Fig. 2.1). 
We draw a circle of radius e-t, ¢ > 0 in that plane and next, draw 


a circle through the point pe = ze + Va? —1 + 7sin® whose 
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center lies on the real axis, which is orthogonal to the circle of radius 

et. At a sufficiently small y this circle lies in the domain Ag.4 
Denote the intersection points of these circles by g and h, and 

let Co and C,, be their arcs between g and 4. Draw a circle through 

g, h, and t = "1. Let C, be the arc of this circle passing through t = 1. 
Further let œ be the angle between Co and C,, B the angle between 

C, and Cp, and B the area confined by the arcs C, and C,. 
"According to the two constants theorem, we have 


F(s, p, cos8)=G(s, p, cos®; 1)< Mọ MY’, (2.21) 


where 
M= max |G|, Mn=max]|G], 
tECo tec. 


n 


and œ = B/(a + B) is the magnitude of the harmonic measure 
@ (t, Co, B) of the set Co relative to the domain B at the point t = 1. 
Assuming the polynomial pouneeiness of F in the domain JY, we 
have 


|G |reay S const -s%, . 


where k is a positive constant. Whence it follows that 
My < const-s*, 


To estimate M,, we can use an expansion of G in t, and require 
| bı [< 1/2, from which we find that 


My < (1- em). 


To obtain the best limit, we need to find a harmonic measure and 
to choose the appropriate value of ¢. It follows immediately from the 
construction that 


xX E 
2 tan F tanh p 


tan a = ———=—— 
2X tank: ’ 
tan z tanh 5 
up se 
tan 4 = a 
Pete 
Having chosen 
t 1 
tanh == tan Ž ake 


4 At the given point the assumption of convexity of the set 
J N {z | aImz > 0} is essential. 


172 A. A. Logunov, M. A. Mestvirishvili, and V. A. Petrov 


and taking into account that a + fp = m/2 by the construction, we 
find that the harmonic measure satisfies the inequality 


1—o= SB <itna< irm TE 
Whence we also have that 
1 Pe— 1 


R ea = S 
1—e Kilns p.e+1 ° 


Substituting the values of the upper limits for M, and M,, into 
inequality (2.21), the above expressions taken into account, we ob- 
tain the following upper bounds for the inclusive spectrum: 


p 
o 2 
í d cL Ne far+ex (S, | Kel, cos®) < const ay 
ò 


x Peti ett Pints. (2.22) 


By analogy, one can show that 
f tte Bife (s, [ke], cos 8)<const a; [3 f In?s, 


where 
a; = f dk, Fefab+eXx (s, k,). 
Ikc| <P 


These limits are valid and nontrivial at all values of 0. For 0 = 0, n 
they can be slightly improved, once we make use of an inequality 


| Pı (cos 0) | < 2/ V x (2L + 1) sin ® when deriving the estimate 
for M,. In this case we have 


P : 

f d | ke L ke |? Eifay+cx (S> | ke], cos 8) 
c 

0 


3 
const aj In ? s [e5]. (2.23) 
y sin 7 


At the fixed p (the pionization region) we have in particular 


< 


p 
j d |k, | k2fao+cx<const Vs In‘ s. 
0 
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At 0 = 0, n we obtain 


{ In7/2s 
J d |k,| k3fap+ex <const V s Vain Pi 
0 


Now let p = Ẹ V s/2. The integration can then only be performed 
over the fragmentation region, i.e. over the range of finite z and, as 
a consequence, we have 


3 
| dz tfas»ex (S, £, kı =0)<const-2 lnt s. 
Eo 


Interestingly enough, the limits obtained allow for a significant 
(power-like) scaling violation in the pionization region while the 
admissible scaling violation in the fragmentation region is appreci- 
ably weaker (logarithmic). This can be considered as a qualitative 
agreement with experimental data. 

Now we can write the limits in terms of the variables k, and 
=e ! which are often used in presenting the 
experimental data on inclusive cross sections. For j = 1, 9 = 7/2, 


and p = Y's/2, we obtain 


j dk ky mae | 


rapidity y = SIn 


, Sconst V's 10%? s, 


or 
(es) (8 | y=0) 4E] 


S const) s ln?/2s, 


where (k, ) (s | y) is the mean value of the transverse momentum of 
the detected particle at fixed y, and 


dne) _ d{ne) _ 1 dow 
g= | dks a gee ay 
n 


is the mean density of the number of detected particles in rapidity 
space. 

Experiments demonstrate a noticeable rise of d (n,)/dy for small 
y [22]. The mean transverse momenta also disclose a slow (in the 
accessible energy range) rise with energy. 

The bound obtained above limits a potential rise in both the quanti- 
ties (k,)(s|0) and d (n,)/dy (s, 0) by ~V s ln?/?s. Note that the 
a priori” bounds have the form 


ha) (s1) <V 8/2, 
J dy Heel = (n) <V Sm. 
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For completeness, we shall give these bounds in terms of the vari- 
ables E. and ņ = — ln tan (0/2) (the pseudorapidity), as they are also 
often used to present experimental data (mainly, on cosmic rays): 


(Ee) (s| n= 0) ane po eons - V's in3/? s. 


The “a priori” bounds are 
(E.) (s |n) SV 8/2, 
j dy ae = (n) SV s/me. 
The experimental quantity d(n,)/dy at n ~ O rises rather fast with 


initial energy [22]. In much the same way as bound (4.3) was ob- 
tained, one could produce a bound for energy flow, i.e. 


dE d | ke | kê 4 
a= d | ma fesor (6 koh Gage sin 0 
Sad 
where naturally, 


[oop ete (in the C.M.S., E=V3). 


Then 


4 sin 0 "14/2 
2E > erst a FEA a 1n3/2 S. 
E a = fan sin A 


The right-hand side of the inequality qualitatively reflects a situation 
observed experimentally, viz. the main portion of the initial energy 


flow passes into two jets collimated near} the angles 0, œ Vi 
s 


and 8_ ~ x — 7 with a halfwidth of the order of 0+. 
s 


Now let’s go over to the range of high p = & V s/2 and 9. In this 
range (obviously one of high transverse momenta) we have 
n 


A sin 627-20 
| dx 1x’ far+ex (S: £1, 8) S< const ——— 
0 


ab>cX 1n3/2 s 


in terms of the variables 0, s, xı = 2k,/ Vs. Applying an exten- 
sively used parametrization of the inclusive cross sections in the high 
transverse momenta range, namely, 


fab+cex & kio (z1, 9), 
this inequality yields 
N> 2. 
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The bound could, by and large, be saturated, yet only in the an- 
gular interval A0, which degenerates to zero as the energy grows, 
i.e. in [0, -- A0, 0, + 490], where 0,0, x and AO ~ (In s)-3/, 
Note, however, that A@ in our case degenerates substantially slower 
compared to a relevant interval that corresponds to bounds without 
the additional hypotheses of analyticity (Sec. 2.4.1) and for which 
A0 —— 0 exponentially. Can ‘the obtained bounds be improved? 
Consider the function f (s, p, Z) as a simple example which meets all 
the above requirements: . 

1 za—1 \1/2 = 
f (ss Ps z= a(s, p) + (EE) (2, —2) 1? 
+ (zo +2)7"), 
where 


pees 2EaEc4+ u? —ma— me 


The function f has the following properties: 


> te= V TF mep. 


1 
1. | def=ao(s, p); 
-1 


2. f is analytic in z over the entire complex plane having the cuts 
(—oo, —2pl, [Zp, +00); 

3. f is polynomially bounded in s at all p and z in the analyticity 
domain and so we have for large angles 


F 1/z 1/2 
f(s, p, cos®) œ a(s, pyt) 
s> 


X [(z.— cos 6)? + (x, + cos 0)7 °]. 


Thus, we see that using the assumptions made above we can improve 
the bounds only at the expense of lowering the exponent of In s. 


2.4.3 The Lower Bound for the Decrease of Inclusive 
Spectrum with Increasing Transverse Momentum [17] 


Above we established the upper bound to which the in- 
clusive spectra could decrease at high transverse momenta. However, 
the true behavior of an inclusive spectrum can, certainly, differ 
strongly from the upper estimate. Here we shall establish the lower 
limit within the framework of the above assumptions about the 
analyticity in the emission angle of the detected particle. 

By means in a conformal mapping 


w (2) = £7! (Ze = V2 oe 2), 


176 A. A. Logunov, M. A. Mestvirishvili, and V. A. Petrov 


we can transform the z-plane with the cuts (—oo, —z,], [z,, +00) 
into the interior of a circle of radius z.. The domain J will be chosen 
so that by using the mapping w (z) it is transformed into the w-plane 
inside the ellipse € (Fig. 2.2) which has foci at +w (a) and a semi- 
major axis x.. The parameter a can take any value from the interval 


Fig. 2.2. 


(0, 1). Note that the points z = + 1 are transformed into the points 


+2, (zte —V 2? — 1). 
If we now use oe transformation 


=z zg wtVw—w(a)), 


the domain € will be transformed into a ring of unit inner radius 
and outer radius i in the t-plane, 


R= [ze + V 22 —w? (a)l. 


w ae 


Note that a circle of unit radius in the t-plane corresponds to the 
segment [—w (a), w (a)] in the w-plane. An ellipse in the w-plane, 
with semi-major axis w (1) and with foci +w (a), when transformed 
in the t-plane, aoa a circle of radius £, 


lw (1) + Vw (1) — w (a). 


=z 
The Hadamard theorem implies that 
ln E 
max  fab»ex (S, | Kef, cos O <Mr (FE =) (RTE) 


-a<xcos 0<a 
where 
M g= max | fab>cx (S, | kef, 2) p 
zer(E) 


Mpr= max | fav+cx (S, | kel, 2)]. 
zZET(R) 
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Here T (E) is the curve which passes through the points z = + 4 
in the z-plane and whose image in the t-plane is a circle of radius 
E, T (R) being the boundary of the domain Ø in the z-plane. The 
points of the curve T (R) which intercepț the imaginary axis are 
2v2 a?r (x2—a2) 1/4 

Im z = + —~——_____-. 

mz=+ (2, 2 a)s?2 
By definition, 

M EF fab-+cx (S, | Kel, 1). 
When 


me<| ke | <V 5/2, 
it may be readily checked that 


lng UA inttA_4 
In R/E m 2sin6 1—A i 


where 
ame TE 2 sin ða \1/2 ; 
sind, = V 1—a’, A= (Fi) » k=|k,[sin6,. 
Note that 


A iA 
P(A)= zn Inj Ta! 


The function ọ (A) grows slowly with 0,. For example, in the angu- 
lar domain (0°< 0a < 80°), @ changes from 1 to 3. 
Thus, we have 


InE KOA 14A ki 
In AIE ~ Im, sind, PTA = Bm Y (ba). 


The Hadamard inequality takes the form 


max fab+cx (s, | ke p cos 0) 
Icos 8a 


= fab+cx (s, 


If an inclusive spectrum falls off scents with Bni 
0, a maximum is reached at the boundary points cos 0 = + a. 
Thus, for the case of identical initial particles (for example, the 
process p + p —> n + X) we have 


fad-cx (S, | Kel, cos 0) 
k 
= fab+cx (S, |k., 1) exp [-= (6) In | ; 


12—0630 
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Consider the range of angles 0 such that 


me K kı K| ke] = eV 3/2. 
Then 


fab+cx (s, £, k1)>fad+ex (s, T, 0) gee = A 
where B (s, z) = = Inge. If Mr const-s, and 


My > fab+cx (S, x, 0)S>const-s-*, v0, 
then B (s, x)< const-In s. 

The lower limit obtained deviates badly from experimental data 
at very high (< V s/2) transverse momenta, where inclusive spectra 
level off. 

Yet for reasonably high k, the lower boundary functionally coin- 
cides with the widely accepted parametrization exp (—Bk,_). This 
fact seems especially valuable since the exponential fall off in 
k, at reasonably high k_ is not entirely confirmed in theory, except 
for thermodynamic models. 


2.5 THE 3 — 3 SCATTERING AMPLITUDE 
AND GENERALIZED OPTICAL THEOREM 


The total cross section describing the process 
a+b>X 


is simply related to a discontinuity in the forward scattering am- 
plitude (a + b — a + b), viz. 


SITs (s+i0, 1)—T,(s—i0, 41)] = Im 7; (s, 1) 
=2 Vs |k, | of8'(s). 


This ensues from the unitarity condition and the completeness of 
the system of physical states. 
It is intuitively clear that the inclusive cross section of the process: 


a+b—>c+X (2.24) 


should likewise be related to some discontinuity in the forward 
scattering amplitude of the process 


at+tbt+t+crat+bte. (I) 


In [5] it is hypothesised that one of the discontinuities of the for- 
ward 3 — 3 scattering amplitude in the variable M? = (ka, + ka — 
—k,)? coincides, to within the known factors, with an inclusive 
spectrum corresponding to process (I). This hypothesis received the 
name of the “generalized optical theorem”. As will be seen below, the 
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discontinuity in the 3 — 3 forward amplitude in terms of a variable, 
which is linearly related to M?, contains rather a large number of 
terms only some of which being identifiable with inclusive spectra 
[23]. Thus, in contrast to the 2 — 2 process, the 3 > 3 amplitude 
discontinuity has a more complicated form and is not expressible 
only in terms of some or other observable cross section. 


2.5.1 A Modified Reduction Technique 


The standard reduction technique [10] for process (I) yields 
retarded amplitudes of the type 
a), 


82S) (ze, xp) 
Ca | out out 
-L pp” (ys) QE" (Ye) 
82s 
S (z , £) = — m S. 
(aere Spl (ze) Sepp" (zp) 


Such an expression is insufficient in two respects: 

(i) the variational derivative is nonzero in a domain which is too 
large for analytic continuation to be ensured for the variables we are 
interested in; 

(ii) even granted that analytic continuation were possible, the 
absorptive amplitude part would be expressed via double current 
commutators and would not allow any simple physical interpreta- 
tion. To overcome these difficulties, we shall exploit a technique based 
on applying both the variations in the out-fields, 5/5q°“t, and the 
variations in the in-fields, 5/5qi". The quantities related to the 
in-field will be shown with a tilde. The creation and annihilation, 
operators are assumed to be 


where 


~ 


6S 
ak =a* (pr), aF + 


——} at = E R .. 
= a* (pr), Jn = Jh (tn) =i Spet (za) S 


out 
ôF = ô/ðp i" (£r), 


TEF (£p) = f dapet PR"R F (x,) 


PR=V phim), 
With these notations, a matrix element of the m — n transition is 
written in the form 


(n| S|m) = (n|m)—(n|at|m—1). 
The operators at and aj are linked by the standard relationship 


at = SatS* =aj{—iljJ. 


12* 
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Whence 
(n| S|m) =(n|at|m)—iT7(n| J4|m—1). 


As a result, the physical matrix element (n |S |m) is expressed 
through: the matrix element of the current J, between the states in 


—_ 
the different bases. The term (n | aj | m — 1) stands for the sum of 
the disconnected contributions to the amplitude. 

Subsequent reduction steps consist in successive commutation of 
the current J, (or its variation) with the “increation” operators and 
“out-annihilation” operators according to the rules 


lai, F]=T}6F, 
[F, ak] = TKF, 
where 
zF [pout] = S [Of (StFS)] S+ =F —i[F, Jal. (2.25) 
From the consistency condition 
kJ —ôlJr =i [Ji Jh] 
it follows that the operations ô%ôt (5%, 57) are commutative, and (2.25) 
yields the relation 
zJ, = OT. (2.26) 
Therefore, the causality condition in terms of 5- is written as 
SJ, =0, Tr >p 


i.e. “oppositely” with respect to the causality condition in terms of 
ô+: 


OfJ,=0, 2, > Xp. 


Thus, apart from the occurrence of trivial “single-particle” terms, 
the main outcome of the reduction proves to be matrix elements of the 
“generalized retarded operators” 


6862.1... OFJ, 


Infthe above, 

(i) a domain, where the generalized retarded operators vanish due 
to the causality condition, is substantially larger than the appro- 
priate domains of major radiation operators, and this essentially 
improves the possibility of analytic continuation; 

(ii) the absorptive part of the m — n amplitude is expressed in 
terms of simple current commutators and their variations and allows 
a more vivid interpretation than would be possible with the ordi- 
nary reduction method. 
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2.5.2 Construction of Retarded Amplitude 


To proceed further, we must choase the independent var- 
iables and three are presented here. We will study the analytic pro- 
perties of one of them, while retaining the two other variables to be 
real and fixed within the definite intervals of their admissible val- 
ues. As a frame of reference, we will select the laboratory system 
with 

Pa = 0. 


When the 4-vectors A and Q are introduced, 
1 
re (Pe — &Po), 


1 1 

Q= = (1-7) pet 5 (14+) Po» 

where 
m?— mga 

a = pe/ p$, n=— r> m? = — A?, 
it is evident that 

Ay = 0, (QA) = —(Q-A) = 0. 
When Qo = @, a, m? are selected as independent variables, it can 
be seen Q? is independent of œo: 

Q? = mE + mL + n) = a%mg + mat — n). 

In terms of these variables the momenta p, and pẹ have the follow- 
ing form: 

Pe = (0, |Q |e, + (1+ n) mes), 

1 

Pe =g (% lQlez—(1— n) mes), 
where 

IQI=V P Ë= mm, e =r 

A 
Ta? e,-e, = 0. 
The physical domain of the variables œ, œ, m is prescribed by the 

inequalities 

o>V @=V mF meta = on 

0<a<o, 

0< m< oo, 


The amplitude of process (I) is continued analytically in the var- 
iable w at the fixed a and m. 


4182 A. A. Logunov, M. A. Mestvirishvili, and V. A. Petrov 


To exclude disconnected contributions of the type (n | a} | m — — T), 
we shall assume the reduction takes place when p; = Pi for any 
matching pairs of initial and final momenta, and only in the final 
expressions put p; = pj. Then all disconnected contributions propor- 
tional to 6 (p; — pj) will vanish. 

Following the technique described in Sec. 2.5, we give the start- 
ing matrix element of process (I) in the form 


~ d 

(a'b'c' | S | abc) =(a'b'c’ | a} | ac) 
cH cy 
= — il; (a’b’c’ | Jy | ac) + (a’b'c’ | aè | ac). 


The second term vanishes by virtue of the preceding assertion. 
Further reduction yields 


cH =, 
Tz (a’b’c’ | Jy | ac) = Trè: (a’c’ | ôo | ac) 
cH 
-rg (a'c | Spas | ac), 
ow 
Tirè (a’e’ | Ô Ja | ac) 
HTSTETS (a’e! | 865-Jy |a) + TST $ (a'c' | aô- | a). 
We took into account here the stability of the single particle state: 
|a)=S|a)=]a). 
Finally, the result of the reduction looks like 
i(a’b’c’ | S | abc) = T5 (a'c’ | Jaz: k 


ATT. a'c’ atsi Ja | a) +IrET è a’ | 62-6 Obed, | a) 
(2.27) 


Excluding the unrelated part, the first term in (2.27) can be pre- 
sented as follows: 


Ti (a’c’ | Jaai (ac) = — ill E a'c’ | Jado | ac). 


Substituting a complete system of intermediate states with trans- 
lational invariance taken into account, we obtain 


— iD (2a)! 8 (par + Pe — Po — Pw) Ô (Pa + Pe— Po’ — Pw) 
x (a'c’ | Ja (0) | N) (N | Jo (0) | ac). 
This expression does not vanish only when 


(Pat Pe— po) >M?, pit pe— ph >o, 
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where M? is the least mass of the intermediate states contributing 
to >| eee 


N ° 
Substituting a parametrization of p, and p, in terms of o, a, 
and m? in this condition, one can readily see that X) ... =Oat 
N 


a, (m2— M?) _ 4 2m2 
2m, (1— a) 2mMa Ma (1—a) ° 


Whence it follows that the first term in (2.27) vanishes in the phys- 
ical domain œ > opr, given that @max < tn. It is evident that 
this will be deliberately so, provided max < 0, which, in turn, 
complies with the condition 


W < Umax = (m — am) — 


m? > = (m2 dns M?) =4 (1—a) (m?—am}3). (2.28) 


In the case of mẹ = m. = 0 (for example, b and c are photons), 
we obtain 


m= M2, 
Othr =M, 
2m2 
Omax = — Aa’ (2.29) 


Omax < thr? 


invariably at m > 0, a < 1. 
Now consider the second term in (2.27). Dropping the disconnected 


contributions, as always, and using the stability of the single par- 
ticle states, we have 


Trè (a’c’ | atot-J, | a) = — irri T: (a’c’ | Jô Ja | a) 

= — ilb ETTE (a | SES ,85-S | a) 

—iPeTe sre. (a’ | JOE J, | a). (2.30) 
When the term which contains (a' | J,.53-5)-J, |a) is expanded 
in complete system of the intermediate states, it yields 
ô (Par — Pc — ky) for every intermediate state, and hence it vanishes, 
since it cannot, for any N, meet the condition pa’ — Pe — ky = 0 


by virtue of particle stability. 
An analogous procedure results in the identity 


PoTePsls: (a’ | 62-7 eba | a) 
=| dk (a’e’ | St | ck) (b’k | S aby+ > ..., 
N>2 


where the terms with multiparticle intermediate states contain 
§ (Pa + Pe — Pe — ky). For forward scattering when pe = pe, 
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only a single-particle intermediate state withk = py = Pa is possi- 
ble, and the remaining terms vanish. 

Yet the contribution of the single-particle intermediate state de- 
scribes the process of twofold two-particle rescattering (a + b —> 
—> “kh” + b) Q (“k” + c—a + c) and contains a singularity of the 
form ô (kj —™ 3). To study the analytical properties of true three- 
particle scattering amplitude, such contributions must be specially 


isolated. 
Eventually, when the terms in the forward scattering vanish in 


a part of the physical domain that is bounded by conditions (2.29), 
the connected part of the starting matrix elements reads: 


(a'c’b’ | S | acby=— iT TET Tt: (a’ | A™ (£e, £o, Ler» Zo’) 1a), 


where 
ret ret 7, 2 
A (Le, Xo, Lory Xp’) a (Xe Loy Ters Ly") — i6tJ 55. Jy, 


rI (er To, Tor, 2o) = O82 65-Jp. 
Introduce a connected retarded amplitude of process (I): 
(a'b’c! | S | abc) = i (2m)* 8 (par + por + pe’ — Pa — Po — Pe) 
X TI (Pa' Po Pers PaPoPc)s 
Here Tet is related to Aret in the following way: 
TY" (Pars Pors Pe'i Pas Po» Pe) 
= f dye dye dyre “Pave Pe Ye = Povo” tat | AT (y, OYeryo)la), 


where 
Ye = Te — To, Yor = Te — Loy Yor = Ty — Tp. 


For forward scattering, 


TT" (PaPoP:) 
= j dye dye dypre'Pe\e’ Ye) + Pavo (a | AT* (y, O YoYo) |a). 
(2.31) 
As mentioned above, to study the analytic properties in the variable 
© we must isolate a term related to {a’ | Jeso] a) which 
describes the rescattering from TFt. The remaining part will be de- 
noted as R? and called the reduced retarded amplitude. It can be 
represented as : 


ret 


Ry" = j dye dyer dype? Pe -YV tP" (a | ri (ya O yoryor) | a). 
(2.32) 
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2.9.3 Causality Condition 


In the laboratory frame (pa = 0) the exponent in (2.32) 
takes the form E 


i (o2°— | Q | (e1+2)) 
— im [(1+ n) (ez: (ye— ye) — ËZ? (en Yo") ], 


where 
4 
Z= Yor — Yo + > Yv 


Let us find domain, where the operator rf* (yeo Ye yo’) does not van- 
ish. Above all, due to relation (2.26), rī°* can be rewritten as 


TI (Yoo yoryor) = 828255 yr. 
The commutativity of 53 and 6% and the causality condition suggest 


that r! 40 except when 
Yo" > Yoo Yo’ > 0, (2.33) 


where x > y signifies (x — y)?>>0 and 2° > yp’. 
In order to find the limits associated with the variable y,, let us 


transform rj*' with the help of (2.25) to 

St Szot Jp — zött Jy — — i lt Jo, OFS] 

= — [8$;, 05] SEJ. = — ôb Ôtô Je + 5585-62 o- 
The causality condition leads to ri°* =+ 0 when 


Ye >O0 OF Yor > Yee (2.34) 


Whence it follows that r?®* -+0 in the union of the domains > 
and È: 

Ze Yor> Yor Y>, Yor Yo 

Ze: Yor >'Yes Yor >0, Yor >0. 


In each of the domains È, and 2,4, the 4-vector z can be presented as 
the sum of components, each of which belongs to a closed future cone, 


V4 = {x | zo œ |x|}. In the domain È, 
4 _ 
z= (Yor —Ye) + Yor EV+ at a>0, 
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and in domain 2, 


2= yer + (Yor + Ye) + EE 
when O<a <1. 


Thus, everywhere inside the support of r}* the vector z lies inside 
the future cone, Vi, if only 0< a <1. 


Yo’ €E Fi 


2.5.4 Advanced Amplitude 


An advanced amplitude results from a reduction of the 
matrix element (a'b'c' | S+ | abe). Repeating the foregoing proce- 
dure almost word-in-word, we arrive at an expression like (2.31), 


where the 5* are changed into ô- and vice versa, and in place of Are 
there is an operator, 


AP = ôg ôtô Jp + 185 J 85'S py 
and 
Ti” = j dy, dye dype? Yc Ve’ Fi PHYb’ 


x (a | A*9” (y, 0 yeyo) | a). 


The expression for A@9v can be reduced to the form 


A2av adv 


(Ye 0 YerYo") =r] (Ye 0 Yoyo’) $ ip Jpc Jes 
where 
ri = 6f65-85-J 5, 
whence the reduced advanced amplitude is equal to 
RY” (PaPoPe) 


=| dy, dye dype Pec Y) HiPP." la | radv (Yo 0 YerYo") | a). 


Since the change of ô+ — ô- leads to the substitution of the future 


cones, V+, for the past comes, V_ = {x | zo < — | z |}, then like 
the foregoing it is possible to see that everywhere in the domain, 
adv 


where ri == 0, the vector Z = Ye —yYy:. — L Yə lies inside Y. 
given tht O<a< 1. 


2.5.5 An Absorptive Part of the Reduced Amplitudes 
The absorptive part of the reduced amplitude of process 
(1), 


4 
A= 5, [RY — R1], 
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can be expressed as a sum of the matrix elements of the current com- 
mutators and their variational derivatives. 
Having transformed from the variant 5* to those of 6~ in the opera- 


tors rxt4Y the following expression can easily be obtained: 
6 
A= — J Aw (2.35) 
i= 
where 


Ay, = (a’ | [0], O31 | a), 

O} = ÔT Jo, (O a ôs Jo’, 

OF = 6S, O? = ôr Jo’, 

Oi= Jy, O} = zô Jo’, 

Oi = ôe O= Jons 

(OH ET 655275", © =J, 

O=J., O$ = ôr ôr Ja. 
` Thus, while the absorptive part of the reduced amplitude for the 
2 — 2 process contains the contributions from two channels, for the 
3 — 3 process it contains the contributions from twelve channels. 
_ Nevertheless, even in this, more complicated, case there is a 
“gap”, i.e. an interval of the values of w, in which the absorptive 


part vanishes. 
In fact, Az; can be presented in the form 


Aj; e 5 (27) ô (ky — P’) f dy. dyg ePe Ye — Ye) 
N 
x (a| OF | N) (N |©} | a) 
— >} (27) ô (ky — P3) 
N 
a f dye dype -Y0 (a | OF | N)(N | ©} |a), 


where 


Pi = Pa +Pe— Pos P35 pat Po— Po 

Pi=Pa—Po—Per  P3= pat Pot Po 
Pit = pa — Po» P3"* = pat Po» 
P}° = pa — Der P3'° = pat Pe 
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If a is a nucleon, and b, c are mesons, then A; ~0 at 


—o <u <— 0; 0 MO 0, O = + jp, 
where 
@, = (2m, (1 — @)) [æ ((ma + p)? — ms — må — me) 
-t (4m? + me + a?m$)], 
02 = (2m, (1 —a))“* [a ((Ma + p)? — ma — mg — me) 
— (4m? + me + a?m$)], 
3,4 = Q (2m)! [(Ma + p)? — ma — mi], 
05,6 = (2M4)! [(Ma + p)? — ma — me], 
u is the n-meson’s mass, and ;p corresponds to the poles and differs 
from ; by the substitution of Mma + u —> ma. 

It is not difficult to see that when O0 < a < 1 and m? œ> Q, the 
leftmost of the right thresholds is œw: @;> wə Therefore, the 
condition of gap availability reduces to the condition that wo, > 
> 0, i.e. 

0 < 4m? < a(2m,p + p?) — (1 + a) (me + ams). 


Gap availability, however, does not as yet assure the derivation of 
dispersion relations. It is in addition essential that Ri‘ and R$ 
continue into the appropriate half-planes of the complex quantity ow. 
Further, the positions of the thresholds w, in the general case can go 
beyond the limits of the physical domain, i.e. ©; < @p;. Then 
amplitude discontinuities in the domain wo; < © < wtp, have ue 
physical sense. 

There is, however, a situation when the nonphysical domain is 
absent. Let the particles b and c have zero mass, e.g. b and c are 
photons, and the process 


ytyta>ytyta (IT) 
is treated at the lowest (~ e*) order. In this special case 

Othr = M, 
and the nonphysical domain is absent when 

0<4m <V (+a) mF 4a (aman) — (1+ a) mg, 


with the condition simultaneously ensuring gap availability as well. 

As is proved in [23], the dispersion relation occurs here (for sim- 
plieity, we will drop the polar terms and do not explicitly indicate 
the possible subtractions): 


FIR (o, a, m+ R3 (0, a, m)] 


o0 
A do’ 20’ An (o’, a, my. 
o'2?— o? 
O(a, m) 
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2.5.6 Generalized Optical Theorem 


Consider that the discontinuity Arr, complies with the 
second term in (2.35). Substituting 6/2, and SfJ.-for ôzJə and 
zJ» in it, we arrive at the inclusive spectrum of the process y + 
+ a—> y' + X, viz. 


1 


fya+yx(@, &%, m) = = 41 (0, % m) 


=+ >} (20)! ô (ky — Pa— Py + Py’) 
N 


x| J dave (a -lO 


where J = m,w/a is the flux of initial particles. So, of all the terms 
on the right-hand side of (2.35), only one, namely Arr, conforms to 
the physical characteristics (to the inclusive process cross section). 
The remaining terms have no immediate interpretation via observed 
quantities. 

In order’ for this result to be exploited in practice it is obviously 
necessary to “single-out” those terms in the unitarity condition for 
the 3 — 3 process which are associated with the inclusive processes, 
i.e. to make the surplus terms vanish. The procedure to do such 
a singling-out has not as yet been developed, and it will perhaps be 
influenced by the analytic properties of the remaining variables (a, m). 

In practice (the study of the asymptotic behavior of inclusive 
spectra, for example), one actually deals with a term of the complete 
discontinuity that conforms to the inclusive process and applies, say, 
the Regge formulas for asymptotics in some kinematic range to it 


2.6 THE ASYMPTOTIC BEHAVIOR 
OF INCLUSIVE CROSS SECTIONS 
AND THE UNIVERSAL NATURE 
OF STRUCTURE FUNCTIONS 


As has been shown in Secs. 2.3 and 2.4, the requirements 
of microcausality and spectrality are important in establishing the 
analytic properties of multiple production amplitudes in terms of 
angular variables and the resultant limitations on the behavior of 
the inclusive cross sections at high energies. 

On the other hand, when the asymptotic properties of the inclusive 
cross sections were studied a number of regularities were revealed 
in the behavior of the inclusive spectra under specific asymptotic 
regimes. These are, for example, the approximate scaling of struc- 
ture functions in deep inelastic lepton-nucleon scattering, limiting 
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fragmentation, or Feynman scaling in the pure hadron inclusive 
processes. 

To what extent do these regularities agree with the fundamentals 
of local quantum field theory and, in particular, with the principles 
of microcausality and spectrality? 

This item has in part been tackled in the preceding sections, where 
the bounds on the possible scaling violations in hadron inclusive 
processes were obtained. 

In this section we shall proceed in a more straightforward way, 
i.e. directly from the relevant Jost-Lehmann-Dyson (JLD) represen- 
tations for the matrix elements of the (retarded) commutators of the 
local current operators, without resorting to the analytic properties 
of the amplitudes. The amplitudes, cross sections, or structure func- 
tions, written in terms of the JLD representation satisfy the micro- 
causality and spectrality principles provided some assumptions are 
made not for the amplitudes, cross sections, or structure functions, 
but rather for the appropriate spectral functions, to be sure, 
without violating their general properties thereby. Acting in this way, 
we can, on the one hand, describe the asymptotic physical characte- 
ristics possible, that at least do not contradict theory, and on the 
other check for the agreement of these fundamentals with various 
hypotheses with respect to these asymptotic properties of the inclu- 
sive processes. 


2.6.4 Deep Inelastic Lepton-Hadron Scattering 


To be definitive (yet without any loss of generality), 
consider the deep inelastic process of an electron being scattered 
by a nucleon: 


e+N>e+X. 


In the single-photon exchange approximation the cross section 
of this process is defined using the Fourier transform of the matrix 
element of the commutator j, (x) of electromagnetic currents: 


Ww= ar | dtz eis 5 (p> o| [ju (x), jv (0)] Ip, 0), 
o 


where g is the 4-momentum of the virtual photon (q? < 0), and 
(p, o) the nucleon’s momentum and spin. The deep inelastic scattering 
cross section can be expressed in terms of the structure functions W,,, 
which are related to the W,,, in the following fashion: 


Ww= ( — Buy + a ) W, 
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The microcausality principle suggests that 
Wuv (z, p) aR (P, ol [ja (z), jv (O)] Ip, 0)=0 


when z? < 0. On the other hand, by inserting the full system of 
intermediate states between the current operators into the expression 
for Wyy, we obtain that 


Wav (q, pP)=0 for pg <V m+ q)?, 


where m is the nucleon’s mass. This corresponds to the spectrum of 
the intermediate states that yield non-vanishing contributions to 
W „v beginning from the single-nucleon state. 

According to Jost, Lehmann and Dyson [24], the functions having 
these properties of disappearing in coordinate and momentum spaces, 
are parametrized in the following way (in the p = 0 frame): 


W, (q, p)= | dude (q) 8 (go — (q— u)? -- 3) p: (ul, 22), 
where 1p;j’s vanish outside the domain 
{u, 42] |ul<m, 422>(m—V m?— v2). 


The JLD representation has been used in [25] to analyze rigorously 
the compatibility of the automodel behavior of the structure functions 
of deep inelastic scattering to the fundamentals of quantum field 
theory, i.e. microcausality and spectrality. 

Without going into further details of the analysis performed 
in [25], we shall only exemplify its idea briefly by a concrete specific 
case. It is easily seen that, once wp, is intergratable over A*, then 
as g?—» — oo and when z = —q?/(2gp) = — q?/v and kept fixed, 


vW (z, @)= fau ô(z—e:u) j dap, (Jul, 42) = F, (2), 
where e = q/| q |, i.e. at the Bjorken limit, vW, (x, q?) tends to the 
scale invariant limit F, (x). Likewise, if as A? o, 

pi (Ju |, A?)—> pP(| u l), 


then W, (x, q?)—> F, (x). In the general case the spectral functions, 
wp (u, 42), are generalized functions of a moderate growth, i.e. they 
grow moderately fast as A?—> oo and/or |u |— 0. For example, as 
4?» œœ, the inequality 


j dug (u) p (u, A2)<const a2, k>0 


should be satisfied (the integral | dupy having the test function ọ 
being treated using the theory of generalized functions). 
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Thus, the causality and spectrality principles expressed by means 
of the JLD representation do not contradict rigorous Bjorken scaling. 

Bjorken scaling is known to be realized only approximately as the 
structure functions are g’-dependent in the various ranges of the 
variable x values in a different fashion (albeit relatively weakly). 
The compatibility of these, more general, asymptotics and theory 
has rigorously been analyzed on the basis of the theory of generalized 
functions in [26]. 


2.6.2 Hadron-Hadron Inclusive Processes 


Consider the amplitude of the a + b— nC multiple pro- 
cess contributing to the mth channel of the inclusive process 


a+boc4t+ X. 


Using the Bogolyubov reduction formula, this amplitude can be 
presented in the form 


(n|T |ab) 
=— faze ba l waak 5 
Vre bot (Z Z” 
N v (+) ft 


According to the microcausality condition, 
t T 
6Ja(—+)/ Set (4) =0 


when x) < |x |. Whence it follows that 


k,+k 
4 +00 Fn (Q, katke) 
(n|T|ab) =— — | aQ, “~>_+—_, 
2n ne ty Qo (H+) — 10 


where 
Fy (Qo, Q= | dzee Cn’ |[Ja(—F)+ Je($) ]]>» 
=) ô (Q — Aa — Pm) (n Jal m) (m | Ja] b) 


— 3} ô (Q+ Aa- Pm) (n’ Jel m’) (m (Jalb) 


n’ =n—(0, ..., fes o.. 0); Pm = 2) kii 1<L<m. 
1 
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It is easy to see that in the frame of reference A, = kp + Kaa ke =0 
Fa (Q) = 0 in the domain 
AV Fm <Q<V EF mi— Aco, (2.36) 


where 2Ago = 2kg + k% — k}, m, is the mass of the lowest state 
| m), for which 


(n' |Ja |m) (m|J.|b) Æ 0, 
and m, is the mass of the lowest state | m’), for which 

(n' | J. |m) (m | J, |b ) #0. 
So. F, (Q) vanishes in domain (2.36), as does its Fourier image 
F, (x) outside the light cone, since 


[7.(-4)- %($)]=0 


when z? < 0. 
The following JLD representation is valid for this sort of domain 


Fp (Q)= | atv date (Q°— 1) ô (Q — v)? — xê] ©, (v, 2). 
Moreover, the spectral function ®, vanishes outside the domain 

Ivi <A, |vi—Asxv°< A3 ivl, 

x> max {0, m, — V (v°— A’)?— v2, m, — V (v° +A) — v2}, 


If m, = m, = m, the integration over v may be chosen on the 
plane v? = 0, for which the representation for F, (Q) has the form 


Fp (Q)=8 (0°) | dv dx (Q3 — (Q — v}? — 22) Din + Dan], 
(2.37) 


and the spectral functions ®,,,,, vanish outside the domain Q (v, x?): 
IvVI<A}, x>>max{0, m—V A?— v3}. 


Note that the definition of F, can be extended appropriately to make 
the support of F, symmetric in Q,, and so we shall from. now on use 
representation (2.37). Thus the following representation is obtained 
for the amplitude (n |T| ab): 


Daa (V, #2) +Q°Ong (vs x2) 
(n|T jab) = j dv dye Sa Oe ’ 
where 


Q=F (ka + ke). 


1413—0630 
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Whence the JLD representation for the inclusive spectrum of the 
process a + b— c + X can be obtained as 


fob+ex =I (5) | dv dx} dv, dx; 
X [(@ + te)? — (Q— vy)? — xq]! [Q° — ie)? — (Q—ve)?—x5]}4 
[Dy (Vi, Xi Var H3; Koy ka — ke) + QP, + QDs], 
where 
I(s)=V (kako)? — mim, 
D, + QD, + QD, = >} (2n)* 6 (ka + ky — ke — Pn’) 


X [Dy (v13) + Dna (V1H9)]* [Ds (V23) + Dn (v2%3)]. 
®; obviously vanishes outside the domain 
Q (v:x1) X Q (vox). 


As the independent variables which characterize the inclusive 
process, we choose 


s = (ka + ki}, M? = (ka + ky — ke)’, t = (ka — ke)? 


If the momenta Q, k,, and ka — k, in the chosen frame of reference 

(2k, +k, — ke = 0) are expressed in terms of these spectral in- 

variants, the spectral functions will prove to be independent of s and 

the only s-dependence (via Q) will be contained in the representa- 

tion’s denominators and in the explicity isolated factors Q? and Q”. 
Consider therefore, an asymptotic domain 


sẹ M?, t. 
In the laboratory system (k, = 0) it conforms to fast particles, viz. 
M?—t—m; 
Pp ae pe 


2mp 


moving in the direction of the incident beam m inside the angular 
interval 


ag Ve 


a 


In the C.M.S. we have, respectively, 


Eż A Vs M2— m? 


i.e. qualitatively the same situation; viz. the fast particles moving 
almost in the direction of the incident particle. Thus, the domain 
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chosen by us is contained in the fragmentation region of the par- 
ticle a. 
Assume now that the integrals (i = 1, 2¢ 3) 


dv, dx? dv, dx? 
V; = j 134 2 @; (vy, xi; Ve, x3 M?, t) 


[(vy +e) — i0] I(v2:e)+ i0] 
converge (e = lim Q/|Q |). The asymptotics of the inclusive 
spectrum will now have the form 

forex (S, t, M3) ~ -$ Va (t, M?). 


The above convergence assumptions are too restrictive and do not 
usually hold true (e.g., in perturbation theory). The spectral 
functions can grow with x? (though certainly not faster than some 
power of x?, this being implied by the fact that the ®;s are gene- 
ralized functions of moderate growth). Besides, singularities can 
be encountered on the surface v,e = 0; for example, singularities 
like | v;e |œ (with the case of a = 0 being singular, too). All 
integrals, it must therefore be kept in mind, are understood in 
the sense of the theory of generalized functions, i.e. subtractions are 
done that make all integrals converge. 

Suppose the spectral function ®, can be exemplified in the vicinity 
of the surface (v;-e) = 0 as 


2 
da II (vie) DNx, ...), a>0, 


where @,,, are everywhere regular and 


dx? dx2z 
j 3 D, (xi, x, ...) <00, 


xixi 


then the asymptotics of the inclusive spectrum will be given by the 
following expression: 
2a(t, M2)-2 
fad+cx (S, í, M?) = (=) 4 


= R, (t, M. 
Here we have explicitly allowed for the fact that the index «æ could 
be generally dependent ont and M? and that sọ can be chosen in an 
arbitrary fashion and be dependent on t, M? as well. The explicit 
form of R. (M?, t) is specified by the function ®.. 

The asymptotic form of fa,..x (s, t, M?) can also be influenced by 
the possible growth in xj, e.g. ~ (x4)? (In x7)°, where B and o are 
also, generally speaking, dependent on ¢ and M?. 

If no dynamic speculations are added relative to the evolution of 
the spectral functions, then the theory alone tells us nothing about 


13* 
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the singularities which are essential to the spectral functions. The 
only guide in studying this problem is that spectral functions are 
the generalized functions} of moderate growth, i.e. they cannot grow 
in x} faster than a polynomial in x}, and the singularities cannot be 
too strong in v;. For example, behavior like (v;-e)7% In®(v;-e) is 
admissible, but a singularity like exp | v;-e |7! is not. The powers of 
the singularities must not be such as will violate the limits to the 
inclusive spectra that follow from the sum rules, analyticity, and 
unitarity which were treated above. 

A detailed analysis of a wide class of spectral functions’ singulari- 
ties that are admissible in the above sense has been presented in [27]. 
As a result, a general form was obtained for the asymptotes of the 
inclusive processes in the fragmentation region of the particle a, 
which is consistent with the causality and spectrality principles: 


fad+cx (S, t, M?) 
E as Siy Ca Ti i 
j 


So So 


+ possible interference terms. 
The sum rules 


D> | ae Befarex =2 (20)? (Ea + Ey) 0t 
c 
and the Froissart bound 
tot Ea + Eb 
Oab S const ln? (3 ) 
lead to 
max ny (t, M*)<1, 
J 
0; (t, M?) <24- Nj, 


where the n;’s are specified by the behavior of F X (t, M?) in the vicinity 
of the points tọ M?, and where 


max ny (t, M?) =n; (fo M3). 


In the particle’s fragmentation region in (sẹ u = (k, — k,)?, 
M?), i.e. where the detected particle has a high energy (in the p, = 0 
frame), viz. 


E. ~ E, — (M? — u — mj)/(2m,), 
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and moves approximately in the direction of the particle b, similar 
conclusions can be drawn, i.e. 


fad+cx (S, u, M?) 


es à ( s ee [in ye Fu, M») 


“So . So 
+ possible interference terms 


with the limitations on ny (u, M?), 6; (u, M?) being the same as with 
the fragmentation region of the particle a. 

The indices nj, oj, Nj, oj are governed by the indices of the singu- 
larities of the spectral functions in the variables v; and x}. 

In the particular case of the binary process 


a+b->e+d, 


fab+ex~ ô (M? — må) and, by integrating over M?, we obtain 
similar asymptotic expressions for the differential cross sections of 
the forward (do/dt) and backward (do/du) cones. 

Note that the asymptotic formulas produced contain the Regge 
asymptotics as a special case, provided y; is independent of M? and 
corresponds to the Regge trajectories a (t) (a (u)). Here the functions 
F; and F; are related to the residues of the relevant Regge trajecto- 
ries and for the inclusive process to a triple-reggeon vertex (at M? 
> mMi,v,c) as well. 


2.6.3 The Universal Nature of Structure Functions 
in Inclusive Hadron-Hadron and Deep 
Inelastic Lepton-Hadron Processes 


We have considered above cross sections for the lepton- 
hadron deep inelastic and hadron-hadron inclusive processes using 
a unified method based on the JLD representation. In this way. the 
cross sections were, in addition to the s-dependence, also described 
by the structure functions W;, for deep inelastic inclusive processes, 
and by the F;, for hadron-hadron inclusive processes. It has been 
hypothesized [7] that in both these cases the structure functions re- 
lated to the same target could have analogous properties and within 
this framework a unified method of describing processes of different 
origin can be made in terms of the appropriate structure functions. 
Let us elucidate this point in more detail. 

Deep inelastic processes, for example 


et+tp>e+X, 


are described by the structure functions W; (v, q?), which are depen- 
dent on the transferred energy and momentum of leptons. 
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The structure functions W; do not depend on the overall momen- 
tum of leptons, since the lepton-photon (W-boson) interaction 
Lagrangian is local, and the interaction in the electromagnetic 
(weak) coupling constant is taken into account only in the lowest 
order approximation of perturbation theory. 

When hadrons interact in the inclusive process 


a+b>c+X, 


even though the initial strong interaction Lagrangian is local, we 
cannot as yet neglect the nontrivial dependence on k, + k, because 
of higher approximations in the coupling constant, so that.the local- 
ity disappears and the inclusive spectrum now becomes essentially 
dependent on ka + ke, rather than just on ka — k,. 

Thus, because of the hadron’s internal structure, the effective 
interaction of the hadrons a and c is nonlocal and the inclusive spec- 
trum is essentially dependent on three variables, e.g. v = 2k, (ka — 
— k.e), P@=(kag—k,)*, and kp (ka + ke). Therefore, the descriptions 
of the inclusive lepton-hadron and hadron-hadron processes seem, 
generally speaking, essentially different. 

On the other hand, the kinematics of the deep inelastic processes is 
entirely applicable to the domain considered here, sẹ M? = q? + v, 
t = — gq’, given v, | q? |> m. 

In the case of lepton-hadron deep inelastic scattering (a = e, 
c = eẹ, b = p), the operators 


5J e (— /2)/51p, (2/2) 
=è {T [%. (-4) A? (—4)s]s+}/aT (5) 


are approximated to a high degree of accuracy by the following term 
in the series expansion of perturbation theory (for lepton fields): 


SJ — /2)/81pe (2/2) ~ Ap YHS (z), 


where A, (z) = T [AP (x) S] S+ is the Heisenberg operator for the 
electromagnetic field. 
An inclusive spectrum for any process can be given in the form 


fovuex=+ | deel (pT (x; Q) T (0; O) p) 
where 
I (z; Q)=\ dzez 6J, (x—z/2)/Sq% (£ +z/2), 


v 


1 3 
P = ko, Q=5 (ka + ke). 
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The operator J (x; Q) is generally nonlocal in zx. In the process e + 
+ p— e + X the operator J (x; Q) is “localized”, and we arrive at 
the inclusive spectrum 


2 
fep+ex ~ 5 (£)” W; (v, q’), 


So 
i=1 


where W, and W, are ordinary structure functions and the indices ny 
are independent both of v and q?. We see that this is a special case 
of the general formula obtained in Sec. 2.6.2, where the nyare, gen- 
erally speaking, dependent on q? and v. A concrete form of the factor 
governing the s-dependence is apparently influenced by the interac- 
tion details in a vertex binding a and c. If the interaction is local, 
the power of s isindependent of v and q’, and if not, such a dependence 
comes into being. It is only natural to think that the cross sections 
for deep inelastic processes and pure hadronic processes essentially 
differ only in the s-factor. 

It is possible to put forward an important physical assumption 
that hadron interactions are described in an inclusive process by 
the same type of structure functions that describe deep inelastic 
processes [7]. Thus structure functions are universal and can charac- 
terize processes of different nature. This does not exclude the struc- 
ture functions for deep inelastic and pure hadronic inclusive proces- 
ses from possessing a number of properties in common. 

Nowadays this viewpoint is widespread and agrees both with 
experimental data and the results, for example, of the parton model. 

According to the above hypothesis, the effective locality of an 
interaction should formally comply with the generalized structure 
functions, i.e. 


Wap (v a= | dee (p [Ja (2) J§(0)| P), 


where Ja (x) are the local “currents” carrying the quantum numbers 
ac (isospin, hypercharge, etc.). In a special case the currents Ja (x) 
can coincide with electromagnetic or weak currents. 

Thus, not only can we “probe "the electromagnetic or weak struc- 
ture of hadrons, but also “probe” the distributions of isospin, hyper- 
charge, etc. The distributions of the various “charges” need not, 
generally speaking, coincide. 

Unlike leptons, whose structure can be neglected when the deep 
inelastic processes are studied, in the case of pure hadronic proces- 
ses the structure of the “probing” hadrons must show up in the pres- 
ence of (transitional) “form factors” like (c | J, | a). 

Therefore, the functions F; (t, M?) in the asymptotic formula for 
fob+cx are factors comprising both the elastic (transitional) form 
factors of the “probing” particles a and c, and the inelastic form fac- 
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tors (structure functions) W,;(v, q?) of the target. When v and 
| g? |> m?, these structure functions are expected to behave like the 
structure functions of deep inelastic processes, e.g. manifest an 
approximate scale invariance. 


2.7 SCALE REGULARITIES IN INCLUSIVE 
PROCESSES 


We noted above that the most striking properties of the 

high energy inclusive cross sections are the various scale regularities. 

Certain theoretical arguments for the validity of the scaling for 

hadron processes have been mentioned in [4], yet the only] general 

conclusion has been the hypothesis of universal scaling nature at 
high energies. 

Many phenomenological models were invented after this to de- 
scribe and explain, with different degrees of success, the scaling of 
inclusive spectra for the purely hadronic processes. Below we shall 
briefly describe the schemes which became widespread. Note at once 
that up to now the physical réasons for this phenomenon are im- 
properly understood. 

The scaling in the deep inelastic processes, at least at the pheno- 
menological level, is much better understood than that in the hadron- 
hadron processes. 

Back in 1964 Markov indicated that leptons could in a way interact 
with hadrons like point particles. This idea was later defined more 
specifically in the parton model. If a hadron is assumed to consist, 
using some sort of kinematics, from point particles (partons). Bjor- 
ken scaling follows at once. However, no general argument that 
can infer from theoretical fundamentals can be made for such beha- 
vior. It is only possible to state that Bjorken scaling does not contra- 
dict the fundamentals [26]. 

In 1972 scaling regularities were identified for inclusive processes 
in the high transverse momenta range but these far exceed what would 
be expected from extrapolations from the low k, range, where the 
spectra fall off very fast with k,, viz. (~ exp{—Bk_)). 

Yet at high k, =x,Ys/2 and for fixed angles (in the C.M.S.), 
experimental data are well described by the formula 


a 
fav+ex (S, kı, 0) ~ gN ? (z1, 9), 
a 


i.e. the scaling is satisfied for kifay+cx- 
Hereafter we shall detail the concepts. which make these scale 
regularities understandable. 
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2.7.1 Hadron-Hadron Processes in the Low 
Transverse Momenta Range 


2.7418 The Automodel Principle . 


The automodel principle has been put forward in [29]. 
Every physical parameter that describes particle interactions, say F, 
is specified in terms of two space scales, a longitudinal one L,, and 
a transverse one, L, (in the center-of-inertia system of colliding 
particles). The dimension of a physical quantity is thus 

[F] = LIL}. 


The automodel principle is that the dependence of inclusive cross 
sections on the initial energy is controlled either by a longitudinal 
or by transverse dimension according to which momentum component 
of the detected particle grows in proportion to the initial energy. 

Consider an inclusive process 


a+b>c++X. 
Provided the transverse momentum is limited, and k,,—> oo, then 
m etk? ic 


Es = [kzl +a 2 |k, el +... |k,,|. 


So here the energy is a longitudinal quantity. 
Consider a scale transformation: 


ky Ak, k; — k. 


According to the automodel principle, the -dependence of the 
physical quantity is controlled by the transverse dimension: 


F — "F. 
A single particle inclusive spectrum 
don, A 
fab+cx = >) nek ee dk (27) 
z! c 
n 


has dimensions 
[fad+ex] = Li, 
since it is obvious that 


dk, dk E 
[dom] =L4, |5 | =L7. 


Hence in this case / = 0, and the required invariance with respect 
to transformation (2.38) leads to 


fab+ex (Vs, lees kie) —> Javne (2e , kie)» 


ve 
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since the initial energy /s/2 is a longitudinal type quantity. A re- 
gime in which s> oo, andk,,and 2k,,//s are kept fixed pertains to 
the so-called fragmentation region of the initial particles. 

If the detected particle momentum is bounded, this corresponds to 
the pionization or central region. The automodel principle can not 
be applied here in a straightforward fashion. 


2.7.4b Regge Poles 


In Sec. 2.5 which was dedicated to an analysis of the 
3 — 3 analytical properties of the amplitude we mentioned a pa- 
per [5] by Mueller, who assumed there to be a relation between the 
inclusive spectrum and a certain amplitude discontinuity in 3 —3 
scattering. True, this fact is not really exploited in [5] where only the 
inclusive spectrum per se is subjected to Regge analysis. Yet in reali- 
ty, an inclusive spectrum can be treated as a discontinuity in a func- 
tion which is not the proper 3 — 3 transition amplitude, as can be 
inferred from [23]. 


Indeed, the results of Sec. 2.5 lead to 


R, =x, Ê. =i (Agc+bx m Agb-+cx)s (2.39) 
where 


R= f dye dye dype? Ue’ -Y) tP (q Stp tJ, la), 
R. = f dye dye dyp e?e —Y)+ipyyn’ (a| 65-8262 Jala), 


Aac=bx = 2 (21)* 6 (pa + Pe— Po — Pn) 


x| f dy. see (a “see STe (Ye) (Ye) >) [fa 


ôpa (0) 
Agb+cx = 2i (2x)* ô (Pa + Po—Pe— Py) 


x| f dy, ss (a Ae (oe) $y Wo) | p n'y P. 


Then in the domain g° = p%| — pg > VM? + q?—m, (Pa = 0), 
we know AÁac>bgx = Tachacs bx remains and in the domain lo < 
< ma — VM? F @ we know Agy+cx = Iabfab>cx remains, where 
M. are the respective minimum masses of the intermediate states, 
and Iae (lab) is the invariant flux corresponding to the initial state 
ac (ab). In some cases there is a gap in the g°-values, where Ry — 
—R_=0. 
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Expression (2.39) is similar to the unitarity condition for the 
2 — 2 amplitudes yielding the total cross sections of the crossed 


channels. However, the analytical properties of R, have not as yet 
been sufficiently investigated for an attempt to be made to establish, 
say, Froissart type bounds. 

Thus, it must be kept in mind that even though at the level of 
diagrams like 


c a 


the relation of the 3 + 3 amplitude to the inclusive spectra seems, at 
first sight, exceedingly self-explanatory, in reality we basically know 
a little about how to understand these relations and what then yields 
in the sense of inclusive spectra generalities. 

Nevertheless, in a purely phenomenological way a naive represen- 
tation of an inclusive spectrum as being the 3 — 3 amplitude discon- 
tinuity such as this has proved extremely useful. It has enabled, in 
part, the Regge approach to be extended up to inclusive spectra. 

Roughly speaking, it all amounts to the following. In some kine- 
matic range all the dependence on the “large” parameter s is factorized 
as a power index of (s/sọ)%, where œ is a Regge trajectory that is spec- 
ified by the quantum numbers in an appropriate “t-channel”. 

Consider the fragmentation region for the particle a, i.e. s > o, 
t = (Pa — Pe)? and x = 2p,/Vs~1— M?/s kept fixed, where 
M? = (Pa + po — p-)* Then the next diagram follows: 
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where the wavy line denotes a reggeon exchange, i.e. a factor (M2) %00(0) 


~ gs2b0(0), Since in the t-channel the vacuum quantum numbers 
“flow”, then, assuming the existence of a “vacuum pole (the pomeron)” 
with a (0) = 1, we have 


4 
fad+cx ~ aL (t, “\= P (Pers 2 z), 


. Pe 2 
since t ~= and M? ~ s (1 — 2). 

Thus we obtain the scaling associated with the longitudinal mo- 
mentum. 

In the central domain, where the invariants s, Pape and Pape 
are large i 


PaPe ~ PoPe ~ Vs- Pes, 
a two-reggeon diagram is descriptive: 


a a 


and the inclusive spectrum has the form 


a(0) 


4 ~ 
fav-0x = — (PaPe)”® (Pope) ® 8 (Pac) ~ & (Pao). 


Thus, in the central domain the inclusive spectrum has a finite, ener- 
gy-independent magnitude which corresponds to the existence of 
the limit 


PPro 2) = z (p1). 


The correction terms responsible for an exchange by the secondary 
trajectories (x = 1/2) have an asymptotics ~ s714 (the “RP” term). 

In the framework of the Regge scheme the correction sign cannot 
be established, yet experimental data suggest it is negative. The 
extinction of such terms as s —> oo leads to the growth of inclusive 
spectra in the central domain [29]. 
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Finally, if we consider the domain as s — oo; and ¢ and M? are 
kept fixed, the inclusive spectrum is given by the diagram 


and is of the form 


4 


2a —(t) 
far-cex ~- S az! -R 


a (t, M?). 


ac; 


If M? is sufficiently large (m?< M?<«& s), then a pomeron can be 
“passed” through the lower block: 


and we eventually have 
2a =(t)-1 
3 Cc 
fab+cx ~ (ar ) g (E). 


This is the- so-called “triple reggeon” limit. 

So, the scaling takes place in the Regge scheme. Note that in the 
more sophisticated schemes that allow for branch points in the plane 
of complex momenta (e.g., the “reggeon” field theory), additional 
factors of the (In s)" type can originate which violate the scaling [30] 
in an “actual” way. 
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2.7.1¢ Parton Model 


‘The basic postulate of the parton model is the assumption 
that a hadron is, at the limit of infinite momentum, a set of point-like 
objects, the partons. The partons’ momentum distribution is described 


by a function fy (x, k,), where z =k, ;/Py for the frame of reference 
in which the hadron moves along the z-axis with momentum P— 


— oo. The function f4 (z, k,) is not yet sufficiently clearly defined in 
terms of the Heisenberg fields and it is not, therefore, possible to 


elucidate its general properties. In addition, fy is not measurable 
in a pure form, since it enters physical cross sections in combination 
with other factors. In a number of cases it plays a principal role. 

Historically, the parton model was first invented to explain the 
scaling in deep inelastic processes. Yet recently the first steps have 
been made to apply the parton model to hadronic inclusive processes 
with low k,. Certainly, the role of a distribution function here de- 
clines appreciably owing to the need to allow for partons to interact. 
Without this the process could not generally proceed and so a new 
(and in general unknown) quantity which describes the parton’s 
interaction has been added here. Theory (e.g., QCD) has so far been 
unable to say anything about quantities which do not involve large 
virtualities (the necessary condition for applying perturbation theo- 
ry). Therefore, the application of the parton model to inclusive 
hadron-hadron processes with low k, was until now kept at a phe- 
nomenological level. 

Let us briefly describe the appropriate formulas. Suppose a n*+-me- 
son, for example, is created in the fragmentation region during the 
process p + p— nt + X. Then the n*-meson with a large fraction 
of longitudinal momentum can be treated as having obtained it 


mainly from the u-quark of one of the initial protons, with a d-quark 
carrying off a small fraction of the momentum (this agrees with the 
data on deep inelastic processes). Whence it follows that 


oe ~ fd (2). (2.40) 


The e { (x) can be taken from the deep inelastic scattering 
data. The choice of the corresponding values of q? is essential and 
must be low. Such relationships agree quite well with experiments 
for the processes where the appropriate distribution functions can be 
found from independent experiments on deep inelastic scattering. 
This in turn suggests that inclusive processes with low k, can be used 
to determine the structure functions for hadrons, for which deep inelas- 
tic scattering experiments cannot be carried out using modern tech- 
nology. 

For example, when measuring the inclusive spectrum of the process 
K*p > x*X at fairly high z, we might think we could obtain data 
about the u-quark distribution function in the K*t-meson [31]. True 


Inclusive Processes and Strong Interaction Dynamics 207 


enough, this possibility appears extremely interesting and, in a sense, 
even unique. It might, however, be appropriate to point out that 
in this case (in contrast to processes with*high virtualities or trans- 
verse momenta) there are no sufficiently reliable and regular com- 
putational techniques like perturbation theory, for example. 


2.7.2 High Transverse Momenta 
2.7.2a Automodelity 


Consider the inclusive cross section, 


do eels dk - 
ae F f TR fub>cx Vs, ky, ki). 


It is evident that 


doihel y | 
ial ina On fee 
[apt Jan 
The automodel principle suggests that at high k, = zV s/2 
(i.e. x, = 0 and kept fixed) “power-like” behavior takes place, viz. 


incl 
dO gb +X 


ae = + 9 (£1), 
L L 


where ọ (x,)is the unknown function which could contain a weak 
(logarithmic) dependence on kł. 


2.7.2b Regge Model 


. The Regge-Mueller expressions for inclusive spectra may 
formally be considered at high k,, too, for example, in the central 
domain. However, within the framework of Regge approach there is 
no information about the dependence of the vertices that connect 
both the reggeons and particles on their arguments. In other domains 
(fragmentation) we are also uncertain about the Regge trajectories, 
a (t) (as well as the residues) at t— —co. The leading trajectories at 
low t may turn out to be corrective at high t range. All attempts to 
include high t’s into reggistics are based on some assumptions con- 
cerning the behavior of the trajectories and the residues in this case. 
It appears that the “language” of Regge trajectories ceases to be 
adequate, physically at high ż, since the character of interactions 
here (i.e. at small distances) differs in principle from the picture for 
low ¢ (i.e. at large distances). 
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2.7.2¢ Parton Model 


An inclusive process is described in the parton model thus: 
two partons, one from each of the incident hadrons, collide and 
scatter through a large angle [32]. A subsequent fragmentation of 
the scattered partons yields a hadron with a high transverse momen- 
tum. Eventually, the scattered partons transform into two hadronic 
jets that form large angles with respect. to the primary beam. Thus, 
the inclusive spectrum is composed of three components: the distri- 
bution functions of partons in the initial hadrons, the parton’s 
scattering amplitude, and the functions governing the fragmentation 
of the partons into the detected hadrons. 

Some independent information about the distribution functions 
and fragmentation functions can be inferred from the data on deep 
inelastic scattering and inclusive ete~ annihilations. If we want to 
predict the evolution of the inclusive spectra, the parton-parton 
scattering amplitude must be taken from theory. Commonly the role 
of the partons is played by quarks and gluons. However, it can also 
be played by virtual hadrons. 

Consider a scattering amplitude in the general case in which each 
of the initial and final particles can contain a certain number of 
elementary components, “constituents”. In particular, these particles 
can themselves be the constituents. 

Now assume that the amplitude of a transition (m | T | n), where 
m and n are the numbers of the constituents in the initial and the 
final states, obeys the automodel principle in the domain in which 
all the invariant constituents from the different particles are large, 
i.e. the large angle domain. Then, according to the automodel prin- 


ciple, the dependence of (m | T | n) on the energy V's is controlled 
by its physical dimension. Since 


{k |k’) = (27)?2Eô (k — k’), 
[(m |] = p-™, p being an arbitrary mass unit. On the other hand, 
the relation 

Soa = (© la) +... + i (27) (Poa — Pe) (o!T | a) 
suggests that 

[T] = pt. 
Whence 

[(m|T|n)] = pme. 


This means that 


(m| TIn) œ (V 8) ® (8)), 
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where the 0; are dimensionless parameters (angles). Whence we 
obtain the famous “quark counting” formula [33] for the scattering 


A+B>C+D s 


at large angles, viz. 


(on © 7 0 (6), (2.44) 


dt }ap+cp ata the tins? P 


where n4,s,c,p) are the numbers of constituents in the particles 
A, B, C, D. 

The asymptotic law (2.41) has also been obtained independently in 
[34] by analyzing Feynman diagrams. Experimental data agree 
quite well with the quark counting rule. 

In (2.41) we took into account only the “valence” quarks. If conf- 
gurations that contain “sea” quarks in addition to valence quarks are 
also taken into account, then clearly corrections which fall off more 
rapidly with s will be produced. — 

Let us return to the inclusive spectra. According to the parton 
model, the inclusive spectrum in the high k,-range is of the form 


fan-cx= J) | dq def (za) fa (2+) 


a,b,c,d 
fdo 1 7c 
x | — — Dé (Ze) 2.42 
( dt A zc (zo) ( ) 


where få (£a) is the distribution function for parton a in particle A 
over longitudinal momentum fraction, £a = kyq/P4; DE is the 
c — C fragmentation function; zg = Pyc/ky,-, and (Sz) erea de- 
scribes the elementary subprocess a + b > c +d, with 


280 (VW +r —2) z 
n PP 


p= pes 2 mw 7a ERA 2 mw 22 ; 
t= (Pa— Pe)? = T™ (Pa — Po)? & z5 ic 
P 2P ic mes 2P ic 

Vs’ Vs 


From formula (2.42) it is not difficult to see that the function P,e is 
governed by the cross section of the elementary subprocess a + b —> 
=> c +d. 

‘If a,..., d are quarks, then from formula (2.42) we can obtain 
that 


4 
fap+cx ~ Pic @(z, x4). 


14—0630 
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If, for example, a = c = q (the quark) and b = d = M (the meson), 
then the appropriate contribution to the inclusive spectrum is given, 
according to (2.41), by the expression 


4 x 
“ps D (z, zı). 
1c 


Taking into account all possible contributions, we obtain the fol- 
lowing general formula: 


1 
farscx™ >i y Q: (7, z1). 
i Pic 


The known distribution and fragmentation functions enable us to 
discover definite information about the behavior of ®; (xz, x,). It 
can be proved that the different terms of the sum dominate in differ- 
ent ranges of z and z,. A detailed study of these more intricate 
questions was carried out in [35]. 


2.7.3 Deep Inelastic Scattering 
2.7.3a The Automodel Principle 


According to the automodel principle, the structure func- 
tions of deep inelastic scattering as —q? and v —> oo (the ratio 
x = — q’/v kept fixed) change in the scale transformations, 


q — Aq and p — Ap, 
as homogeneous functions of the appropriate dimension. Since 
[W] = p’, [W] = p>, 
then 
W, (Aq, Ap) = W, (q, p) 
and 
W, (Aq, Ap) = °W, (q, p). 
Whence in the Bjorken domain 
W, (q?, v) — F, (x) and vW, (q?, v) > F, (x). 


In this connection Bogolyubov has suggested an interesting hypo- 
thesis about a possible analogy between deep inelastic processes and 
the dynamics of a point explosion in gas dynamics. 

From the physical standpoint, this suggests that in the Bjorken 
domain a hadron’s size, when is summed up over all channels, ceases 
to be essential and dimensional factors (masses) disappear from the 
analysis and we arrive at the scaling. 

If, however, we try to substantiate this inside the framework of 
quantum field theory, we discover that, apart from the physically 
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uninteresting possibility of gp7, there is an effective mass parameter 
in any renormalized field theory due to the higher approximations and 
renormalizations, and the resultant logarithms yield anomalous 
dimensions which violate the scaling. Fs 


2.7.3b Regge Poles 


Certain additional assumptions allow us_to make some de- 
finite conclusions about structure functions of deep inelastic scat- 
tering using the Regge approach. 

In fact, a standard analysis of the imaginary part of the amplitude 
of a virtual photon scattered by a hadron yields the following expres- 
sion for the cosine of the scattering (non-physical) angle in the 
t-ehannel:: 


cos 0 x 
Eo =. 
my £ 


The general expression for the structure function W, ‘is 


Wi(v, p) 2 bi (0) (— 


œ;(0) 
myg ) ? 
where the a; are Regge galeca viz. P (the pomeron), p, w,... 
Scale invariance in the Bjorken domain can be achieved once it 
is assumed that 


bi (q?)~a2-+00 ~ ( 


1 a,(0) — 
va) & 
Then 


W, (2, q?) ~ bp ++Fp 7 Eee 
where the first term pertains to,an exchange of a pomeron (a = 1), 
and the second one to the meson trajectories (œ œ 1/2). This behavior 
qualitatively reflects the basic experimental data for low z. 

The conjecture aboutithe g’-asymptote residues cannot be justified 
within the Regge approach.}Besides, at high z the Regge formulas 


become absolutely invalid. 


2.7.3¢ Parton Model 
The cross section ofi the; deep inelastic process 
e+p >e” +X 

has the form 


do 4a2E'2 
TE ae = m ne [2sin?-5 Wo", v) 


+ m? cos? 2 W, (q?, v) | ‘ 


14* 
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where EL’ is the final-electron energy, 0 the scattering angle of the 

final electron in the laboratory frame (p = 0), v = 2pq, and. q = 

= k,—k;. The structure functions W, and W, enter the tensor 
W py thus: 

uay 

Wuv = ( — Zu + q 


Jw: 


+ (n.—# qu) (p.—B qv) Wa. 


Compute W, and W, in the parton model, where the partons have 
spin 1/2 and are sorted by the index i: 


d: 
Wav = J ei | $e dk sf (@ ka) 


x Tr [hyp (k + 9) pol:28 (7? — 19h). 
Assuming the integral converges in k,, we obtain 
2kq ~ zy, 


W, (z, #) = Det | dkifi (e, ki), 
Wilz, H = Dae | dkife (z, kı). 


Thus, we obtain the Bjorken scale invariance: 
W, (z, ẹ) — F, (2), 
vW, (z, q?) > F, (2), 
with 
F, (x) = 4aF, (z) (2.43) 


Whence it follows, in particular, that for deep inelastic processes we 
obtain straightforward information about nucleonic structure. 

Had we considered scalar partons, we would have W, = 0. Equa- 
tion (2.43), which is known as the Callan-Gross relation, is satisfied 
in experiments fairly accurately. This can be regarded as evidence 
in favor of the fermionic charged partons. 

There is no way of computing the distribution functions using the 
parton model, i.e. the z-dependence must come from experimental 
data and then used for the other processes such as the production of 
high k, hadrons. 

Nevertheless, by making another important assumption, viz. that 
the charged partons are quarks, a number of useful general relation- 
ships, that can be checked in experiment, can be obtained. 
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Actually, we have for the proton and neutron structure functions 


Wipl(@)= X Ahle) = > ute) t+-u(a)) 


i=u, d,s 
+4 (d(2) +4 (x) +4 (8 (2) +5 (2)), 
Win (t)= X ef (x) = (d(x) +d (2)) 


i=u, d, s 
+> (u(x) -+u (z)) + n (s (2) +s (2)). 


A proton consists of three valence quarks (uud) and of an arbitrary 
number of the “sea” quarks, i.e. the pairs uu, dd, ss,... . Likewise, 
a neutron is composed of the valence (udd) and sea (uu, dd, ss, $a) 
quarks. Provided the “sea” of SU (3) is symmetric, we have 

1 1 

4 

| dz (Wp (2)— Win (a) xz | dz lu (2)—d (2). 

0 0 
Since the protons contain one more u-quark than it does d-quarks, 
then 

g — 

| dz [w(2)—d (z))=Ny—Na=1, 

0 


and, as a result, 
1 

1 

| de [Wp (2)— Way (2) & 5. 


0 


2.7.4 Scaling Violation 


The scaling laws discussed in the foregoing sections are 
approximate. In fact, functions of dimensionless momenta ratios 
manifest a “residual” energy dependence. This fact can be inter- 
preted in different ways: 

(1) the inclusive cross sections really do tend to the scale invari- 
ant limits, and the energy dependence we observe is due only to 
correction terms whose contribution is infinitesimal at fairly high 
energies; 

(2) the scale invariance really is violated, i.e. the energy de- 
pendence cannot be neglected at any energy. 

Besides, the quantities measured can be subdivided into two 
classes according to case (1) and (2), respectively. 

Consider several examples. 
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1. Hadron-Hadron Processes. In a “naive” Regge scheme, as seen 
above, a true scaling occurs for the inclusive spectra, viz. 


fab+cx (s, T, ki)> Pe (x, k1), 


of the process a + b — c + X, with Ve (x, k,) having a finite limit 
in the central domain (x > 0). The consequence is that the mean 
multiplicity growing logarithmically, viz. 


(ne) ~ Ins. 


Thus, naive reggistics implements situation (1). A deviation from 
the scaling observed is interpreted in terms of a contribution of sec- 
ondary trajectories, which disappears as s — oo. 

Alternatively, in the Cheng-Wu model [36], spectra grow power- 
like in the central domain and, consequently, we have 


) st _1 2 
(ne Tape a= 57—e& B= 2e, 
O0<e<1/2. 


Obviously, we have here situation (2). 

2. Deep inelastic processes. In the standard parton model [37] the 
structure functions of deep inelastic lepton-hadron scattering tend 
to functions of x = — q?/v. The corrections related to the masses of 
hadrons and leptons and the transverse motion of the partons fall 
off at ~ 1/8. 

A parton picture using a perturbative QGD holds with violated 
scaling [38]. Despite the effective interaction is weakened at short 
range, i.e. 


as ()~ [In (—9*/A?)]>, 


this weakening is insufficient to compensate for the high probability 
that soft and collinear gluons can be emitted and the probability 
leads to factors ~ln (—q?/p?). This is the reason why deep inelastic 
structure functions cannot be computed by limiting to a finite num- 
ber of terms of the effective coupling constant a, (q?) in the pertur- 
bative series, i.e. the whole series must be summed. This works suc- 
cessfully using the leading logarithmic approximation detailed in [39] 
for assymptotically nonfree theories and can then be extended to 
cover QCD. As a result, the structure functions become g?-dependent, 
although for a large fraction of z values (which are not close tox = 0 
and xz = 1) this dependence is relatively weak, i.e. the specific para- 
meter is ~ ln (In(—q?)). An analogous situation is true for other 
inclusive processes, i.e. 


ete-—> hX, pp > pty-X, hh, hj(k,)X,... 
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In some processes, however, the entire energy dependence of the 
cross sections is governed by the coupling constant a, (q*). These are 
the so-called infrared stable processes, e.g., e*e-—» hadrons, angular 
distributions of hadron jets in the e*e--annihilation in the cones 
with fixed openings, etc. As q? — oo the cross sections of such proces- 
ses tend to the relations defined by the naive parton model, and the 
corrections are then found from the theory of perturbations in 
a, (ê) [40] and, certainly, they fall off. 

Yet another source of scaling violation is to allow for non-pertur- 
bative fluctuations of the QGD vacuum, that is the instantons [44] 
and the fluctuations related to the non-zero average quark and gluon 
fields, (0 | gq |0) and (0 | FyFe | 0), respectively {42}. However, 
their contributions disappear as inverse power of q’. 

Thus, the inclusive cross sections of the processes in the QCD 
which are not infrared-stable must actually violate the scaling at 
high 

Untortuniately, the cause for the scaling violation in “soft” hadron- 
hadron inclusive processes is inaccessible for a QCD analysis, since 
it requires, perhaps, a more substantial extension of the theory be- 
yond the framework of perturbation theory and therefore is more 
closely associated with the confinement problem. 


Appendix 


On the Analytical Properties of the Amplitude 

of the Process 

a+b > nenad... (*) 
in the Angular Variables that Define the Direction 

of the Unit Vector 


n=k,/|kg| in the C.M.S. k,+k,=0 [11] 


In Sec. 2.3 it was shown that the amplitude of process 
(*), TGs (s, n), could be presented in the form 


Th (S, n, e.) = | dx | de DES t, (**) 
x7 (s) 
where zz (s) is the semi-major axis of the Lehmann ellipse. 
Consider the analytic properties of the integral on the right-hand 
side of (**). For the complex vector n = x + iy the integral is seen 
to be continued into domain 


B (s) = {n | | x | < zz (8), y € R°}. 


Since the amplitude 7%, is not initially given at all n vaiues, but 
only for the unit sphere, n? = 1, then this continuation is not, gener- 
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ally speaking, unique, i.e. various functions of the complex vec- 
tor n could coincide in the subset |x | = 1, y = 0. A unique con- 
tinuation would be the one onto the complex sphere 


n? = (x + iy)? = 1. 


Thus, the amplitude T’, (s, n, . . .) analytically continues into the 
domain % (s) on a complex sphere 


J (s)={n|jn?=1, n€B(s)}, 


and this continuation is unique. 
Likewise, the function 7%, (s, n, ...) can be shown to continue 
analytically into the domain Z (s). 
Whence it follows that the differential cross section 
do? 4 * 
Far = | Bn T (smn) T (s, nEn) 
also analytically continues into the domain Ø (s) which is independent 
of the parameters n. 
In order to pass over to angular coordinates, we can choose the 
following parametrization of the vector n: 


n=VT #4 (w+ 1/w),: 


m= VIF > (w— 1u), Ge) 
Ng =Z. 


When w = e’?, z = cos 0 and OS g< 22a, OX O< 2 we arrive at 
the standard parametrization in terms of spherical angles. 

The above parametrization. of n is ambiguous in the vicinity of 
n, = +1. To avoid ambiguity,‘ the cuts (—oo, —1], [1, +00) 
must be made. 

Thus parametrization (***) is not defined on the entire sphere, but 
rather in the domain 


U ={njn2=1, n,€(—oo, —1]U[1, + )}. 


This reflects the property of complex analytical manifolds, which 
include the sphere n? = 1, that unified coordinates which are every- 
where regular generally fail to be defined on these manifolds. 


A regular branch V1 — z? can be isolated in the z-plane with the 
cuts (—oo, —1] and [1, +00) by} means of the conditions V 1 — z? > 
> 0 for —1 < z < 1. From the conditions pertaining to the domain 
Z (s), namely, 


and 
x? < xi, (s), 
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the analyticity domain in z and w, 


(+alv + zir) > 
x (+21 + l1— allw) < 4z (9), 
zē(— œ, —1]U[1, +0), 
can now be obtained. 
Now, let us show that the differential cross section (dn = 


=d cos 0 dọ), 
do®, ae don, 
a= | P d cos 0 dọ 
continues analytically into a Lehmann ellipse without the cuts. To 


do this, consider the function (do%,/dn)(s, n) in the vicinity of the 
point n = (0, 0, 1). The regular coordinates in this vicinity are 


zł = nı + ing. 
The quantity do%,/dn, being an analytic function in Æ (s), will be 
given in the z-coordinates in the vicinity of the point (z*, z7) = 


= (0, 0) by the series 

do, oa ean 

Ta = Dy Ami (8) (2*)™ (27). 
ml 


E the new coordinates in terms of the old ones, we obtain 


m+l 


m=i aw lami (s). 


Assuming now that w = &? and integrating the series over ọ 
from 0 to 2x, we obtain 


[22% ag- 5} 1-29)" ann (9 
0 


m=0 


Thus, the a +1 for the function 


dcos OL: (sr cos U) 


are not singular and this proves its analyticity in the Lehmann domain 
without cuts. 
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3 Colored Quarks 


N. N. Bogolyubov, V. A. Matveev, 
and A. N. Tavkhelidze 


3.1 INTRODUCTION 


A concept of colored quarks as fundamental fermions po- 
ssessing a specific quantum number, color, and like leptons, being 
elementary constituents of matter, forms the foundation of current 
theoretical ideas about the world of elementary particles and atomic 
nuclei. 

When in 1964 Gell-Mann [1] and Zweig [2] suggested the existence 
of quarks as hypothetical particles that make up mesons and baryons 
(i.e. every strongly interacting particles observed) quarks were 
imagined as purely mathematical objects. Using them, the then discov- 
ered unitary SU (3) symmetry of strong interactions [3] could be 
described in the most simple and elegant way. These particles, which 
possess fractional electric charges and are not observable in free state, 
eventually gained an appropriate physical interpretation. 

First of all, constructing hadrons from quarks having spin 1/2 lead 
to a contradiction with the Pauli principle for systems of particles. 
with half integer spin. 

The problem of statistics was not. however, the only obstacle 
standing in front of the theory. The following questions remain 
unanswered: why in nature do only those systems which correspond to: 
three quarks or quark-antiquark pairs exist? Why are there no indi- 
cations of the existence of other multiquark systems? 

Of special interest is the question as to whether quarks could exist. 
in the free state (the problem of quark confinement or non-emission). 

In 1965 an analysis of these issues led Bogolyubov, Struminsky, 
and Tavkhelidze [4], as well as Nambu and Han [5], Freund [6], 
and Miyamoto [7] to the fundamental idea that the quarks possess: 
a ae ‘ag hitherto unknown quantum number afterwards called 
color [8]. 

For more than 15 years this idea lies at the base of elementary 
particle physics. Once hadron spectroscopy problems could be solved, 
the colored quarks hypothesis led on to the development of the 
quantum chromodynamics (QCD) of strong interactions, and enliv- 
ened numerous versions of the “grand unification” theory (GUT). 

The present paper considers the main topics for the development 
of the theory of colored quarks and exposes a number of the impor- 
tant achievements for the physics of elementary particles, atomic. 
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nuclei, and high energies [9-11] which were obtained from this 
theory. 

The paper begins with a discussion on the dynamic treatment of 
hadrons as composite quark systems and ‘the construction of form 
factors and amplitudes of various processes, in which hadrons take 
part (Sec. 3.2). 

A dynamic quark model [4, 12] proposed in 1964 at JINR (Dubna) 
offered a systematic description of both static and observed parame- 
ters of elementary particles (magnetic moments, axial-vector con- 
stants of weak transitions, etc.), and hadron form factors [13]. These 
studies gave an impetus to the development of the current quark 
models of elementary particles, among which the quark bag model [14, 
45] and quark parton model are the most popular. 

An important step for the developing the dynamic hadron theory 
was made by Nambu, who first introduced vector fields, i.e. the 
carriers of the color interaction, which became the prototype of the 
QCD gluon field [16]. QCD, whose rapid progress we have observed 
in the last few years [17], originated then as a result of a unification of 
the hypothesis of colored quarks and the color SU* (3) symmetry 
with the principle of local gauge invariance by Yang and Mills [18]. 

It is important to emphasize in this respect that the Greenberg 
hypothesis of the parafermi statistics of quarks [19-20], as shown 
in Sec. 3.3, does not admit the gauge SU* (3) symmetry, since this 
symmetry forms the basis of QCD and the Greenberg hypothesis is 
thus a physically unacceptable alternative to the hypothesis of colo- 
red fermi quarks [21]. 

It is obviously not possible in a paper of this size to elucidate all 
the achievements of QCD, the development of which was a substantial 
advance for the theory of strong interactions. 

Secs. 3.4 and 3.5 show how QCD and the ideas of composite had- 
rons can describe a wide range of phenomena from approximate scale 
invariance to automodel behavior in a consistent theoretical way and 
can substantiate the quark counting method for high momenta trans- 
fer processes. 

The scale invariance discovered when inclusive and deep inelastic 
processes were investigated is one of the most universal regularities 
in high energy physics [22]. 

The automodel hypothesis formulated in [23] results in unified 
approach to the study of the scale properties of high-energy, strong, 
weak, and electromagnetic interactions based on similarity principles 
and dimensional analysis. The compatibility of the automodel hypoth- 
esis asymptotic behavior with the fundamentals of quantum field 
theory has been rigorously corroborated in [24], where a one-to-one 
relation has been found between the automodel’s amplitude and 
cross-sectional asymptotes for deep inelastic processes and the be- 
havior of a local currents products near the light cone. 
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In 1973 the automodel hypothesis and the ideas about hadrons’ 
quark structure led to the formulation of the quark counting rules. 
These specify the pattern of the asymptotic behavior of amplitudes 
and cross sections of the various exclusive processes depending on 
a degree of “complexity” of the partaking hadrons [25, 26]. 

The quark counting formulas describe the numerous experimental 
data on the elementary particle scattering surprisingly well and 
enable straightforward information about the number of elementary 
hadron constituents to be taken from the experiments. 

In the last few years the idea of colored quarks and fundamental 
QCD forces has started penetrating into the theory of nuclear reac- 
tions. 

It is to be noted that the most immediate manifestation of the 
quark nuclear structure is an experimentally observed law of the 
exponential falling of the electromagnetic form factor of deuteron at 
high momenta transfers, which agrees well with the quark counting 
formula and exhibits the presence of a hard 6-quark deuteron struc- 
ture [27, 28]. 

Sec. 3.6 treats the problems of allowing for the quark degrees of 
freedom in describing pure nuclear phenomena, especially those 
taking place at high energies and momenta transfers. A possibility is, 
in particular, indicated of exciting the “hidden” color in nuclear 
matter and of a number of other consequences [29]. 

The finalSec. 3.7 is dedicated to discussing the unified gauge theo- 
ries of strong and electromagnetic interactions having a spontaneous- 
ly broken color symmetry and integral charge quarks [30, 314]. 


3.2 COLORED QUARKS AND HADRON DYNAMICS 


3.2.1 A Hypothesis of Colored Quarks 


According to the colored quarks hypothesis formulated 
for the first time in [4-7], quarks obey Fermi-Dirac statistics, each 
type of quark appearing in three unitarily equivaient states: 


q = (qs q2 43), 


which differ in the values of a new quantum number called afterwards 
the color. Since only three quarks were known when the new quantum 
number was introduced, i.e. u, d, and s, the colored quark model be- 
came known at the three-triplet model. 

The wave function of an observed baryonic family, which can be 
approximated for spin unitary symmetry by a fully symmetric 56 com- 
ponent tensor abc, was assumed to be fully symmetric with respect 
to the color variables of the three constituent’ quarks: 


1 
Paso (Ti, T2 T3) = —S> EapyDate (Tis T2, T3), (3.1) 


V6 
where A = (a, a), B = (P, b), and C = (y, c). 
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From this assumption it can be concluded that the observed mesons 
and baryons are neutral relative to the new quantum number and 
conform to singlet states, if expressed in terms of unitary SU° (3) 
symmetry corresponding to the quantum rfumber. So, for example, 
the known mesons and baryons are built up from quarks and anti- 
quarks in the following fashion: 


g® (1) qa (2) mesons, 
e*Byq., (1) gg (2) gy (3) baryons, (3.2) 


where the color indices a, B, y each have only three possible values. 

Thus, starting from the colored quark hypothesis, the Pauli 
principle requirements can be met both for spin quarks as well as 
hadron spectroscopy. 

Colored quarks can have both fractional and integral charges. 
In the latter case the quarks could be created in high energy particle 
collisions without violating the basic law of electric charge conserva- 
tion and would be, generally speaking, unstable particles decaying 
into known hadrons and leptons [30]. 

Below we shall discuss the consequences which result from the 
hypothesis that charge on the quarks is integral (see Sec. 3.7). 

Let us stress that the introduction of a new quantum number led 
to the quarks being seen as normal physical objects accessible to 
direct or indirect observation. 


3.2.2 Dynamic Quark Models 


The introduction of colored fermi quarks as fundamental 
physical particles has opened a way to the dynamic description of 
elementary particles. 

It is the absence of quarks in the free state that has been difficult 
to explain. Yet explaining this phenomenon, known as quark con- 
finement or non-emission, is one of the crucial problems now facing 
elementary particle physics. Although the confinement problem will 
obviously be solved after experiment, a number of attempts have 
been made to explain the “permanent detention” of quarks inside 
hadrons in a logically consistent way. In particular, the quark “bag” 
model has been suggested. 

The quark bag model originated in the work done at Dubna (the 
“Dubna quark bag”) [4, 13] and at MIT [14]. 

A dynamic quark model, whose development started in 1964 at 
Dubna, was based on the assumption that quarks were very heavy 
objects bound in hadrons by immense forces. On the one hand, these 
forces ensure a large mass defect of the quarks in the hadrons, and on 
the other prevent them from being emitted 1. 


3, The description in terms of heavy, composite [11] quarks is, in 
a sense, complementary to the description in terms of light or “current” quarks 
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Quark confinement is not unconditional and in principle quarks 
can be freed if the hadrons acquire a sufficiently high energy. 

The dynamic composite model offers a systematic description both 
of the static observable properties of elementary particles (u, ga/gy, 
etc.) and the hadron form factors. Note that among the others it gave 
the first satisfactory explanation of the enhancement of the magnetic 
moment of a heavy quark bound inside a hadron. This effect could be 
simply described by the Dirac equation for a quark bound by a scalar 
field described by a rectangular potential well with U (r) = 
= — Uð (ro — r), and in the presence of an external magnetic field 
H by 


[E + ia(V + ieA)hp = BM*p; r< ro, (3.3) 


where M* = M — U, and H = curl A. 

Solving equation (3.3) in the limit of an infinitely heavy mass M 
of the free quark at a fixed value of the effective mass M*, which 
hereafter we will assume is zero, we can obtain the following expres- 
sion for magnetic moment of the bound quark: 


e 4Er,—3 
=F" saa i X83 oF 2E `’ (zx 


We emphasize that the finiteness of the magnetic moment of an 
infinitely heavy, bound quark can be inferred from an assumption 
about the scalar nature of the binding potential but does not obtain 
in the vector case, for example. 

This result makes it possible to obtain a good qualitative estimate 
of the absolute values of the nucleon’s magnetic moment, taking one 
third of the nucleon’s mass as the energy of the bound quark and 
using SU (6) symmetry, i.e. 


2 = ). (3.4) 


Mp œ 3 n.m, un > — 2 n.m 


and a number of other relations. 

Comparing these results with the experimental values reveals the 
importance of studying the relativistic corrections for the matrix 
elements of the electromagnetic and weak currents of composite 
particles. The nature of these corrections can be demonstrated in the 
most simple and elegant fashion in terms of a model of quasi-inde- 
pendent quarks. 

In this model the quarks that make up a hadron move independent- 
ly within some self-consistent scalar potential U (r), their binding to 
which compensates for their mass?. If the weak and electromagnetic 


which is a more adequate notion when analyzing a hadron’s point structure. 

Light quark confinement is associated with the non-Abelian nature of the fun- 

damental SoD interaction. 

í 3] . Salam has figuratively called this effect an “Archimedian bath” 
33]. 
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interactions are introduced in a minimal way [32], 
eA, electromagnetic interaction, 


iða —> id, +{ Vi t+y;l, weak interaction, (3.5) 


where A „ is the electromagnetic potential, l charged weak lepton 
currents, and G the Fermi constant for weak interactions, we will 
obtain the following for the ratio of the axial to the vector constants 
of the weak interaction, g4/gy , and for the magnetic moment of 
proton, say, 


5 
8al8y = — 5 (flol (3.6a) 
Bp = ag, (toe t+ Lilt) . (3.6b) 
Here o,/2, L,, and E, are respectively the spin and orbital moments 


and the energy of an individual, bound quark in a nucleon whose 
projection of total angular momentum is 


Hl =Ct|50+2,|l =F. (3.7) 


Whence it is not difficult to find out that 


gal8v = — $ (1—28), (3.8a) 

Hp =z (1—8) (3.8b) 
where the parameter 6, 

b= (MLH = — i | der pt rx Yla y (3.9) 


specifies the value of the relativistic corrections. For an ultrarelativ- 
istic case, when (q?)/E? ~ 1, we have ô~ 1/6 which yields a cor- 
rection of the order of 30% for the g4/gy ratio. This example shows 
up the degree to which the effect of relativistic corrections could be 
essential for predictions of non-relativistic quark models. So-called 
configuration mixing is another indication of the role of relativistic 
effects. This is when, in the most general vector representation of 
a baryon (composed of three quarks), P- and D-waves add to the 
S-wave contribution [34]. The spin unitary part of the wave function 
will then not be fully symmetric, being a superposition of the con- 
tributions corresponding to 20-, 56-, and 70-tuple representations of 
the SU (6) group. 

The dynamic composite models led to a qualitative explanation 
and quantitative description of an entire set of transmutational 


13--0630 
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particle and resonance processes. We specially mention the quark 
model of electromagnetic and weak meson decays [35, 36] which has 
been developed using the dynamic approach. 

This model offers an explanation of the weak leptonic decays of the 
pseudoscalar xz- and K-mesons and the electromagnetic decays of the 
vector meson resonances (p°, w°, and ¢°) into electron-positron pairs 
as the annihilation of quarks and antiquarks bound inside these 
mesons. The widths of corresponding decays are governed by the 
values of the wave functions of bound quark-antiquark pairs in 
matching coordinates [35], i.e. 


G2 cos? m? 
r (n> pv) = So mi (1-4) lipa (0) 2s (3.40) 
1602 


I (V° ete") = gy ly (0)12; (V9=p*, œ, $°, ...), 


(3.14) 


2 
3mi, 


where 
Bo=1/V 2; Bo=1/38V 2; g= —1/3; 


G is the weak Fermi constant, and 6 the Cabbibo angle®. 

An analysis of the data on the widths on the meson resonances 
based on these formulas led to the known conclusion about a depend- 
ence of distance scale (effective sizes) on the quantum numbers of 
a bound system (the Weisskopf-Van Royen paradox), e.g. [36], 


lpr (01? mK 
1b, (Ol? ma? etc. (3.12) 


In the case of the decay n°-—> 2y the annihilation model indicates 
that the width of this decay is proportional to the number of 
different quark colors. 

The constituent annihilation model and formulas (3.10-3.11), 
allowing for the first QCD corrections to it form a basis for the con- 
temporary theoretical analysis of the various decay modes of the 
members of a new family of heavy particles, namely the J/ip,-, and 
‘y-mesons. 


3.2.3 Hadron Currents and Form Factors 


The above examples illustrate the importance of allowing 
for relativistic corrections when a hadron’s local currents and form 
factors are being constructed. A consistent solution of this problem 
can only be given using the relativistically covariant description of 


2 An allowance for the renormalization of the magnetic moment 


and axial vector, weak constant of the bound quarks is made by introducing 
additional factors (4 — 25) and (1 — ô), into formulas (3.10) and (3.11), re- 
spectively. 
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the system of bound particles within the scope of quantum field 
theory. 

One of the first attempts to construct the local currents of compos- 
ite particles was performed for [13]. In this work a relativistically 
covariant equation for mesons and baryons was postulated and this 
marked the beginning of relativistic, composite quark models. 

The equation proposed, the choice of which was dictated by a requi- 
rement there should be a generalized SU (6) invariance and that 
the large mass of the bound quarks was compensated for, enabled 
many relationships to be obtained for the vertices and form factors 
of weak and electromagnetic transitions with hadron participation. 

It has been proposed in [37, 38] that the three dimensional, dynam- 
ic (quasipotential) equations in quantum field theory [39] be used 
to construct the local currents of the composite particles. 

With this approach the matrix current’s elements for the bound 
particle systems will be defined by expressions of the type 


(P', Bl Ju (0)IP, œ) 


= ( y* (a) Žu (P, ailP, a) Y (a) [| daidan (843) 


k=1 


where p (q;) is the simultaneous wave function of a bound state in 
the C.M.S.4 


The construction of the vertex integral operator T (P’, qi | P, q;) 
and the quasipotential equation for the wave function p (q;) is a basic 
problem for the simultaneous approach to the description of a system 
of interacting particles [40-42]. 

For the case of two spin particles (the quarkonium) the quasipoten- 
tial wave function equation reduces to the form 


(yo — M) p=0, (3.14a) 
Pop = Yo P= Y (3.14b) 


where £ is the total energy of the system, and M the mass operator 
which is a function (generally nonlocal) in momentum q, as well as 
in iVq, 61,2, and E [44]. 

For non-interacting particles the mass operator is merely 


M=2W=2Vm+@. (3.45) 


4 Below in Sec. 3.5 when the asymptotic behavior of hadron form 
factors are studied for the high momenta transfer range, the three dimensional 
deem equations in the variables of the “light front” (i.e. on the zero plane) 
are used. 


15* 
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Given an interaction, the operator M reads 
Myp=2Vre rey (0) + |V (E; a g) plada. (8-16) 


The quasipotential V (E; q, q’) which enters this expression is speci- 
fied by the relation 
GiG ey, (3.17) 


ani 


where G-! and Got are operators for the inverse bitemporal Green func- 
tions of two interacting and two free particles, respectively. In the 
C.M.S. and in the Foldy-Watthausen representation they are 


G (E; q, q’) 
+00 +00 
=ATi{ | dg j dg,Gp—o (E; q» q')} Ty. (3.18) 
Here 
Ww—y,- Ww F —— 
Ta a (m+ a eee + Ye") ; W=Vm+@ 
(3.19 


is the operator for the unitary Foldy-Watthausen transformation for 
a two particle system, and 


1 1 2 
AS Lenona, (3.20) 


is the projection operator of the 16-component bispinors onto a sub- 
space which can have an inverse operator (3.17). 

The work [37] demonstrated how the dynamic moments of local 
vector and axial currents for the bound states of two spin particles 
can be found from the three-dimensional quasi-potential equations. 

Suppose a quark interaction is introduced with the weak homogene- 
ous and time dependent external vector (Vj,) and axial-vector (A,) 
fields thus: 


Yuu > Ô = Yuðp + IAV AY, + MAM Yy (3.21) 
(here A“ are the generators of the flavor group). 
As a result, the mass operator becomes a function of the external 


field and can be expanded into the powers of the field, viz. 


My. ,.=M+6My at.. (3.22) 
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where the first non-vanishing correction is controlled by a variation 
of the two-particle Green function, 


Sify, a =2niG"'-8Gy, aG! (3.23) 


and so 5Gy_4 can be found by standard perturbational methods. 
The vector and axial charges of the particle system, 


Q= (bound | f Ja (x) dx| bound ) : 


Q7 = Chound | | Jz,(2)dx| bound) (i= 14, 2, 3), 


(3.24) 


can be defined in terms of the total energy variation with the external 
fields present, i.e. 


SE = VQe + AeQe+.... (3.25) 


Whence (in the lowest order of perturbation theory for the vertex 
operator) it follows: 


Qe = | pt (a) (AF +A} 0 (a) da, (3.26a) 

Qe = J pt (a) (AA, + AFA} Y (0) da, (3.26b) 
where 

sp leram ty) V-VEFR em 


These are exactly the same charges for which the SU (6) algebra was 
first postulated. In a nonrelativistic approximation, when q? < m?, 
A œ o, SU (6) algebra is trivially satisfied for quantities (3.26a, b) 
given that the two particle states are completely described by the 
wave functions p (q). 

However, as was shown above, relativistic corrections may be 
significant. For example, if the operator A is averaged over a 
spherically symmetric state, we find that 

2 
(Ay =o (1— © ) +0 (A/m). (3.28) 
This agrees with the model of quasi-free quarks, where the renormal- 
ization of the axial constant is constrolled by a factor in [13], viz. 


(1—28) =1 -J+ O(4/E%). (3.29) 


In other words, the corrections of the order of 1/m? are needed by 
relativistic kinematics and are independent of the nature of the 
particle’s interaction. 

In the paper by Gell-Mann and Dashen [43] the problem of deriving 
relativistic quark dynamics from the current algebra in a system with 
an infinite momentum (the “P, = œ” system) was posed. 
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The above analysis allows us to state that the results for the 
charges on the vector and axial vector currents obtained in these 
papers can be reproduced without reference to the commutation rela- 
tions of current algebra at infinite momentum [44]. 

In fact, the diagonal matrix current elements for the P, = oo 
states are related to the current’s diagonal matrix elements at rest 
by the Lorentz sue te 


(Jo)P, >o > iF [(Jo)p=o] + B (J 2)p=olp+1- (3.30) 


As a result, using (3.26), we find for the limiting values of the vector 
and axial vector charge matrix elements that 


lim 3 Cf Jgaxy=J vt (D Oe +A olada (3-31a) 


Pz-00 
phim pe (| Fax) = J ya) O22, +472) Y (0) da, 
(3.31b) 
where 
z= ape [e+ 8 (14%) ], 639 


n= piy [0 e224 (1-9) | 


Note that relativistic corrections of the order of 1/m? to axial constant 
of the two spin particles, which is defined by (3.32), have the same 
form as before, namely, 


(Zo = 0, (i) (1— Ger) +0 Aimi). (3.33) 
It is not difficult to show that 
[2 P = [E] = 1, (3.34) 


whence the validity of the SU (3) x SU (3) algebra follows for the 
charges of vector and axial octet currents of two free quarks. Thus, 
the three-dimensional dynamic equation can serve as an effective 
means to check the current algebra of composite particles at infinite 
momenta. 

The results above pertained to the charges, i.e. to the matrix current 
elements at zero momentum transfer. In [44] it was generalized to 
slowly varying external fields. This allows the higher dynamic mo- 
ments of the particle system’s currents, such as magnetic and electric 
dipole moments, to be found. 

In particular, evaluating a variation of two spin particles’ energy, 
given homogeneous electric and magnetic fields, 


5E =M-H+D.E, (3.35) 
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we find the following expressions for the magnetic and electric dipole 
moments of the system (in the lowest approximation of perturbation 
theory for the vertex operators): 


e 


= | ¥* (a) {em, + ezm,)} (4) da, (3.36a) 
= | p* (a) {eds + end} Y (a) da, (3.36b) 
where 
m; = zy (L+ p), L= —i[ax a], (3.37) 
m= a Tir ae | ’ (3.38) 
la x (i)] 


d= {ziti Per) 


Relativistic corrections to the magnetic moment of a bound quark 
that were found by averaging over a spherically symmetric state, i.e. 


(m) = 0; (1-0 (1/m4)) (3.39) 


agree with results from the quasi-free quark model. In this model 
renormalization of the magnetic moment of the bound quark is 
governed by the factor 


(1-8) = (1— Fer) + 0 (1E) (3.40) 


Relativistically covariant quasi-potential equations have been 
used in [45] to construct form factors for composite particles at 
arbitrary momentum transfer values. 


3.2.4 QCD as the Gauge Theory of Colored Quarks 
and Gluons 


One of the most important implications of introducing col- 
or into elementary particle physics is the development of QCD, 
i.e. the gauge theory of colored quarks and gluons treated as an up- 
to-date basis of strong interaction theory. 

QCD has emerged as a result of bringing the local gauge invariance 
idea of Yang and Mills [18] into the color SU° (3) symmetry [17]. 
An important role in developing QCD was played by the concept of 
vector particles introduced in 1965 by Nambu. These are the carriers 
of interaction between the colored quarks and were the prototypes of 
the QCD vector fields of gluons [16]. 
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Hopes for a theoretical explanation of quark confinement or non- 
emission® are pinned on the non-Abelian nature of a QCD gauge in- 
variance group. : 

A most important feature of QCD is the asymptotic freedom [46] 
associated with the discovered weakening of short-range interactions 
between quarks, i.e. with the increasing momentum transfer: 


a ( ee 120 1 
s\T) ~ GiN,—2Np) in g?/A2? 


where N. and N; are the numbers of colors and flavors, respectively, 
and A the fundamental scale. 

The QCD’s asymptotic freedom corresponds to the idea that the 
quasi-free quarks, which originate in the dynamic, composite hadron 
models where light quarks whose mass is “erased” by the interaction, 
are effectively confined only by the walls of the potential well and 
remain practically free inside the confinement region (the “Dubna 
quark bag”). 

Unifying the heuristic quark bag picture and QCD has led to the 
development of a number of the modern approaches to hadron dy- 
namics [47, 48]. 

Theorists at MIT [15] have introduced the assumption that there 
is some constant density of bag volume energy which is specified by 
universal parameter B ~ A‘. This assumption guarantees the stabili- 
ty of a quark bag which has zero complete color with respect to the 
quark-gluon fields filling the bag. 

In a number of works there have been some attempts to substan- 
tiate the quark bag model on the basis of a nontrivial topological 
structure of the QCD vacuum state which is related to instantons 
(i.e. the effects of tunneling between classically degenerated states 
which differ by the value of their so-called topological gauge potential 
number and which conform to zeroth QCD field strengths [47]). 

In particular, the application of the finite energy sum rules [49] to 
analyze the annihilation of ete- pairs into hadrons and to describe 
the dynamics of quark-antiquark systems (the quarkonium) has led 
to the following values for the average vacuum fields of light quarks 
and for a physical vacuum’s energy density [50]: 


(uu) = (dd) ~ — (0.25 GeV), 


s (3.41) 


5 Note that the “elusiveness” of a rigorous proof of color confinement 
in the non-Abelian theories, in spite of considerable efforts and isolated partial 
advances in this direction, could indicate that color confinement is, by way of 
a mathematical analogy, the “Fermat” theorem of contemporary particle theory. 
In other words, quark confinement or non-emission cannot, generally speaking, 
be inferred from the first principles of QCD. 
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(here G4, are the color gluon’s field strengths, a = 1, 2, ..., 8). 
The negative sign of e leads to a positive volume density of the bag 
energy. However, since the quantity B usedein describing the hadrons 
in the quark bag model is almost an order of magnitude less than the 
energy density of the physical vacuum |e | signifies, apparently, 
that the physical vacuum inside the hadrons is “destroyed” only par- 
tially [48]. 

Note that recently, in connection with studying a possibility of 
a spontaneous breakdown of color symmetry, the theory is entered 
by the colored scalar particles of small mass equally with quarks 
and gluons. A principal corollary of similar theories is the existence of 
a new hadron family that include the scalar color fields [51-53]. 

It will be shown below (see Sec. 3.7) that given a condensate of the 
scalar fields 


(as gto) ~ (1 Gev)?, (3.42) 


here b = (11 — 5N;— ; N,) , N, being the number of fundamental 


scalar triplets and allowing for large perturbative corrections in the 
QCD with scalar fields, the masses of the new hadrons can amount to 
several tens of a GeV [53]. Observing states such as these would be 
equivalent to discovering a new flavor, namely, scalar quarks. 


3.3 PARASTATISTICS AND COLOR 


3.3.1 Parafermi Statistics for Quarks 


The first attempt to solve the problem of quark statistics 
was initiated in 1964 by Greenberg [19] and has been used assuming 
that quarks are parafermions of rank 3. In this framework, baryons 
can be explained and described by completely symmetric spin- 
unitary wave functions. In particular, the baryons built up of three 
quarks with the identical quantum numbers have been explained, e.g. 


Att (J, = 3/2) or Q- (J, = 3/2). 


Earlier works (see, e.g. [20]) have emphasized that the use of parafer- 
mi statistics for quarks and the introduction of a new quark quantum 
number (color) together with an appropriate color SU° (3)-symmetry 
are not equivalent approaches in elementary particle theory and lead, 
generally speaking, to different physical consequences. Even so, in 
the last few years a number of works have appeared in which they 
have been erroneously equated [54]. 

It is essential to understand this problem properly not only for 
quark theory, but also for the future development of elementary 
particle theory. In this section we want to clarify the problem and, 
using just a brief analysis of the most essential features of both ap- 
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proaches, we shall show that the use of parastatistics is not equivalent 
to the introduction of quark color and the appropriate gauge SU° (3)- 
symmetry, which form the basis of QCD. 

Remember first of all that parafermi statistics are governed by the 
following set of the trilinear permutation relations 


(p(x), IPO), I. = — 2S (£— y) Y (2), (3.43) 


where S (x — y) is the ordinary permutation function of the free 
fermi fields. As has been shown by Green [55], who was the first to 
introduce parastatistics, a parafermi field of rank P allows the co- 
variant representation 


P 
(2) = Di (2) (3.44) 


to be made, where the fields ; (x), commonly called the Green para- 
field components, obey bilinear permutation relations of an anoma- 
lous type, viz. 


[pi (2), py Ya = — iôi 5 (x —y). (3.45) 


Here the sign “+” (the anticommutator) corresponds to the same 
components (i = j) and, the sign“—” (the commutator) to different 
ones (i j). 

Using a parafermi field represented in terms of Green components, 
it is not difficult to show that in the interesting case of P = 3 we 
have, in contrast to ordinary fermi fields: 


py? (x) 10) 40, p(x) 10) 40. (3.46) 


The last condition solves the problem of baryon spectroscopy that 
has required it to be possible to place up to the three identical parti- 
cles into the same quantum state. Note also that the symmetric char- 
acter of the completely spin-unitary (the SU (6)-part) wave function 
of observed baryons is because the only composite operator which 
possesses a unit baryon number in this approach is the operator 
described in [54, 56] and follows from the ordinary anticommutational 
Fermi-Dirac relations, namely, 


Ipe (x), 1p? (ala, ° (zl, (3.47) 


where a, b, and c are the spin-unitary field indices. 
However, in addition to the ordinary mesons and baryons, for 
which 


M ~ ip, pl Br hp, ph, ple (3.48) 
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a consequence of the normal permutation relations for composite 
operators leads to systems with the quantum numbers corresponding 
to a diquark and quark-meson, namely, 


D ~ lip, vl, F~ Ilp, pla pl (3.49) 


These have no analogues in the spectrum of the hadron states ob- 
served. 

It should be emphasized that for the parafield to be presented as 
a sum of Green components does not signify, per se, that there are 
any internal degrees of freedom, i.e. it is only a convenient mathe- 
matical means just like the higher spins in the theory of angular 
momentum can be constructed as a sum of several 1/2 spins. Besides, 
the anomalous character of the permutation relations of Green com- 
ponents does not allow any physica] sense to be directly attached 
to them. 

There is, however, one transformation, i.e. the so-called Klein 
transformation, that is nonlinear and nonlocal but allows the permu- 
tation relations to be reduced to a normal, canonical form. The trans- 
formation is of the form [57] 


¥, = pk, 

bi > OO =F, Y, = ipK, (3.50) 
v,= Pa. 
The operator K is described by the relations 

pk = Ky; 

PaK = — Kp; KK* = K? =1, (3.51) 

PK = — Kys; 
and can be selected in the following form: 

K =expia(Na +N); N;= j d3x pipi (3.52) 


It can be easily checked that the V; fields, obtained from the initial 
Green parafermi field components as a result of the Klein transforma- 
tion, follow the normal permutation relations: 


IF; (2), F; (l+ = — iô; ;S (x — y), 
F; (x), F; (y)l+ 0. 


Let us stress that the Klein transformation changes the form of the 
permutation relations and is, therefore, either noncanonical or non- 
unitary. If the Klein transformation does not change the character of 
the theory of free fields, then the possibility of applying this trans- 
formation to interacting fields generally puts extremely strong re- 
strictions upon the theory, i.e. the so-called superselection rules [58]. 


(3.53) 


ll 
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In the case we are interested in, i.e. parafermi-statistics of rank 3, 
as Govorkov showed for the first time in 1966 [59], the relevant super- 
selection rules can be formulated as a requirement of theory invariance 
given in terms of the normal fermi-fields ¥; = 0-1;8 with respect 
to the transformations of the SO (3)-rotation group of the three- 
dimensional matter space. In other words, the space of the admissible 
physical states of the parafields is mapped by the Klein transformation 
onto the set of those elements W; of the Fock normal fermi fields 
space, which are invariant relative to SO (3)-transformations of these 
fields. 

Thus, the observed quantities from the initial theory of parafields 
of rank 3 will be specified by the vacuum averages of the operators 
that are invariant relative to SO (3)-transformations of the W;- 
fields. 


3.3.2 Parastatistics and Gauge Symmetry 


If locality or microcausality are required, extremely se- 
vere restrictions are imposed on the possible forms for parafield inter- 
action Lagrangians [56]. In particular, attempt to construct a para- 
fermion gauge interaction requires parabosons of the same rank to 


be introduced [60]. 
Indeed, out of the two parafermion vector currents, 


ju (2) = P> WH (3.54a) 


ja (2) = FF, Yl (3.54b) 


only the first is a local operator and can be associated with the electro- 
magnetic current. The second current (3.54b) is generally nonlocal 
(except for the case when P = 2) and satisfies paraboson-type trilin- 
ear permutation relations on a spacelike surface. 

Let us introduce a paraboson vector field B „ (x), which obeys the 
following permutation relations: 


[Bu (z), [By (y); Ba (2)l+]- 

= U8yvD (£ — y) By (2) + igu,D (£ — 2) By (y), (3.55) 
where D (x — y) is the scalar field permutation function. As was the 
case of the parafermi fields, the field B, (x) can be given as a sum of 
Green components: 

po i 

By (2) = 2 By (2) (3.56) 
with the fields Bi (x) obeying anomalous permutation relations like 

[Ba (z), By (y= —iguyD(e—y) (i=j), 

[Ba (z), By(y)l-=0 (ij). (3.57) 
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-Generalizing the Klein transformation (P = P’), 
K =expin (Na+ N3), 
Ne f dès pipi + f d3x Bi Bt, (3.58) 


leads to the normal form of the permutation relations of the Green 
components both for the parafermi- and parabose-fields. 

Following the work in [60], we can see that the most general form 
of the Lagrangian of a parafermion interaction with vector fields 
that is compatible with the locality requirement is the following: 


1 2 


EL E ESA ; Ts 
L=-7 fwv- a Guy [F v] + ej pApt d fia ,Bul,» (3.59) 
where 
=iYu apm, 
4 
Guy=0pBy-dyByt i9 Leps)» (3.60) 


and A, and F „ being the vector potential and strength tensor of the 
electromagnetic field, respectively. 

We stress that the requirement P = P’ = 3 emerges automatically 
as a condition of self-consistancy when constructing a local Lagran- 
gian which contains only Yukawa trilinear couplings of the para- 


fermions with the vector fields. 
Passing over to Green field components and using the K lein 0-trans- 


formation, 

Y, -=O-1p,0, Bi, =0-1Bi0, 
from (3.54), and when g = g’, we get a Lagrangian of the gauge theo- 
ry with the SO (3)-symmetry group, thus: 

12 152 sae o fae 
L=-7F = $ Gav- FD Y +60, [Fyt] 
+o(Bu [Fx vw], i (3.61) 

where 
Gyy= 0p By -9y But g [ep x a). 


Note that both fermions (¥) and bosons (B,) are transformed here 
via a three-dimensional (vector) representation of the SO (3)-group. 
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We shall finish by proving the limited equivalence of the gauge 
theory with local SO (3)-symmetry and the theory of parafields of 
rank 3 which was given in [60]. As opposed to QCD, this theory has 
only three gluons and diquarks are absent in the particle spectrum, 
as are fermions with quark-meson quantum numbers and other exotic 
hadrons. Besides, the gauge theory with SO (3)-symmetry only posses- 
ses asymptotic freedom if the number of flavors does not exceed two 
which contradicts experiment. 

Thus, the hypothesis of parafermi statistics for quarks is not 
equivalent to the introduction of color, or a colored SO (3)-symmetry, 
since it leads to results which are unacceptable on physical grounds: 


3.4 HADRON QUARK STRUCTURE 
AND AUTOMODEL BEHAVIOR AT HIGH ENERGIES 


3.4.1 Scale Laws in Particle Physics 


The study of interaction processes at high energies and 
momentum transfers is of primary importance for understanding dy- 
namics of strong interactions and elementary particle structure. The 
scale properties of these processes have been intensively studied over 
the last decade, both theoretically and experimentally. All the 
interaction types, strong, electromagnetic, and weak, exhibit auto- 
model, asymptotic behavior or approximate scale invariance in some 
form. 

In this section we will show how the scale properties can be de- 
scribed starting from the most general, model independent laws of 
physical similarity, using dimensional analysis, and considering ele- 
mentary particle quark structure. 

Experiments with the high energy particles produced in modern 
accelerators are now a chief source of information about the elemen- 
tary particles structure and properties of the fundamental hadron 
constituents. 

As the energy of the interacting particles is increased, which cor- 
responds to ever shorter distances, large numbers of secondaries are 
produced, since new inelastic channels are opened. The diversity of 
the processes of interparticle transmutations, the complexity of 
experimental observation and description of various end products of 
reactions at sufficiently high collision energies make many of the 
traditional methods of investigation untenable. 

An entirely new approach to studying inelastic high energy parti- 
cles interactions was proposed by A. A. Logunov in 1967 and has come 
to take the place of traditional methods. The basis of this method 
called the inclusive method is that only secondaries of a given sort 
are observed in the final state of reaction. This allows a model inde- 
pendent description to be made of high energy multiparticle processes 
based on the fundamentals of quantum field theory [22, 61]. 
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A theory of inclusive reactions has been developed in the works of 
Logunov and his disciples® and has led to the establishment of a num- 
ber of rigorous asymptotic relations and limitations on the high 
energy interaction cross sections, and demonstrated the fruitfullness 
of the approach in analyzing such important regularities as scale 
invariance. l 

As soon as the proton accelerator at the High Energy Physics 
Institute (HEPI) in Serpukhov, which was then the world’s largest, 
was commissioned in 1969, a remarkable feature of scale invariance ir 
the inclusive hadron reactions was discovered when the secondary 
spectra were studied. 

The discovery of scale properties of inclusive processes and their 
theoretical investigation by R. P. Feynman [62], C. N. Yang [63} 
and others has deepened our ideas about strong interactions and given 
a new impetus to the development of the inclusive approach. 

The investigations of deep inelastic processes in inclusive electron- 
nucleon scattering that were carried out in SLAC (Stanford) led to 
the discovery in 1968 of scale reaction properties (Bjorken scaling). 
These indicate the existence of a “hard”, pointlike structure of a nu- 
cleon (the quark-parton structure). 

Several years earlier, in 1964, the pointlike behavior of the totał 
cross sections of lepton-hadron interactions was suggested by 
M. A. Markov [64] from purely theoretical considerations of the 
dominant role of the channels opening anew, compared to the suppres- 
sion factor owing to hadron form factors. Experiments on the other 
big accelerators including those at CERN (Geneva) and Fermilab 
(Batavia, USA) have supported the pointlike behavior of the deep 
inelastic scattering of neutrinos and antineutrinos with nucleons. 
In other words, the effective nucleon size seems to have disappeared 
in these interactions. 


3.4.2 Automodel Principle 


In 1969 it was suggested [23] that the experimentally 
discovered scale properties shown by the electron-nucleon interac- 
tions might be assumed tọ be common for all deep inelastic lepton- 
hadron processes and could be derived in a model independent fa- 
shion using dimensional analysis and physical similarity laws. 

An automodel principle was formulated in these works that was 
universal for describing the scale properties of the widely differing 
processes of deep inelastic interactions between elementary particles. 
Essentially, the automodel principle was an assumption that the 
form factors, and other measurable quantities of deep inelastic pro- 
cesses, were independent at the asymptotic limit of high energies 
and momentum transfers, of any dimensional parameters (such as 


e See the second paper in the present collection. 
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particle masses, strong interaction radius, etc.), which can fix the 
scale of measuring lengths or momenta. Thus, deep inelastic form 
factors appear to be homogeneous functions of relativistically invar- 
iant kinematic variables, whose homogeneity is specified by dimen- 
sional analysis’. 

Consider, for example, a deep inelastic process interaction where 
leptons transfer a momentum q to hedrons having momenta pj. 
At the so-called Bjorken limit of v; ~ si; ~ | q? | >> p? = m? (m; 
is mass of the ith hadron) and for fixed values of the dimensionless 
ratios of the large kinematic invariants v;/g?, s;;/q?, where v; = qpi, 
Si; = Pip; (i Æ f), an observed parameter, F (q, p;), of the process 
under study behaves with a momenta scale transformation 


qu Agu, Pip > Miu (3.62) 


that corresponds to the automodel principle like a homogeneous func- 
tion of order 2k, viz.: 


F(q, pi) > F (Aq, Api) =*F (q, Pi), (3.63) 
where 2k is the physical dimension of the quantity F (q, p:), i.e. 
F(q, pi) = m*. (3.64) 


It is not difficult to see that the most general version of the form 
factor that satisfies these requirements is 


F(q, pi) =(P) f (vilgis 8i5/9"); (3.65) 


where the function f depends only on the dimensionless ratios of 
the large kinematic variables that are constant in the Bjorken limit. 

For electron-nucleon deep inelastic scattering where the differen- 
tial cross section is specified by the formula 


d? 4na? 9 2 in? 
wat [ cos? x Wala, vy) + sing Wi (e, v)], 
(3.66) 


(9 is the electron scattering angle in the laboratory frame) the auto- 
model principle leads to scale invariant behavior of the form factors 
W, and W,. This was found for the first time by Bjorken [65], i.e. 


vW (9, v) = Fe (Gv), W, (£, v) = Fi (@/v), (3.67) 
since 
(W, (7, v)] =m, [W, (q’, v)] = m., 


Applying the automodel principle to other lepton-hadron proces 
ses has led to a set of important results. In particular, a scale law 


7 Automodel behavior in high energy physics is closely analogous 
to the similarity or automodel property in gas- and hydrodynamics [68] (the 
term automodel has been borrowed therefrom). 
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was found which for the first time describes the spectrum of the 
muon pairs produced in the high energy proton-proton collision 
p+p—>uwpt+ u-+ hadrons, namely [67], 


ae o e 


where M is the effective mass of the muon pair and ŒE the initial 
energy of the colliding particles. Experimental studies of this pro- 
cess initiated in 1970 by L. Leberman’s group in Brookhaven sup- 
ported this scale law demonstrating the universality of automodel 
asymptotic behavior for a wide class of deep inelastic lepton-hadron 
interactions [68]. 

Note that in the case of pure, high energy, hadronic collisions the 
automodel principle leads to so-called Feynman scaling for the in- 
clusive cross sections of the production of secondaries having the 
limited transverse momenta (with respect to the collision axis), 
V1Z. 


=f (Pr, P/E). (3.69) 


That is to say, the collisions in this case result in the inclusive spectra 
being dependent only on the ratios of the longitudinal momentum 
components of the isolated secondaries and on the energy p,/E of 
primaries. This scale law is derived by analogy with a “flat” ex- 
plosion in hydrodynamics and uses generalized dimensional anal- 
ysis of the independent units of measurement of the lengths and mo- 
menta along and perpendicular to the collision axis. 

Thus, the experimentally observed scale properties of elementary 
particle interactions can be described in a unified manner based on 
the automodel principle, which starts from physical similarity laws 
and dimensional analysis. 

At the same time it should be asked to what extent the automodel 
asymptotic behavior is compatible with the fundamentals and re- 
quirements of quantum field theory, such as the conditions of 
locality, microcausality, and spectrality. 

This problem has been fully studied by N. N. Bogolyubov, V. S. Vla- 
dimirov, and A. N. Tavkhelidze, who have found sufficient and, 
in certain cases, necessary conditions for the existence of the auto- 
model asymptote in quantum field theory. One result of this approach 
has been the establishment of an exact correlation between the 
automodel asymptote of observables, i.e. amplitudes and cross sec- 
tions and interaction properties, at extremely short distances [24]. 

Although providing a theoretical basis from which to understand 
the general, model independent features of scale regularities, a sim- 
ilar axiomatic approach cannot, quite naturally, pretend to give 
a concrete form for the functions of the dimensionless ratios of the 
kinematic variables. These functions characterize the automodel 


16—0630 


(E-i) 
dp? J/a+b—c+... 
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asymptote and their form is defined by the dynamics of interaction. 
The additional information required to specify the form of these 
functions can be found by considering the composite quark nature of 
hadrons. In particular, the form factors of the deep inelastic lepton- 
hadron processes in the Bjorken-Feynman quark-parton model are 
expressed in terms of the distribution functions of the elementary 
point constituents of hadrons or the partons, i.e. quarks, antiquarks, 
and gluons. 

The quantum mechanical correactions to this model will be dis- 
cussed below (see Sec. 3.5). 


3.4.3 Quark Counting Rules 


Some especially interesting and important consequ- 
encies have resulted from the idea that hadrons have a composite 
nature. These consequences are associated with the deep inelastic 
or exclusive interactions of hadrons, in particular, when binary 
reactions of the large angle high-energy, hadron scattering are consid- 
ered. In this kinematic region all the energy and momentum trans- 
fers are high and, consequently, we deal with interactions which are 
concentrated within a region of mainly short distances and time 
intervals and where the “hard” pointlike quark structure of hadrons 
must be exhibited in an explicit manner. 

In 1973, a general formula was established [25], on the basis of 
the automodel principle and composite hadron nature. This controls 
the character of the energy dependence of the differential cross sec- 
tion for an arbitrary binary reaction for large angle high energy 


(E = Ys) scattering and the form tactors asymptote at high mo- 


mentum (Q = V =t) transfers, viz. 
a (ab > ed) ~ sT nat +n tng 2) 


Falh ~ aD, (3.70) 


where niza,b,c,a are the numbers of elementary constituents of the 
hadrons participating in the reaction. 

This formula is known as a quark counting formula and establishes 
a direct correlation between the rate of exponential diminishing of 
the differential cross section for an exclusive binary reaction of 
large-angle scattering and the energy and degree of complexity of 
the participating particles, i.e. the number of their elementary con- 
stituents. 

The discovery of the quark counting formulas has afforded many 
opportunities to investigate the quark structure of hadrons and light 
atomic nuclei experimentally [25, 26]. 

Following [25], we shall dwell briefly on the derivation of formu- 
las (3.70) which were based on dimensional analysis techniques 
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(“dimensional quark counting”). An advantage of this approach 
to the derivation of quark counting formulas is its universality and 
independence of special details of a Dea structure model of 
a hadron. 

Consider a general binary reaction, a 4 b—->cet+d. Assis that 
at the high energy and momentum transfer limit, particle a behaves 
like a composite system containing Na point constituents, quarks, 
say. The vector of state of such a system can be written thus: 


| a) =Ñ, | na, quarks), (3.71) 


where the symbol N, denotes the operation of multiplying the vector 
of the free quarks’ state by a suitable system wave function and inte- 
grating (summing) over the quark variables. 

The binary reaction differential cross section v can be given in the 
form 


d a d 
F(ab —>cd)=Tr( J] Piz)» (3.72) 
i=a, b,c, d 
where 
p= Nix Ni, (3.73a) 
So | (Rar M | T | mes na) |2. (3.73b) 


The dimension of a single particle state that is normalized in a 
elativistically invariant way is known to be 


[ | single-particle)] = 


whence the dimensions of the operator factors 0; and of do/dt which 
describe corresponding multiquark process follow, i.e. 


a 2(n,-1) 

[p] =m l (3.74a) 
do — png tnytn,tng- 2) 

[Z ]=m btnetng-2) (3.74b) 


Assuming, in accordance with the automodel principle, that short- 
range quark interactions are scale invariant, i.e. independent of di- 
mensional dynamic parameters, we arrive at the conclusion of the 
exponential fall-off of quantity (3.73b) as energy and momentum 
transfer decrease, as does the differential cross section of the exclu- 
sive reaction, i.e. 


f (t/s). (3.75) 


do 1 \Patrotnetng? 
ae (ab — cd) > (—) 


16* 
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The function f (t/s) depends only on a ratio of the large kinematic 
variables, or equivalently on the scattering angle, and is a dimension- 
al quantity with the natural scale being the effective particle size. 
Thus, the exponential asymptotic law (3.75) indicates a factoriza- 
tion of the effects of short- and long ranges. 

The exponential fall off law (3.70) for the hadron form factor can 
be found by treating a special case of the exclusive reaction, i.e. the 
scattering of a structureless lepton from a hadron composed on n, 
quarks. 

Quark counting rules can be generalized for more complicated 
exclusive reactions as well. 

Note that applying the aforementioned considerations to an anal- 
ysis of inelastic production processes of particles with high trans- 
verse momenta, P;, in high energy hadron collisions leads to point- 
like asymptote in the inclusive cross section, i.e. E me P;* [69-71]. 
This contradicts available experimental data and has forced a num- 
ber of authors (see, for example [26]) to search for reasons behind the 
possible suppression of elementary quark-quark short-range inte- 
ractions, and also to assume that in these processes, composite sys- 
tems, i.e. mesons, baryons, etc., behave as elementary constituents. 

In particular, if the production of high P; particles in the inclu- 
sive reaction ab —>c + ... is conditioned by hard scattering of a 
quark from a composite system of n. quarks, then the cross section 


must have the asymptote P;’* to match the quark counting rules, 
i.e. P7? (c = pion), Py (c = nucleon), etc. 

Further study of these processes, however, shows a deviation from 
the canonical behavior (P;*) of inclusive cross section at high P, 
to be correlated with scale invariance (Bjorken scaling) violation 
in deep inelastic lepton-hadron scattering. The nature of this phe- 
nomenon is now the object of intense theoretical studies within the 
framework of QCD and the composite picture of hadrons. 


3.5 QUARK COUNTING RULES AND QCD 


3.5.1 Exponential Asymptotic Behavior of 
Exclusive Processes 


In Sec. 3.4 we have shown that the notion of a composite 
quark structure of hadrons together with the fundamentals of local 
quantum field theory provides a basis for understanding the major 
dynamic regularities of high energy particle interactions. 

A special position among them is taken by the so-called power laws 
of particle physics which include the quark counting rules. These 
establish a direct correlation between the rate of the exponential 
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fall off of the inclusive reaction cross section with energy and par- 
ticle complexity, i.e. the number of elementary constituents, namely, 


So (ab > cd) ~ sat rotmetnay D, (3.76) 
Fa (t) ~ ta", (3.77) 


A quark counting formula describes, surprisingly well, numerous. 
experimental data on high energy particle scattering and allows im- 
mediate information about the number of hadron elementary con- 
stituents to be inferred from experiments. 

It is of interest to note that experimental results on electron- 
deuteron scattering at high energies and momentum transfers indi- 
cate an applicability of the quark counting fundamentals to the 
nuclear interactions as well. An analysis of the data of relativistic 
aed meas corroborates this conclusion (see the discussion in 

ec. 3.6). 

We stress that the exponential asymptotic behavior of exclusive 
cross sections as predicted by quark counting rules differs qualita- 
tively from Regge mode behavior which results in exponentially 
low probabilities of high momentum transfer interactions. 

The success of quark counting formulas has made it imperative 
to substantiate it within QCD. Below we shall discuss various ap- 
proaches to the solution of the problem as well as some new results 
produced in this direction. 


3.5.2 QCD Corrections to Quark Counting Formulas 


A number of current works have been dedicated to the 
corroboration of quark counting rules within QCD. Most of them rest 
on some summing technique of perturbative QCD diagrams and are 
applicable, generally speaking, only to short distances (high momen- 
tum transfers) [73-76]. 

The key role in such an approach is played by a statement about 
factorizing all infrared-divergent contributions (corresponding to 
long distances) in the form of some structure factors of a hadron wave 
function type which cannot be found within perturbation theory. 
The remaining finite factors, which dictate the asymptote of the 
exclusive amplitudes in the high energy and momentum transfer 
limit, are given by a renormalized series in a perturbative QCD. 

Although a number of difficult questions arise when deriving the 
factorization and remain inadequately answered, the outcome of 
this approach to the study of the asymptotics of exclusive processes 
is worthy of attention. In particular, it is unlikely that it can be 
rigorously proved that the assumed expansion into a perturbational 
series and retention of only the diagram’s main asymptote in the 
sum of this series will not destroy the pole structure of bound states 
of the appropriate Green functions [72]. 
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In Sec. 3.5.3 we shall discuss another approach to the problem 
of corroborating the quark counting rules which rests on a dynamic 
treatment of the composite systems in the three-dimensional for- 
mulation of quantum field theory on the zero plane. 

We now briefly enumerate some of the results of studying exclu- 
Sive processes in perturbative QCD. 

(1) Meson Form Factors 

The asymptote of the meson electromagnetic form factors have 
the following form (neglecting higher twist contributions): 


F(Q)= 1206p 2 


x] an (In-S) PAO m/Q). (8.78) 
n=0, 2,... 


The logarithmic corrections to the exponential asymptote of the 
form factor are dictated by the QCD’s effective charge behavior, viz. 


a, (0) = ~ 4% (In 2)", B=11-2N, (3.79) 


B 
and by the value of the eee dimensions 
26n 
sefia, 34 Herm) (3.80) 


(Cr = 
and antiquark meson constituents are added. If hg and hj are the 
corresponding helicities we have 


=), which depend on the way the spins of the quark 
c 


bn. yee l 0 for parallel spins (p,_, ,); (3.81) 
4 1 for antiparallel spins (n, Pn=o). 


The a, coefficients in formula (3.78) are defined in terms of the 
meson’s system wave function and cannot, in general, be found using 
perturbative QCD techniques. 

Retaining only the first term in formula (3.78) in the asymptotically 
high momentum transfer limit, we shall obtain 

-ŻEE tig they 
ais (Q?) Sa ee 
F (Q%) > 16np2 2" (1n <) . (3.82) 


where the normalization factor f? is controlled by the physically 
measurable transition constants and it takes the following values 
for n- and p-mesons: 


pe l fa ~ (93 MeV} n —> py, 


fp œ (152 MeV), p — eter. (3.83) 
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According to theoretical estimates, the asymptotic formula (3.82) 
can be applied far beyond the momentum trasfers attainable in mo- 
dern accelerators. 

We also present the leading asymptote of a pion’s transitional form 
factor that is associated with the en — ey process. This asymptote 
has a purely exponential form, viz. 


Fry (Q) > 2fa/Q?. (3.84) 


(2) Baryon Form Factors 
The asymptotic baryon magnetic form factor has the form 


m (Q?) > —(e- 1) [oe i 


2C p 
~—B Mtg tha, thal 


x (In a ) f : (3.85) 


where (e_|) is the average electric charge of constituent quarks which 
have helicities ką that are opposite to the baryonic ones. 
Note that at the limit of SU (6)-symmetry we get 


0 (proton), 


4 f 
(e-1) = | (4 —3Q) = | — 1/3 (neutron), 


(3.86) 
where p is the magnetic moment and Q the electric baryon charge. 

The nucleon electric form factor is exponentially suppressed in 
contrast to the magnetic one; i.e. 


Ge/Gm — const. (3.87) 


F 


This is because the amplitudes are suppressed as the helicities change 
(here Ak = 1). Baryon form factors which have the helicity | k | > 
> 1 are suppressed in an analogous fashion. 

(3) Large Angle Scattering 

The differential cross section of the large angle high energy scat- 
tering has the following asymptote: 


do as (Q?) \n-2 
F(ab > cd) > (15) 
-2217 
x(n% ) fab-sea (8), (3.88) 
where 


N = na F no F ne + Na, 
yı=|k:lCr/p, i=a, b, c, d. 
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As in every other exclusive process, the amplitudes dominate 
which satisfy the conservation law of hadron helicities, viz. 


ha + ha =h, + ha. (3.89) 


This law is the result of the vector nature of a QCD interaction. 

There is virtually no information about the form of the angular 
dependence of a binary reaction differential cross sections that is 
controlled by the functions fab»ca (0), nor is there any information 
about the values of the absolute cross section. 

The unsolved problem of the so-called “pinch” singularities has 
to be noted here. Their contributions to large angle scattering am- 
plitudes are characterized by the rate of the exponential decrease 
of the cross sections, which is smaller than was predicted by quark 
counting rules (the Landshoff paradox). More investigations must 
be made before a statement about the suppression of the pinch sin- 
gularity contribution by Sudakov form factors and the factorization 
of exclusive binary reactions can be made. 


3.5.3 The QCD Description of Composite Systems 


We now discuss another approach to the problem of being 
able to give a consistent account of the quantum mechanical effects 
when describing high momentum transfer, hadron interactions. 

The basis of these methods are the dynamic quasi-potential equa- 
tions for composite particles given in the “light front” variables which 
were first introduced by Dirac. The convenience of light front variables 
is first that when high energy and momentum transfer interactions 
are studied, particle masses play no significant role and can be taken 
to vanish®, This makes it unacceptable to describe the process in terms 
of C.M.S. variables. Besides, a theory of composite systems in terms 
of light front variables most closely approximates the description of 
interacting hadrons in Feynman’s parton model, which imparts the 
required clearness to rigorous results. 

In order to describe the simplest composite system, i.e. a meson 
which has a 4-momentum P and a set « of quark and antiquark quan- 
tum numbers, we choose a gauge invariant two-point function of the 
Bethe-Salpeter amplitude type [77], i.e. 


Xp (Zi, T2 | C) 


x2 


=Tr (0| T (1p (21) (22) exp | igÂ dzu) | P, œ), (3.90) 
xı 
8 Obviously, by neglecting exponential corrections of the O (m/Q) 


type, where Q is the kug? transferred mo mentum. This corresponds to the higher 
twist contributions to the asymptote of the quantum mechanical perturbative 
theory diagrams. 
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where the operation T involves both the chronological ordering of 
the fermion’s quark fields and the ordering of the variables of the 


non-Abelian vector field 4 i =p hese aloftg an: arbitrary integration 


contour C which joins the points z, and z,. In formula (3.90) a trace 
is taken in the color variables so that all the color of the meson sys- 
tem that is described by the vector of state | P, a) vanishes. 

In the case of a baryon system, the gauge invariant amplitude gener- 
ally depends on three contours C; (i = 1, 2, 3) which joins the 
points x; (i = 1, 2, 3) to some arbitrarily chosen point z, namely, 


Xr = (0 | T(E% (xy, Le, Lz | Ci) Pa (21) Pr (z2) Pe (£3))| B), 
(3.94) 


eve (Zi, £2, £3] C;) 


xı a xo b x9 c 
| ig | aå | | ig f aå | | ig J aâ | ; 
=g b'c |e z a Le 2 yp Le 2 Pi 
(3.92) 


with an assumed ordering along each contour. 

Note that as a consequence of formulas (3.91) and (3.92) all color 
of the three quark fields vanishes only at the limit of matching coor- 
dinates x; (or in any other state which is symmetric in coordinates, 
this corresponding to a requirement of standard SU (6)-symmetry). 
Yet in general the summed quark color is compensated by gluon field 
color. 

The dependence of (3.90) and (3.91) on the arbitrary contours is 
obviously an inevitable result of requiring gauge invariance for the 
QCD description of the composite systems. To justify such an ap- 
proach we note that gauge invariance must be primarily understood 
as a requirement of observability. The quantities like (3.90) and 
(3.91) pertain undoubtedly to the observable, i.e. measurable quan- 
tities, since they control the probabilities of such processes as, for 
example, 1 —> pv, p —> e*e-, etc. In addition, they are in the expres- 
sions for the exclusive amplitudes of hadron interactions. As will 
be shown below, we can thus exploit gauge invariant wave functions 
to construct composite systems’ form factors and in doing so factorize 
the infrared singularities in perturbative QCD in a natural way. 

Mandelstam, for example, has used a gauge invariant description 
for electromagnetic systems [78]. Note, however, that in quantum elec- 
trodynamics physical quantities remain invariant if the gauging of 
either the fermion fields (p > e?“2y) or electromagnetic potentials 
(Ay A, + ô p) alone are changed by virtue of the current con- 
servation of the charged fermion fields, i.e. 0,j, = 0. This means 
that the formally gauge invariant Green functions can be used for 
calculations with perturbative QCD. 
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Since the gluons carry the color charge, only the sum current of 
fermions and bosons, i.e. Oy (iy + ig [Ay, Fuy]) = 0, is known to 
be conserved in QCD. As a result, those quantities which vary in com- 
mon gauge transformations of the fermion and color vector fields 
generally appear to be infrared divergent, i.e. they simply do not 
exist. The exceptions are those quantities which, by definition, allow 
only short-range contributions. Thus, the QCD wave function of 
the bound system whose dynamics is tangibly controlled by long 
range interactions must be defined in a gauge invariant manner. 

Let us discuss briefly how an amplitude like (3.90) depends on the 
shape of the contour C. By parametrizing the point z, on the contour 
C joining the points z,, and zy, as 


Za = Za (s); O=s=t1 


(with z„ (s = 0) = Ziu, Zu ($ = 1) = z2„) we find that the amplitude 
variation (3.90) with Tespect to the contour shape is: 


ôx 
Cu (2) (2) 


= Tp (41, Z2, 2/C) 
x2 
i ig | mâl 
= Tr (0 | T Lp(a) Ẹ (z2) ig zy (8) Fus (z)e ™ 
x] P, a), Zu (z) = dz, (s)/ds. (3.93) 
It is not difficult to see that the first variation of quantity (3.90) 
with respect to the contour’s shape is proportional to the amplitude 
of the bound quark, antiquark, and gluon system which has the 
quantum numbers of the initial meson system. 
Using the QCD equations of motion for the quark-gluon fields we 
get 
Yu (Op + igÂ,) p=0, 
OyFuy tig [A,, Fav] = jus (3.94) 
; — 14 
Tr Miu ay (vv. p ap) , 
and we find that the relation 
ô ree 
an Ty (24, 2, Z |C) = iga, (s) 


x2 


ty i ig J dx al 
x TrO| T Up (2%) Y (72) jue * | P, a), 


links the divergence of I, with the four quark amplitude. 
All the above show that any dependence gauge-invariant ampl- 
tudes have on the contours’ shape should not be significant when 
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considering high momentum transfer processes, where the quark 
counting rules and perturbative computations reveal that any con- 
tributions configurations with more than the minimum number of 
elementary constituents make are suppressed exponentially (the 
“higher twist” contributions). 

The exact equations of motion for the QCD gauge invariant am- 
plitudes of composite systems obviously should define the dependence 
not only on the end points (the coordinates of the constituent quarks), 
but also on the shape of the connecting contours. So, for example, 
a generalization of the Dirac operator on the contour is 


1 
Dy = Vu | 0/02, -- \ ds Exy (2) 6/8C. (2) | (3.96) 
0 


which is dependent on the following displacement field: 
- A 
Eww (2) = lim “EO, (3.97) 


which is described on the contour C (see Fig. 3.1). 


Azp=Eny Ax. v 

Euv[z (s= 0)]=0 

Euv [z (6=1)]= duy 

Fig. 3.1. The displacement field on the contour &,, (z (s)), which 


determines the variation of the shape of contour C when the end point is dis- 
placed. 


The problem of deriving and investigating a whole system of equa- 
tions and relations which specify a gauge invariant amplitudes lies 
beyond the limits of the present paper [79]. 

We shall, however, stress that a dynamic QCD description of a 
composite system can be developed on the basis of the three-dimen- 
sional equations for a wave function related to a gauge invariant 
amplitude like (3.90), (3.91) for a fixed contour shape. 

In particular, when the system’s dynamics is described in terms 
of the light front variables, i.e. on the zero plane, 


ry, = (£1 — %e)y, xt = To + z, = 0, (3.98) 


it is convenient to choose the contour C as lying on hyperplane (3.98). 
The most convenient gauging here for the vector field is the axial 
one, viz. 


AP =A + A (3.99) 
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Indeed, the gauge invariant amplitude is readily seen to be ex- 
plicitly dependent only on the transverse dynamic degrees of free- 
dom of the vector field, i.e. 


exp [ig | dz-A |=exp [ —ig | azi-AL], (3.100) 
č c 


where C lies on the zero plane (x, — z,)+ = 0 and A* = 

When the interactions have a high momentum, Q, we are inter- 
ested in the role played by the small impact parameters such that 
(2; — z) ~ 1/Q. Whence it follows that the exponential factor 
can be dropped from the definition of the gauge invariant amplitudes 
like those of (3.90) and (3.91), and the relation will remain accurate 
to exponential m/Q corrections. 

Below we shall briefly show the fundamentals of the theory behind 
QCD’s three-dimensional dynamic equations for composite systems. 

If, in the case of meson systems, we use the transformation to the 
momentum representation, viz. 


xp(q)=Jdze"%y» ($, —ZIc), (3.101) 
and define the light front variables as 


zt = 4 (zo 2,); q} = (q0 qz); P+*= (Po + P,), 


(3.102) 
then we can introduce a quantity 
+00 
Xp (a da)= | dr%r (a), (3.103) 


which is dependent on the gauge invariant amplitude (3.90) only 
in the zero plane, i.e. at zt = (z; — z,)*/2 = 0. 

The meson system wave function will then be defined by the rela- 
tion 


p(x, q1)= Tr (Xp (qt, q1), (3.104) 


where the quantity z = 5 + q*/P* varies between 0 < z <1 by 
virtue of the so-called “projection” properties of yp (3.103). 


The presence and form of the operator x in formula (3.104) is 
controlled by the procedure chosen to project the multipoint Green 
functions of the Dirac quark fields onto the zero-plane. 

A detailed discussion of related problems can be found in [72, 77]. 


Colored Quarks 253 


As has been shown in [77], the operator T can be chosen, in accord- 
ance with the total spin of the quark-antiquark system, in the fol- 
lowing form: e 


~ f YY (hg+hz=9), 

t= 

yiyt (Ag+ hz = + 1). 

In this way the function (3.104) satisfies the quasi-potential equa- 
tion thus: 


(3.405) 


+hļz—-4) pP Vtm 
e ce | pe (z, q1) 


i 
= de’ | agiV (2, ai; z’, ai) Ye (2, ai), (3.106) 
0 


where P? = P+P- — P} = M?, and the quasi-potential is defined 
in the standard way using an inversion, i.e. finding the operator 
which resolves the appropriate four-point Green function when it is 
projected onto the zero plane of initial and final states. 

In the approach to describe composite systems developed here 
using the gauge invariant amplitudes (3.90), the following expression 
is natural for the four-point Green functions: 


G (£i, Zo | Lis 24) = (0 | T {0 (z1, £3 | C)O (zi, z, | C'} 10), 
(3.107) 
where 
x2 


( ~ ig | 
O (x4, tg] C= Tr \rp (2) YẸ (z2)e * (3.108) 


and is the gauge invariant operator which is bilinear in terms of 
the quark fields and dependent on the arbitrary contour C which 
joins the points z, and z. The limiting value of the Green function 
(5.32) at g, = O (in well chosen gauging of the vector fields) will be 
denoted by s (x1, Xo; 14, 2X4). 

According to the general method of the Logunov-Tavkhelidze 
approach, the relation of the quasi-potential V to the Fourier-images 
of the Green functions projected onto the zero-plane can in quantum 
field theory be given in the following symbolic form: 


“ r py: RES. Lond 
(2ni) V = G — 5-1 = ~ (SKG) G, (3.109) 
G=S8+ SKG. (8.110) 


The projection operation here assumes the axial gauging of the 
vector fields and the contours C and C’ which lie on the zero plane 
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(see formula (3.10)) as well as the convolution with the operator x 
prescribed by formula (3.105), namely, 


+00 
E(w, qu; 2, a)= | dq dg’ TrinGp(q, g) al. (3.444) 


—co 


The resolvent of the integral operator (3.111) is defined by the 
following relation: 


1 
{ ae’ f dq, G (z, qu; 2’, q1) E (2', q1; 2", q3) 
0 


= ô (x — z”) ô (qı — q4). (3.112) 


In [74, 77] expression for the contribution of the single gluon ex- 
change diagram to the quark-antiquark interaction quasi-potential 
has been found by standard perturbational means, viz. 


V =3-1.(SK,S) -5-40 (a? 
=p te D As), 
ie (SE) nyky + nyky Gite) 
Ky = ifp Coe WP [ew | 
in the axial gauging, i.e. at nì = 0, n-k = kt =k, + k} 
Depending on quark and antiquark helicity values, the single- 
gluon exchange quasi-potential will be of the form 


hg th, =0 


8nGas ; 
=a aria [Wty tala) af 


(fij sei) | sai acura 


}: V (z, qu; 2’, qh) 


(z—y) 
8 (y—z) 
i qa 
(e—») (+447) -@,—ap—i0 
te ag | . (8.114) 
tA A Š 
(y— z) ( Tea +=} — (q, —4))? +10 


Note that using axial gauging leads to the occurrence of singular 
expressions like e (x — y)/(x — y) in equation (3.114), which should 
be regularized. As was shown in [74, 77] the Ward identities enable the 
regularization of the quasi-potential singularities to be related to 
corresponding Green function renormalizations whilst allowing for 
their QCD multiloop corrections. 
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A study of the asymptote of the quasi-potential equations for the 
high transverse momenta range led Brodsky and Lepage to formulate 
the so-called evolution equation: 

ô C 
E e(r 1) =F | dy V (e, v) $Y o (3.115) 
0 


e 


for the function 
Q2 
$ (z, 1) = | dai (2, qi): 
0 


where 
2 
4 2 
r= | ar, œ, (k3) k3 ~ In [ ate ]. 
Qo 
The integral kernel of equation (3.115) is determined by the asym- 
ptote of the single gluon exchange quasi-potential: 


1 , 4x 
V(x, q1; z’, qi) > eT: (g2,)-V (z, y) (3.116) 
qi > ©, 
q% is fixed, 


and it has the following form: 


vie n=24 fo Jle- 


42% | an [oc — 2), (3.117) 
my 0 z—y d De 
where the standard Gel’fond-Shilov regularization of the singularity 
is assumed; for example 
0 (2— T = 
(SEH, oy) =f dy =e., (3.118) 
0 

Note that the eigenfunctions of the integral operator (3.117) are 
Gegenbauer polynomials, i.e. pp = G3? (2x — 1), viz. 
1 
| du V (£, Y) pn W) =(1+An) n (2) An = —PYn/Cr (8-119) 


0 


and the eigenvalues are defined by the dimensions of the nonsinglet 
quark distributions y, which are determined by a QCD single loop 
approximation (see formula (3.80)). 
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If we expand the solution of the evolution equations in the eigen- 
functions of the operator V (z, y), we find that 


$ =al) Senta (GQ). 6120) 


n=0, 2, ++ 


This result has been used in [73-75] to study the logarithmic cor- 
rections to the exponential asymptote of the meson form factors 
predicted by the quark counting rules. 


3.5.4 The Hadron Form Factors at High Momentum 
Transfers 


Using the pion electromagnetic form factors as examples, 
we can show how the QCD of composite systems enables the amplitude 
asymptote of exclusive hadron interactions to be investigated in the 
high momentum transfer range. 

In the dynamic approach of describing composite systems, pion 
form factors are defined by the following general expression: 


(x (P')| Jy (0) [t (P)) = (P! + P)u Fx (t) 
1 
= | dzdz' j ay, Papp, (2", qi) 
0 
x Fy(P’, x’, qilP, z, q,) pp(z, q). (3.121) 


The vertex operator 7, = GR G1 is defined in terms of the 
following five-point Green function: 


Ry = (0| T {0 (a{z51C’) Ju (2) O (£i 221C)}10), (3.122) 


where O (zi, £, | C) is the gauge invariant bilinear operator of 


(3.108) and J, = % (z) ey „p (z) the electromagnetic quark current. 
The projection of the chosen contour C; shape onto the zero-plane 


R —> R and the corresponding gauge conditions are discussed in [72]. 

Since the vertex operator 7 „ (as opposed to the five-point Green 
function R,) has no poles in the bound states whose existence is 
controlled by long-range interaction, perturbative QCD techniques 
can be used to find 7 ,. This is one of the advantages of the approach 
being developed here. 

Something else important is that the factorization of infrared sin- 
gularities (the “factorization” theorem) allows the hadron form fac- 
tor to be expressed naturally as an integral over the wave functions 
which accumulate long range contributions with relevant nonpertur- 
bational effects. The integral kernel, 7 ,, is defined by a perturba- 
tive QCD renormalized series in the constant a, (Q?). 
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The relation of the factorization theorem becomes more transpa- 
rent once the expression for the pion factor is transformed to 


— m~ (he 
Fa oc | Yo LS- (GTG) S=] po. (3.123) 
Here the relations used result from the dynamic equation: 


Gr1 ap = S-11, 
Meee ees, oak (3.124) 
p=tot+s-Vy, Gt=S-1—Yy, 


where po is the part of the composite system wave function which 
corresponds to the contribution of only the “soft”, i.e. long range 
component responsible for the quark confinement. The “hard” (short- 
range) QCD interactions are taken into account by the potential V. 
Let us write out the first few terms of the perturbational series 
and appropriate Feynman diagrams for the vertex operator viz. 


~ = C =e 
Č =8-1. (GTG) S-t. 


Using the expansions of four-point and reduced five-point Green 
functions into perturbational series, we get 


G = S + SKS + SK,S + SK,SK,S +..., 
=r, +r +r: +... (3.125) 
and find that, 


Ñ, = S (818) g= [n] [25] ; (3.126a) 


> ~l 


m m -1 -1 


1 -f -1 
L= S (ST; 3) S+ 5 (5KST,) S+S (5T55K;8) 5 
= [n] + [K, S TIo + ToSKi] 


pig ce E ll, 


where symmetric diagrams are dropped from the last brackets. 
The brackets in formulas (3.126) signify a transformation to a mass’s 


17—0630 


(3.126b) 
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surface which assumes, for example, a substitution in “light front” 
variables like 


4 m+ pi; 
Zi 


Pt=2,-P+, P7= (3.127) 


for the momentum components of ith parton in a system having a 
total momentum P. 


Q 
l yP+qy q:,9,<|t|=Q 
xPt+qy i k?=(1-x)(1-y) t 
k 1? ~ (1-x)t 
i — I 5 , 1 = 
(1-x) P-qa (ty) Pox 


Fig. 3.2. One of the four diagrams of single gluon exchange domi- 
nating in the asymptotic limit of high transfer momenta Q 


The main contribution to the asymptote of the pion form factor is 
given by the diagram of the quark-antiquark single gluon exchange 
(Fig. 3.2). 

Computations yield 


1 Q2 
Amdt, (Q? d 2 
Fa () = 3 ,| | 5 | ea, ve, q,) 
0 0 


(3.128) 


Assuming further that in the region under consideration, once the 
wave function  (z, q,) has been integrated over the relative trans- 
verse momenta, according to the quark counting rules for the parton 
distribution, it behaves as follows: 


| aa, 4 (z, E ET z~ OA. ` (3429) 


If nı = 2 and we use the condition of normalization to a known con- 
stant of decay n —> pv, i.e. 


1 
2 Vn | de | da p(e, a,)= fas (3.130) 
0 


we find the leading asymptote of the pion form factor: 


F(t) > EO g, (3.131) 
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This result coincides with that obtained on the basis of the per- 
turbational techniques (cf. (3.82)). Substituting the evolution equa- 
tions solution for a partially integrated pipn wave function (3.120) 
into equation (3.128), we find the aforementioned asymptotic ex- 
pansion of the pion form factor (3.78). 

Note that the pion form factor value predicted by formulas (3.82) 
and (3.131) is several times less than that given by experiment at 
the momentum transfer values achieved today. This may suggest, 
first, that the asymptotically high momenta range lies substantially 
higher than the value customarily assumed, and, secondly that it is 
necessary to study both the exact form of the composite system wave 
function and the contributions of the perturbational and non-pertur- 
bational corrections to the form factor asymptote. 


3.5.5 Angular Dependence of Binary Reactions 


The angular dependence of binary reactions contains the 
important information about the nature of the quark processes that 
take place in short-range hadron interactions with high momentum 
transfer. 

The study of the angular dependence of the binary reactions in 
a number of theoretical models has led to the establishment of the 
so-called generalized quark counting rules [80]. These control the 
main contributions to the asymptotes of large-angle scattering di- 
fferential cross sections, in terms of the topologies of the various 
quark diagrams corresponding to the process: 


T (ab—> cd) ~ AR Ti, (3.132) 


where i is the quark diagram topology. 
Each of the contributions in (3.132) is a homogeneous function 
(up to the logarithmic corrections) of the large kinematic variables: 


T; ~ s707 funy, (3.133) 


with the exponents, which correspond to the topology of the quark 
diagram, obeying the condition 


2(a+B+y) =, 2 (u—4), (3.134) 


=a,0,C, 


which ensures the appropriate exponential decrease in the differential 
cross section with increasing energy. 

The exponents a, P and y are individually controlled both by the 
quark diagram’s topology and by the nature of the kinematic singu- 
larities of the appropriate helicity amplitudes. 


17* 
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If, as is shown in [80], the kinematic singularities in each reaction 
channel are isolated in the form 


Ti, N) = (cos £)! (sind) a, (3.135) 


(here O is the scattering angle in the scattering channel, say, a + 
+ b—c +d, and à = à, — Àp, A’ =A, — Àa, where the A; are 
the hadron helicities) and the generalized quark counting rules are 
used for the reduced amplitudes a;, a formula for the angular de- 
pendence can be obtained for a wide class of binary reactions. 

By way of example, the angular dependence formula for the pion- 
proton elastic scattering can be given in symbolic form as: 


Ou — 4 
+cos="S |, (3.136) 


d6 I 
2S 
A/st? BÁ? 


_1 _1 Os 
(xp mp) =H, = 2|008 5 


Tey s2 


dt 


where, by assuming asymptotic y;-invariance, a T,,-amplitude con- 
tribution alone is presented, which conserves the proton helicity. 
Thus only the quark diagrams are taken into account and they are 
topologically flat. 

Using the expressions for half-angle cosine scattering in the s- 
and u-channels, 


6 u (g 
cos $= —4, cose y/ 4, 
we can reduce the angular dependence formula (3.136) to the form 
z = cos 6,) 
1 (4+2) 


d 4 2 


* (1+2)? 
We can find the angular dependences for the other binary reactions 
in a similar way. 

The development of QCD computational techniques for exclusive 
processes means that the problem of corroborating and improving 
the generalized quark counting rules, which are at present only heu- 
ristic, can be approached. 

Below we will briefly show, without much substantiation, the 
results of the angular dependence studies in QCD for the simplest 
binary reaction, i.e. the elastic quark-pion scattering [81]. 

The scattering amplitude, assuming y,-invariance, has the form 


A 
, 


T (qa = qx) = (ug SF ug) B(s, t), (3.138) 


with 
Ti4=V —usB(s, t), T, =0. 
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Treating the pion as a composite system yields 


B(s, t) 
1 
=| deda’ | dq, Pap’, ai) P (2',q'; 2,1) P(e 4), 


0 
(3.139) 


where the integral operator @ is defined in terms of the six-point 


Green function R, projected onto the zero plane, i.e. @ =G"!- Rẹ: G-t, 
with (xz, q,) being the pion wave function. 

As in the case of the vertex operator 7 ,, which specifies the pion 
form factor, Æ does not contain pole singularities corresponding 
to the bound states and, asa consequence, can be found using per- 
turbation theory. 

The principal asymptotic contributions to the amplitude of the 
quarkpion scattering will generally be governed by 16 perturbative 
graphs of order a. In the limit of many colors, NV, the contribution 
of the topologically nonflat quark diagrams appears to be suppressed 
by the ratio 1/N,, compared to the flat ones. In this way we get 


wm Gat fg (Want) eta 
B = aay (oh (te 


— 5 CrCy[—- =] ew} (3.140) 


(+ stand for odd and even delete charges). 

Integrating (3.140) with the wave functions (3.129), we obtain the 
following angular dependence for the large-angle quark-pion scatter- 
ing: 


T (qu > qu) = (Erlas \* (4 sect 3)” (3.141) 


Ss 


which fully agrees with the generalized counting quark rules. 


3.5.6 A Quark Counting of Anomalous Dimensions 
of Inclusive Processes 


As indicated in the previous section, the assumption about 
the dominating role of the elementary quark-quark processes and 
the exact scale invariance of the hadron structure functions leads to 
point-like asymptote for inclusive cross section at high transverse 
momenta, P4. 

It was noted, however, that the deviation from the canonical asymp- 
totic law, P,-4, that has been observed experimentally reflects a 
scaling violation in deep inelastic lepton-hadron processes. 

Studies of the QCD corrections to the point-like, exponential asymp- 
totes of deep inelastic and inclusive reactions at high transverse 
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momenta have shown that the form of the logarithmic factors which 
define the deviation from the scaling in these processes is controlled 
by the hadron’s quark structure. The value of the exponent of the 
large log Q? (Q is the large transferred momentum), the so-called 
anomalous dimensions of the inelastic form factors, turns out to be 
controlled by the number of quarks that constitute the hadrons that 
take part in the reactions. 

A general formula was established in [82] which defines the leading 
logarithmic corrections to the canonical point-like asymptote of an 
arbitrary deep inelastic or inclusive reaction between interacting 
particles at high momentum transfers in terms of the active and pas- 
sive quarks which relate to the reacting hadrons. 

This formula, called the quark counting rule of anomalous di- 
mensions, expresses an element of the differential cross section of 
an arbitrary inclusive reaction in the following form: 


S-1 
do = do, Cat [(log gypat n (1-2))H, (3.142) 


Here do, is the appropriate element of the elementary point-like 
interaction of quarks and/or gluons. and r some group factor equal to 
16/25 when N. = 3 and N; = 4. The value of 


S= >) 2(n;-4) (3.143) 
i(hadrons) 
is the double number of the passive quarks (the spectators) related 
to the participating hadrons and H the full number of active quarks 
taking part in an elementary hard scattering event, which coincides 
with the full number of hadrons taking part in the reaction. 
The quantity 


= 1 2 
y(n) = —4[!+42 5—aerr] (3-14) 


ıs the standard expression (in the single-loop perturbative approxi- 
mation) for the anomalous dimension of the so-called non-singlet 
part of the quark-to-hadron fragmentation function. 

Consider, by way of an illustration of the general formula (3.142), 
the deep inelastic electron-nucleon scattering (Fig. 3.3), for which 
we shall have 


do a \2 (1—2)4-! tr In (i- 
ESF) o [(log Q2)"* n 1, 


(3.145) 


where Q? ~ ki >> m?, A =2(n4 — 1), and a œ 1/137. 
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For the inclusive hadron jet production with the high transverse 
momentum P? = Q? (see Fig. 3.4) formula (3.142) yields 


g DO og ( 22RD y? Unite 
dP? ( P? ) T (4+8) 
X [(log P} AtB In 0-2), (3.146) 
where A = 2 (n4 — 1), and B = 2 (ng — 1). 
Q? 
3 | Prema 
l I 
a 
A 
b S=A+B 
B 
Fig. 3.3. Deep inelastic Fig. 3.4. Inclusive fo ation 
scattering eS ns of me jet A + B > j + oe 
= A = 2 (n4 — 1), H=1. S= A+B =2 (na try — 2), 


An inclusive hadron production with high transverse momentum 
(Fig. 3.5), as opposed to (3.146), will have the following cross section: 


ao as (P?) \2 a— x)4+B+C-1 
£ ape ( P? ) T(A+B+C) 
x [(log PST EES In (=x), (3.147) 


This set of the applications of the quark counting rule of anoma- 
lous dimensions (3.142) can, if desirable, be continued. 


3.5. Inclusive hadron production A + B> C+... S= 
yi oa eae nc — 3), H =3. 


A simple and physically transparent derivation of formula (3.142) 
can be made starting from the model of the hard scattering of hadron 
constituents [82, 83]. 
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Indeed, the hard scattering model, for example, in the cases of the 
inclusive production of a high P+ jet in a hadron collision leads to 
the following cross section formula: 


am (A+B jet+...) 


=+ > ff dTa dxpF aja (Zas Q?) F/B (To, Q?) 


a,b,c 
x Z (abed): 58 642+ 0, (3.148) 
where (see Fig. 3.4) 
S= (Pa + Po)? ~ tates; Ê= (Pa — Pi)? ~ Tat; 
ú= (Po — Pe)? ~ Tot, 


and = (ab — cd) is the relevant hard scattering cross section defined 


by the sum of the Born diagrams of perturbative QCD. 
The hadron structure function in the first QCD logarithmic appro- 
ximation (at z ~ 1) has the following form: 


à (1—2)4-! 
Fua (z, Q) oc A exp (c), 


z (3.149) 
A=A+r§=2(n4—1)+78, 


where 
g=In[In-&/In Si}, r= 16/25, 
c=r(In2—1/2) ~ 0.12. 


Substituting (3.149) into (3.148) and changing the integration va- 
riables, we obtain 


pË as Pi ) 
o J (= t 


E g (4+B—>jet+.. r=) J n Za pi), 


(1.150) 
where 


J = Meet dey 


rAr (B) 
ee A-1, B-1,2ct 
w V e 
x J EEEE A EET Te ue 


x (1 — 2,22) ô [uv (1 — z; — z3) — (1 — u —v)]. (3.151) 
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Here we used the following notations: 
= = sin? 6/2 
ty= —t/(u +s) = tR Trp cost OD ? 
cos? 0/2 e 

T, = — u(t +s) = tR ip inte? (3.152) 

Tg = — (u + t)/s = 4 — M?/s. 
where M? is the square of the missing mass, and O the scattering ang- 
le of the a and b constituents in their center of mass system. 

AS zp approaches unity, the integral (3.151) can be computed ex- 

plicitly as 


Fee een a PE ey (3.453) 
EEA tI ren sf Denne oto ie Se f 
r (A+4) (cost £4. (sm2 )7 
2 | 2 


where 
rf 2 o 4 
vn=-—ryn+i)+ew |1 “rarita zh 


c=r(In2— =) ~ 0.12 


and yp (n) is the digamma function. 

It is interesting to note that the dependence of initial hadron mo- 
menta on the fraction zp at zp ~ 1 and the high momenta transfer Q, 
which follows from formula (3.153), exhibits an effective “collectivi- 
zation” of the constituents pertaining to different hadrons. Indeed, 
the whole x,-dependence enters via the effective structure function 
of the unified dihadron system D = (A + B) which unifies the A 
and B constituents, i.e. 

= s-1- 
Foran (te, QoS ; (3.154) 
S=A+B=2(ng—1)+2(ng—1)-+- 2rẸ. 


The a and b components are isolated from here and carry away the 
Xp fraction of the total momentum of the dihadron D. 

The contribution of the two-loop corrections and the double loga- 
rithmic factors (the quark form factors), which modify formula (3.142) 
of the hard scattering model near the phase space boundary, was in- 
vestigated in [83]. 


3.6 QUARKS IN NUCLEI 


3.6.1 Quark Degrees of Freedom of Nuclei 


The role of the quark degrees of freedom in describing 
nuclear phenomena, especially those at high energies and momenta 
transfer, is a topical item of contemporary nuclear physics. 
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The starting point of the majority of the works in this direction 
is an attempt to answer the following question: does the simple fact 
that the nucleons, which make up known atomic nuclei,*are composed 
of quarks allow us to understand better regularities of purely nuclear 
phenomena such as the high excitation behavior of nuclear matter, 
short-range nuclear structure, etc.? 

In other words, can atomic nuclei be understood simply as mul- 
tiquark systems? Under what conditions could quark degrees of free- 
dom be exhibited explicitly? 

These questions introduce us to a new and promising branch of 
research which could lead to radical changes in our notions of the 
world of atomic nuclei. Undoubtedly, the notion of colored quarks 
and gluons as the fundamental constituents of matter could shed 
new light on the nuclear properties of matter and on the nature of 
nuclear forces. 

We shall now briefly discuss only some aspects of the quarks-in- 
nuclei problem referring to details to the original and review papers. 


3.6.2 Nuclear Form Factors at High Momentum 
Transfer 


The most straightforward indication of the quark struc- 
ture of nuclei stems from the experimental data on evolution of deu- 
teron’s electromagnetic form factor at high momentum transfer. 


This is in a good agreement with the quark counting predictions 
{27, 28], i.e. 


Fa (t) ~ er, (3.155) 


Here 3A is the total number of the valence quarks inside a nucleus 
composed of A nucleons. Formula (3.155) predicts the following 
exponential fall in the nuclear form factors, viz. 


Fp (t) ~i, 
Fave (t) ~ Fus (t) ~ t8, (3.156) 
Fipe (t) ~ #11, ete. 


Available experimental data enable us to trace a “leveling off” 
trend of the deuteron form factor (q*)' F D, (q?) which is normalized 
in an appropriate way. 

The data under discussion have been obtained at SLAC (Stan- 
ford, USA) and they concern the effective form factor, Fp (t) = 
= [A (t)}}/?, which is controlled by an elastic electron-deuteron scat- 
tering cross section [27]: 

d do \ 7 
T= (Euu [4HB tan], (3.157) 
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where (n = q?/4M}) 
2 8 
Aly?) = G (9) + > ni (e) +g WG: (a°) (3.158) 


is the combination of squares of the electric dipole and magnetic 
quadrupole form factors, respectively. 

As the SLAC data show, the deuteron electromagnetic form factor 
in the 0.8 < q? < 6.0 (GeV) transferred momenta range behaves 
almost exponentially close to Fp (q?) = (q?)~5-9+9-5. This is in re- 
markable agreement with the quark counting rules and accords with 
an expected six-quark deuteron structure.® Note that for the nuclei, 
ŝHe and tHe, the momentum transfers are too sufficiently high as 
yet to come to any definite conclusions about their quark structures. 


3.6.3 Deuteron as a Six-Quark System 


The results above show that deuteron’s short-range be- 
havior, i.e. at high momentum transfers, is more adequately de- 
scribed in terms of quarks than nucleons. 

Does it follow therefrom that deuteron should be considered as 
a six-quark system, bound together by color QCD forces like, say, 
a quark bag? 

To anticipate a little, note that the analysis of this question leads 
to the concept “hidden color’, a notion which plays a significant 
role in the physical interpretation of exotic multiquark systems (di- 
baryons, tribaryons, tetrabaryons, etc.) and in the description of the 
short-range features of nuclear matter. 

Suppose we discuss the properties of a six-quark system as having 
deuteron quantum numbers and described by the quark bag model. 
All six quarks are assumed to belong to a ground state with the ener- 
gy E, (jf? = 1/2*+) = 2.04/R (m œ 0) in a static, spherically sym- 
metric cavity of radius R. 

The structure of multiquark system’s wave function is defined 
by the following basic principles: 

(1) the Pauli principle, 

i.e. a complete antisymmetrization of all quark variables in- 
cluding spin, isospin, and color; 

(2) the zero color request, 

which by virtue of an assumed colorlessness of a multiquark system 
allows only singlet group representations of the colored SU*(3)- 
symmetry. 

For a system of six quarks all of which are at the same energy level, 
these requirements lead to a wave function which can be written in 


9 An analysis of cumulative particle production processes in nuclear 
collisions at relativistic energies agrees with these conclusions [84]. 


268 N. N. Bogolyubov, V. A. Matveev, and A. N. Tavkhelidze 


a symbolic form as 


spin- 
an seri 
= (= 
¥(6a)= z5 (1 >P ry) fa tel EER. (3.159) 
i =1,2,3 
j =4,5,6 


where the P;; are the permutation operators of the spin (S), isospin 
(I), and color quark indices. Moreover, the color and spin-isospin 
parts of the wave function (SUS%!(4)-symmetry) are denoted by the 
appropriate Young schemes. 

Thus, the six-quark system described by the static, spherically 
symmetric quark bag model has a wave function which corresponds 
to the 50 component representation of the spin-isospin group of the 
SUSI (4)-symmetry (the quark analogue of the Wigner symmetry 
group in nuclear spectroscopy). 

The reduction 


SUS! (4) — SUS (2) x SU? (2) (3.160) 
splits the 50-plet into a sum of (2J + 1, 2I + 1) type terms, i.e. 

50 = (3, 1) + (1, 3) + (5, 3) + (3, 5) + (7, 1) 

+ (4, 7). (3.161) 


The first of these has the quantum numbers of deuteron, the second 
one, of the virtual 1S,-state, etc. 

In connection with the aforementioned experimental indications 
of deuteron’s hard six-quark structure it is natural to ask, “can the 
six-quark system which has the wave function corresponding to the 
first term in expression (3.161) be identified with real deuteron?” 
To answer the question, we must analyze the baryon composition of 
the six-quark system under consideration. This concerns the relative 
weights of the various configurations obtained by dividing the ini- 
tial six-quark system into two subsystems with three quarks each, i.e. 


169] p2 > [39] ,_, + [Ba] p1 (3.162) 


In this way we come inevitably across the notion of “hidden color’, 
i.e. the presence in the decomposition of the six-quark system (3.162) 
of components in which individual three-quark subsystems have 
nonzero color (colored baryons B,) [86]. 

Taking, as a concrete example, a six-quark state having deuteron’s 
quantum numbers, we find the following for the relative weights of 
the various dibaryon configurations: 


Deq— PN (1/9); AA (4/45); BeBe (4/5). (3.163) 
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Such a large value for the admixture of the hidden color configu- 
ration (80%) for the six-quark system, as described by the quark bag 
model, does not enable it to be identified with real deuteron. 


3.6.4 Hidden Color in Nuclear Matter 


To reconcile the results of the experiments that measure 
deuteron’s form factor with the large weight of the hidden color 
component in a six-quark bag, it has to be assumed that real deute- 
ron, which is mainly a weakly bound proton-neutron system, has 
only low, but finite, probability of going over into the six-quark 
state as described by the quark bag model. Qualitatively, this can 
be expressed by the simple formula 


[D) =al PNY weary pouna + 2189)s (3.164) 
t 


system 


where Ja [? + |b |? = 4. 

The admixture of the six-quark component in deuteron can be 
determined from the experimental data on deuteron’s electromagne- 
tic form factor at high momenta transfer. These yield [85] a = 
= |b |? ~ 7-10-*. Using this value as well as the weights of va- 
rious components in the six-quark bag with deuteron’s quantum num- 
bers, we can readily find an estimate of the exotic admixtures in a 
real deuteron, namely 


AA-component ~ 0.6%, (3.165) 
“hidden color” ~ 5.6%. 


This estimate obviously has a qualitative character and does not 
allow for a number of important details, such as the presence of D- 
waves, the weak non-orthogonality of two vectors of state in formu- 
la (3.164), etc. 

In any case we conclude that the ordinary, orthodox theory of 
nuclear matter, which does not allow for the color of fundamental 
constituents, quarks and gluons, is incomplete. 

The search for the experimentally observed consequences of hid- 
den nuclear color is one of the most important problems of relati- 
vistic nuclear physics. 

One feasible way of research could be to study deuteron electro- 
disintegration at high energy and momenta transfer. This produces 
two baryons or hadron jets which are emitted at large angles and 
have the quantum numbers of the colored three-quark systems con- 
tained in the deuteron. Starting from an assumption about the small- 
ness of the ranges corresponding to the dynamic mechanism of the 
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processes under consideration, we must expect the following relation 
etween the various reaction channels. 


do (y*D—> PN) : do (y*D-> AA) : do (y*D—> B.B-) =5:4:36. 
(3.166) 


We refer the reader for details to the original papers and now only 
show that the differential cross section of the deuteron electro-dis- 
integration in exclusive channels behaves in the following manner 
in the high momentum transfer (Q) range, if allowance is made for 
QCD corrections: 

do Qs z 
aor ~ (ah 243)! (log g3” (3.167) 
where 
= 


Y= (lko| + Ikel + [ke:l) 


is the anomalous dimension (hp and hg, are the helicities of the deu- 


teron and final baryons). The rate of the exponential fall-off in cross 
section (3.167) as momentum transfer increases agrees with the quark 
counting rules and consists of the canonical exponent which is equal 


to two pins pà (n; — 1). 


DB 

The search for hidden color in nuclei is difficult both because of 
the smallness of the relevant effects and because it is not possible 
directly to observe the hidden color. The discovery of more explicit 
manifestations of quark color and QCD fields in nuclei would, 
therefore, be of great importance. We would like to indicate in this 
connection the interesting possibility that highly excited states of 
nuclear matter might exist and which could be mainly pure hidden 
color excitations [29]. 

The analysis performed on this shows that at excitation energies 
of the order of AE ~ 0.5 GeV, the state widths are controlled by 
the hidden color “discharge” via a single-gluon exchange and com- 
prise the values [.g < 10 MeV, thus making them accessible for 
observation. 


3.6.5 Quantum Theory of Nuclear Forces 


When discussing the role of quark degrees of freedom in 
the description of purely nuclear interactions, it would be quite nat- 
ural to ask whether it is possible to understand the principal features 
of nuclear forces from a knowledge of fundamental QCD interactions. 
Is it possible, in particular, to determine the nuclear parameters and 
hadron-hadron interaction constants such as, say, the pion-nucleon 
coupling constant, in terms of the principal QCD constants? 
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As we have shown above, the quark model provides a natural ex- 
planation of a short-range repulsive core of forces acting between two 
nucleons. As is indicated in a number of texts, quark exchange bet- 
ween different nucleons is one source of exotic nuclear components 
and, in addition, it leads to the occurrence of multi-nucleon forces 
in nuclear matter. 

Below we shall give some of the arguments as to how QCD could 
explain the long-range components of nuclear forces. This is gene- 
rally done in a phenomenological manner as an exchange of “white” 
(i.e. colorless) particles, i.e. pions, vector mesons, etc. This is a dif- 
ficult problem, inasmuch as at long ranges we come across the strong 
coupling and confinement phenomena. 

To simplify the issue, we shall try to answer a simple question, 
“do two quark bags interact at interbag separation distances exceeding 
two bag radii?’ Obviously this should be understood in a positive 
way, since it is difficult to imagine a quantum object as having a 
rigidly fixed boundary. Indeed, the quantum fluctuations of a quark 
bag’s surface over time will result in the formation of the interbag 
joins (where the color fields are non-vanishing) which would permit 
quarks to tunnel from one quark bag to another. The tunnelling pro- 
bability has an exponentially low value at large relative separations, 
R, between the bag centers, namely, ~exp (—yR) when R > 2a 
(a is the bag radius), this corresponding to the Yukawa interaction 
fall-off law. 

As is shown in (29], the evolution of a system of two quark bags 
separated by the distance R (R > 2a) is described by the amplitude: 


(Rie! | R) = f d3o f dp dpdAe'S™ 41, (3.168) 
o is fixed 


Here ø is the three-dimensional hypersurface in space-time that 
confines the domains with non-zero functions of the colored quark- 
gluon fields. Over large evolution times, T, amplitude (3.168) has 
an asymptote at ~exp [—iTU (R)], where U (R) is the interaction 
static potential of the bags. The amplitude of a single tunnelling 
act of a quark pair from different bags through the joint under the po- 
tential barrier AE > 1/t (t being the fluctuation time or joint thick- 
ness) is proportional to the product T.U (R). According to the qua- 
siclassical nature of the tunnelling, this amplitude is exponentially 
small, namely, 


U (R) ~ exp[— So (R)], (3.169) 


where So (R) is governed by the action integral taken over the re- 
gion of joint and minimized over its thickness at a large and fixed R. 
As can be shown [29] 


So (R) —> uR as R> oœ, (3.170) 
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where u is defined by the energy spectrum minimum of the quark- 
antiquark system, i.e. p = Mx. The result is nothing but the long- 
range part of the Yukawa interaction which can thus be explained 
by fundamentals QCD. 


3.7 BROKEN COLOR SYMMETRY 
AND INTEGRAL-CHARGED QUARKS 


3.7.1 The Problem of Quark Charges 


Even the first work on the three-triplet model have shown 
that colored quarks could possess both the fractional and integral 
electric and baryon charges. 

The assumption of an exact color symmetry and the non-obser- 
vability of color is compatible only with fractional charges. Howe- 
ver, owing to quark confinement, the straightforward detection of 
the electric charge of individual quarks is a major problem. 

Charge is known to play a double role in quantum electrodyna- 
mics. On one hand, it is an integral of motion, whose values govern 
the states of observed particles, and on the other, it is the interaction 
constant which is renormalized due to vacuum polarization effects. 
It is perhaps possible to speak of quark charges within the framework 
of QCD as only effective constants that characterize the electromag- 
netic quark interaction at sufficiently small separation distances. 
Therefore, the values of the electric charge on quarks can be estab- 
lished by comparison with the electric charges on leptons at the same 
separation distances. 

In the case of integrally-charged quarks, color symmetry is not 
as yet being broken (either locally or globally) at least in electro- 
magnetic interactions. Indeed, in models which have integral- 
charged quarks the electromagnetic current is the sum of the SU*(3)- 
group singlet and octet terms, i.e. 


Jim = I (1) + I"? (8). (3.171) 
So, in the three-triplet model, i.e. 

u = (Uy, Uz, Us), 

d = (d,, ds, d3), (3.172) 

S = (Sis Sey S3) 
integral quark charges, 

Qu = (1, 1, 0); Qa = Qs = (0, 0, —1), (3.173) 
are chosen according to the formula 

Qq = Qamz + Ye. (3.174) 
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Here Qgmz is the standard fractional charge in the Gell-Mann-Zweig 

model, and 

1 

Yo = 
e= 73 

is one of the generators (the 8th component) of the color group. 
Generally, we have in integral charged quark model 


Qa = Qamz + Qo; Qo = T°- Ca, (3.176) 


where T°% is an array of the eight generators of the SU°3)-group in 
the basic representation. It follows from the hermiticity condition 
of electric charge, i.e. Qf = Q°, that if an appropriate selection of 
the representation basis is made, the color part of the charge Q, can 
be reduced to the diagonal form viz. 


1 b b 2b 
Qo als OTe Ty=(a+ 3? ata, —=). 
(3.177) 


The requirement that the charges be integral leads to 2a and (a + b) 
being integers. Quark charges do not exceed unity at a = O orb = 1 
and this corresponding to selection (3.175). The same is valid when 

= b = —1/2. The last case, however, also converts into (3.175) 
when the first and third colored quarks are permutated. 

It should be stressed that according to the Gell-Mann-Nishijima 
formula integral-charged quarks must be correlated with integral 
baryon charges, i.e. 


1 
Qa=Ts +5 Ba Ba= (1, 1, —1). (3.178) 


The dependence of quark charges on their color state obviously 
leads to a breakdown of global color symmetry in electromagnetic 
interactions. This is exhibited, for example, in the mass-splitting 
of colored quark triplets, etc. However, as has been demonstrated 
in the works cited, hadron neutrality. relative to the color (i.e. 
matching the observed mesons and baryons with singlet color wave 
functions), guarantees the disappearance of any manifestation of the 
aforementioned. breakdown of global color symmetry for all observed 
hadron characteristics (charge, magnetic moment, form factor, etc.). 

However, the following two important items must be emphasized. 
First, it appears to be possible in electromagnetic interactions to 
excite particle states with a nonzero color, having an energy which 
is assumed to be fairly high, much higher compared to the mass 
spectrum of the observed mesons and baryons. Secondly, the inte- 
gral nature of quark’s electric and baryon charges makes it possible 
for them to transform into leptons and other observable particles. 
We would eventually draw some conclusion about the instability 
of quarks which could explain the negative results in the search for 
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he = (4/3, 1/3, —2/3) (3.175) 
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a 
them both in the environment and in accelerator experiments. In 
this way, as Pati and Salam have demonstrated [89], quark instability 
would not contradict nucleons’ high stability or the extreme suppres- 
sion of the observed effects of baryon charge non-conservation. 

In allowing for the QCD quark interaction described by non-Abe- 
lian gauge theory, the introduction of integral-charged quarks poses 
a new problem. The straightforward selection of a quark’s electro- 
magnetic current in the form of (3.171) would bring about a break- 
down of the local gauge SU* (3)-symmetry and, as a consequence, an 
inability to normalize the theory. The problem is removed once 
spontaneously broken color SU” (3)-symmetry is considered. This 
requires new degrees of freedom to be introduced into the theory, 
e.g., Higgs color scalar fields. 


3.7.2 Spontaneously Broken Color Symmetry 


The simplest model of strong and electromagnetic inte- 
ractions with the spontaneously broken color symmetry and integral- 
charged quarks is the gauge model based on the SU* (3) x U (4)- 
group with the scalar triplet Qa. 

The Lagrangian of the model has the following form [31]: 


1 1 ipa 
L =- S (Fm) — = (Fiv)? + Lo 


+g (iô +g A+ YÂ — ma) q 


41(i8 + g'Y, A — m) l, (3.179) 
where 

F, = 0,A9—9,A9; A= y AY: 

n i : i : abc i i Y 2 (2190) 

Puy = OyAy — ôA + gf ApAy; A= YpAp 

and Lẹ is the Lagrangian of the Higgs scalar field: 
é a 4a eat 2 
Ly =| (4 — ify Adj — ig’ Yet) | 
— h (9*9)? — m*o. (3.181) 


If the SU° (3) X U (1)-symmetry is not broken, the A®, field has 
to be identified with a photon and so the electromagnetic ‘properties 
of leptons and hadrons result in the following choice of hypercharges: 


Y,=Y,=-1; Yu=2; Yı=Y,= —1/3. 
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When m? < 0, the symmetry is spontaneously broken, the nonzero 
vacuum averages of the @, fields being chosen in the form 


(pa) (0, 0, v/V 2), (3.182) 


where v equals (—m?/n) 1/? in the tree approximation. 

To match this choice, the new vacuum must be invariant with 
respect to the SU’ (2) x U’ (1)-group that is composed of elements 
like 

g=expi (Mot + (A®+ 2/V 3) o}, (3.183) 
a=1, 2, 3. 
As a result of a spontaneously broken symmetry, the vector bosons, 


Ag (4+ ik), A =y (4s £ ida), (3.184a) 


V2 
U = £ cos 0— Æ sin 8 tan @--£ (Ye) 
= : =" z>) 
and the scalar field, 
4 — 
arte (p+ 93 -V 20), (3.184b) 


gain mass, viz. 
mis = m7 = g2v2/3, my = 2| m? | = 2hv? 
2  4v? z BY, \2 
m= (e+e (3) ). 
The vector field, 
A = A’ cos 0 + A’ sin 9, (3.186) 


is the only one massless field to be associated with leptons. For this 
reason vector field (3.186) must be identified with a photon. 

It can be easily derived that the electric charges on quarks and 
leptons in the case of a spontaneously broken symmetry are equal to 


Q= Qu =e; Qq=e (Ya+ Y. ( 2 DE (3.187) 


where e = g’ cos 8. 

If we choose Y, = 2/3, then all the particles in the theory will 
have integral charges. 

The theory under consideration differs from standard QED in 
two ways. First, additional scalar degrees of freedom have been in- 
troduced which are necessary to break the color symmetry. Second, 
as a result of the spontaneous breakdown, the lepton symmetries 
acquire an additional short-range interaction (the U-boson exchange), 


(3.185) 


18% 
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and photons become “colored”, i.e. they interact in different ways 
with quarks of different colors. 

The Lagrangian mass of the U-boson, my, can be chosen as the 
characteristic scale of the symmetry breakdown. It is known that 
at momentum transfers when Q? >> mj; the initial SU°(3) X U(4)- 
symmetry is reestablished and the effective quark charge becomes 
integral. In the high momentum transfer range the theory differs 
from QCD only in the occurrence of scalar particles. 

The choice of the parameter my has been investigated in [31, 53], 
where the limit my <1 GeV was established by analyzing the sum 
rules for the annihilation of ete--pairs into hadrons [49], and by 
studying the radiative decays of heavy meson resonances and the 
corrections to the anomalous magnetic moments of muons. 

Thus, a model with a spontaneously broken color symmetry and 
integral-charged quarks does not contradict the available experi- 
mental data provided the symmetry breakdown originates at values 
of momenta beyond the asymptotic freedom range or at distances com- 
parable to the QCD confinement radius. 

Lepton electrodynamics simply indicates that the scale of symmetry 
breakdown cannot be too large. Actually, when my > 1 GeV, a 
weak coupling mode will act over all distances in strong interactions 
since the strong interaction constant a, is “frozen” at the energies 
lower than a U-boson’s mass, i.e. [51] 


as (Q?) ~ as (mb) < 1, 
Q? < mp. 


Thus, the U-boson must be observed (with a mass close to the 
Lagrangian mass) as a resonance in the e*e~ > p*u--annihila- 
tion and having an electronic width 


4a? 
Pete: — AON (m8) 


my > 70 keV (3.188) 


when 
my = 1 GeV, a, (mi) œ 0.3. 


The results of an experimental search of the resonances in the 
ete--annihilation at the current energies exclude this possibility. 
In addition, the assumption that my values could exceed a few GeV 
contradicts the achievements of the SU* (3)-symmetry in classifying 
hadrons. 

The occurrence of scalar charged fields in the models considered 
brings additional contributions to the asymptote of the total cross 
section of the annihilation of e*e--pairs into hadrons, viz. 


Be ee | a (3.189) 


R= o (ete~ — hadrons) 
“6 (ete —> pty) 
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where 
R =), Y2=2 (for u-, d-, andes-quarks), (3.190a) 
q 
and 


RY = >) Y=- (for a scalar triplet). (3.190b) 
® 


Tt is important to emphasize that V s` my is an insufficient con- 
dition for formulas (3.189) and (3.190) to be applied to the descrip- 
tion of experimental data, i.e. it is necessary to require the corrections 
to be small including both the perturbational (logarithmic) and 
non-perturbational (exponential) corrections to the leading asymp- 
tote of the annihilation cross section. 

The allowance made for two-loop and three-loop corrections in 


the MS renormalization scheme in the model which has a triplet of 
scalar fields (Y, = 2/3) [87] yields 


R= D2 (14 284-4.47(%)?4...), (3.494a) 
q 
neat (14 Hs 436.6 E) heh, (3.191b) 


Here the effective quark-gluon coupling constant a, is defined in the 
following way: 


as E 1 
ATENE = 5 (3.192) 


where 
1 2 1 
b=7(11-3N,-=N,), 


and N, and N, are the numbers of quark and scalar triplets respective- 
ly. à 

In a rigorous sense, the value of the fundamental scale A in models 
with integral charged quarks differs from the relevant value in stand- 
ard QCD owing to the additional scalar degrees of freedom. Choos- 
ing Aus ~ 100 to 200 MeV as a reference point, which follows for 
example from deep inelastic lepton-nucleon scattering, we find that 
the contribution of the perturbational correction to the annihila- 
tion cross section within a scalar sector is significant at least in the 
energy range Vs < 10 GeV. 

This shows; perhaps, that there is a production threshold of the 
physical..hadronic states that incorporate color scalar fields their 
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structure and it lies at higher energies. We shall demonstrate below 
that a theoretical estimate of the mass scale of hadrons (i.e. hadrons 
having one or more quarks substituted by color scalars) agrees with 
this conclusion. 


3.7.3 Scalar Quarks and New Hadrons 


The above analysis of spontaneously broken color sym- 
metry was based on an introduction of fundamental color scalars. 
One major implication of such models is that a new hadron family 
made up from quarks and colored scalars strongly bound by QCD 
forces could exist. The experimental observation of states like this 
would be commensurable with the discovery of a new flavor, namely, 
scalar quarks. 

As was shown. above, all the available experimental data does not 
preclude the possibility that color symmetry could break down spon- 
taneously, provided the scale of the breakdown in terms of mass is 
sufficiently small, e.g. 


(p) = v<i GeV. 


Thus, scalar quarks in models with the spontaneously broken color 
symmetry should have small mass. 

At first sight, low-mass colored scalars, or scalar quarks, should 
result in new hadrons that have masses of the order of the scale char- 
acteristic of low-energy hadron physics (~1 GeV). This, however, 
contradicts experiment. 

Below we will show that ‘beni both to the large perturbational 
corrections in QCD with scalar quarks and to the nonperturbational 
effects due to a possible scalar condensate, i.e. 


(a p+) ~ — (1 GeV}, (3.193) 


the mass of a new hadron would be of the order of several tens of 
a GeV. Thus, the new hadrons could, in principle, be discovered and 
investigated at accelerators like PETRA, LEP, SPS, and UNK in 
colliding beams experiments. 

A hadron’s properties are substantially governed by the structure 
of the vacuum state. Introducing low-mass scalar quarks into CQD 
changes the vacuum structure, since in addition- to the well-known 
quark and gluon condensates [50] viz. 


(qq) ~ — (0.25 GeV)’, q=u, d, (3.194) 
(a,GayGay) ~ + (0.5 GeV}, 


it emerges that there is a scalar condensate (p*@). 

The value of (g*@) cannot be determined at the present time 
in a purely theoretical way. It is, like the quark and gluon field con- 
densates, a phenomenological parameter. We do have, from dimen- 
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sional considerations, that (p*@) = cA?, where A is the fundamental 
scale (the inverse confinement radius) of QCD. 

However, QCD coupling is known to be substantially different 
for different channels and is characterized {depending on the chan- 
nels’ quantum numbers) by different effective scales A (a). 

The computation of the three-loop corrections to the total cross 
section of the annihilation of ete--pairs into hadrons with funda- 
mental scalar triplets shows that the effective scale in the production 
channel for the ptq@--pairs is about an order of magnitude larger than 
the corresponding scale in the quark-antiquark channel, i.e. A (gt) = 
~ 9A (qq) in the MS renormalization scheme. This plays a signifi- 
cant role in the subsequent discussion!®. The mass of a bound state 
of a colored scalar is defined by the average (p*@) in the same way 
as the mass of a meson made up from quarks and antiquarks is de- 
fined mainly by the quark condensate. 

Further we shall consider the bound states of the scalar and normal 
quarks to have the quantum numbers of the following local currents: 


ps = 9*Vp9, 
Vu = On — i$ MA ig -S A (3.195) 
T,= as" (p*9), 
Xs = a5!” (9*4), 
where b = > z(u — SN; — EN, ). The quantities 1/2, a1/2 provide 


the renorm- ees of the two-point Green functions that cor- 
respond to the currents n, and y, in the main logarithmic approxi- 
mation. 

The current and a corresponding particle p, which we call the vec- 
tor phionium, have quantum numbers JPC = 1--. Like the p-meson, 
the p,-particle may be produced in e*e~ collisions and will manifest 
itself as a resonance. 

The quantum numbers of the scalar phionium nm, are JPC = 0**. 
The bound state of normal and scalar quarks y,, has spin 1/2 and 
can be called the “white” quark. The electric charges of p, and a, are 
equal to zero and the charge on the y, depends on the flavor of the 
corresponding quark, for example, Qy+, = 0, Qy+a = —1, etc. 

The properties of the bound states “of the Sealer quarks (3.195) 
can be studied using QCD’s sum rules taking into account the non- 
perturbational effects. 


10 We should point out in this connection, what was mentioned above 
(see Sec. 3.3.2) when we discussed the annihilation model of meson decays con- 
cerning the dependence of the effective radius of the mesons’ quark-antiquark 
systems on their quantum numbers [35, 36]. 
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Using the well-known techniques of operator expansion and QCD’s 
sum rules [49, 50] we present the basic relations: 


co 


1 S 4 4 
saz J ds eM Ry, (5) = {14+ as (M3, A1 (P) 
0 


+ SH o fa, (M, Ag(e +O (M9)  (3-496a) 
fx J ds eH Ra (8) = [as (M°, Ay (ni? 
0 
+ Be ola, (M2, Ag (m,)1'” + O (1/M°9), (3.196b) 
4 co 


| ds e=" Ry, (s) = [arg (M% Ay (xo)1 


0 


M 
oe (1+5) oe o+0(1/M%), (3.196c) 


2 


where 
a 71 /d- 2 = M2? 
o= (Q; pt) &;(M?, A) = n/bln Ai 


The quantities Rp, (s), Rx, (s), and Rx, (s) are positive definite spec- 
tral densities related to the two-point Green functions which have 
the corresponding currents ps, 1s, and Xs, e.g. 


i J 01 T (0% (2) p? (0) 0) e% dx 


= (Iv — PEuv) Ro, (9°) (3.197) 


etc. 
The scale parameters A;, which are computed allowing for the per- 
turbational corrections, are equal to 


Ai (Ps) = BvAgg Aa (Ps) = 2.7 YArs, 
Ag (a5) = 3.2VA z5 y = 1.33 


(y being the Euler constant), respectively. 

The sum rules for the new hadrons differ qualitatively from the 
similar quarkonium relations by the contribution of the non-pertur- 
bational effects arising here from the terms which are of the order of 
1/M?, rather than of 1/M*. This fact has a simple explanation and is 
associated with the dimensions of the fields since dim (ọtọ) = 2, 
i.e. the term with the lowest dimension in the sum rules is proportion- 
alto (p*ọ)/M? for the scalar field. For the fermion fields, dim (qq) = 


= 3 and the expansion starts from the mq (qq)/M* and (Gy )/M4 


(3.198) 
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term. It is this difference which leads to the significantly larger mass 
of the new hadrons (the phioniums) as compared with the masses 
of quarkoniums. 

An analysis of the sum rules (3.196) eads to the following esti- 
mates for the mass of a phionium: 


mp; œ~ (45 + 5) (—o)*?, 
4: -- (3.199) 
Mx, — My, = Vs Mp,» 
where the quantity o varies within the limits 
(0.5 GeV)? < |o | < (2 GeV)”. 


Unfortunately, a numerical value for the scalar potential cannot 
be extracted from the experimental data available, since it does not 
significantly influence the parameters of the known resonances of 
quarks. Assuming, for example, that the value for the scalar conden- 
sate is related to the phionium scale (A, (ps) ~ 9yAng) in the same 
way as the quark condensate value is related to the quarkonium scale 
(A, (9) ~ 1.4yAygg), we can obtain the following for Ajs œ 100 MeV: 


(ptp? = qo S282 w 1.5 Gov, (3.200) 


Thus, the mass characteristic of the new hadrons is significantly 
larger than that of hadrons constructed from low-mass quarks and 
can be up to some tens of a GeV. 

In a rigorous sense, a small value for the scalar condensate, say, 
(—o)/2 ~ 0.5 GeV, cannot presently be excluded by the theory. 
In this case the new particles would have been observed in the exper- 
iments in the accelerators now in operation. Note that the experi- 
mental search for long-lived (t > 10-18 sec) particles in the e*te-- 
annihilation processes [88] yields a limit for the “white” quark mass, 
namely, 


Mys >> 12 GeV. 


In the model under consideration the lightest y,-particles must be 
absolutely stable by virtue of baryonic number conservation. When 

SU¢(3) xX U(1)-theory is embedded into grand unification models, 
the stability property of the lightest “white” quarks vanishes. In theo- 
ries with “late” unification (such as SU(5), SO(10)), the lifetime t 
of y,-particles is about 10°° years, and in theories with small unifi- 
cation scales (for example, SU*(4), SU%(8), etc., [89, 90]) it is about 
10-8-10+ sec. 

As has been noted above, colored scalar particles with small La- 
grangian masses occur naturally in theories which permit weakly 
broken color symmetry. 
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A question arises as to how color breakdown influences the proper- 
ties of the new hadrons, if they do in fact exist. 

In this case the vacuum average (p**q@, ), in addition to a contri- 
bution from the color symmetry’s scalar condensate, which has a nega- 
tive sign (as was shown above), contains a positive addend due to the 
color breakdown, namely, 


1 tos 4 
(P* po) = -5 ôb (G*’Q') +> Us, 


1 i 1 
Vi Var (Pa) = Vier 
Obviously, the properties of the new hadrons in theories with spon- 
taneously broken and those with exact color symmetries are practi- 
cally coincident when v? < ({q*@)). 

Yet the so-called U-boson, which occurs in the model and which 
together with the y-quantum diagonalizes the mass matrix of the 
vector particles, is perhaps unobservable, i.e. is not a physical state 
when there is a weak color breakdown. 

The experimental implications of theories with the spontaneously 
broken color symmetry are discussed in more detail in [53], to which 
we refer the reader. 


, (3.204) 
Pa = Pat 
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